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Abstract. This manuscript presents a model for HIV dynamics of
seropositive individuals under antiretroviral treatment described from
fuzzy set theory by two different approaches considering interactivity:
differential equation with interactive derivative and differential equation
with Fréchet derivative. It also establishes an identity between interactive
derivative and fuzzy Fréchet derivative. With this identity, we establish
when the solutions of the two differential equations coincide. Lastly, we
present biological interpretations for both cases.
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1 Introduction

HIV dynamics considering antiretroviral treatment (ART) has already been
studied in several articles [11,16,18,20]. The major target of HIV are CD4+
T cells, a class of immune cells. Antiviral drugs act blocking biological pro-
cesses involved in life cycle virus into cell cytoplasm. Most common therapies
combine protease inhibitors and reverse transcriptase inhibitors. The first ones
block HIV protease, so that noninfectious viral particles start being produced by
infected T-cells, and the last ones prevent the successfully infection of T-cells.
Data obtained in previous studies [17,18] show that under combination of pro-
tease inhibitors and RT inhibitors, a viral decline in the bloodstream is followed
by the increase of CD4+ population are expected.

Fuzzy set theory applied to HIV dynamics under treatment was already
studied using fuzzy rule-based systems [12–14] and Choquet Calculus [15], both
considering an intracellular delay assigned maily to the pharmacological delay,
defined as the interval of time required for the absorption of the antiviral drugs
in the bloodstream. Viral dynamics represented as an interactive process is a new
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approach in the literature and provides results subject to new interpretations for
already known HIV models.

The existence of memory in biological processes was already considered in
previous studies [1,2]. Current studies consider the existence of memory in bio-
logical processes, in particular, in the dynamics of HIV, when representing them
by fuzzy fractional derivatives with interactivity [25]. Autocorrelated processes
take into account the dependence between their states in consecutive instants.
This type of approach allows us to describe processes that are hidden or inherent
to the phenomenon when considering a memory coefficient ft,h. This coefficient
changes with the process and is determined by the current moment. Thus, there
may exist memories with different properties for different periods of time. There-
fore, it is necessary a derivative operator that incorporates the memory of the
system, being responsible for its variation.

There are various different theories of fuzzy differential equations for fuzzy-
set-valued functions [4,5,21,24], that is, functions f : [a, b] → RF , where RF is
the space of fuzzy numbers, that is, fuzzy subsets of R whose α-levels are closed
intervals in real line [3]. In this work we will represent an HIV intracellular
model throught two interactive derivatives defined in an autocorrelated process.
In particular, we assume that it is a linearly correlated process [8,23].

Firstly we describe the dynamics via the linearly correlated derivative, based
on the difference between fuzzy sets, that is, the difference obtained from possi-
bility distributions of fuzzy sets envolved [26]. This derivative provides two pos-
sible behaviors for the solution, expansive or contractive. In the first case, the
fuzziness of the solution increase with time while in the second one, it decreases.
In this work, the fuzziness is measured accordingly to the diameter of the fuzzy
number. The larger the diameter of the fuzzy number, the greater its fuzziness.

On the other hand, fuzzy differential equation via Fréchet derivative is based
on the isomorphim ΨA : R2 → RF(A), where RF(A) is the set of all fuzzy numbers
linearly correlated to A ∈ RF [10]. This allows us to define the induced sum and
scalar multiplication in RF(A) given by B+AC = ΨA(ΨA

−1(B) + ΨA
−1(C)) and

η·AB = ΨA(ηΨA
−1(B)),∀B,C ∈ RF(A) and η ∈ R. With this operations it is

possible to confer a Banach space structure to the space RF(A) and, therefore,
develop a calculus theory for the family of fuzzy functions linearly correlated to
A ∈ RF , as it was done in [22].

This work is structured as follows. Section 2 provides the mathematical con-
cepts necessary to understand the development of this work. Section 3 presents
HIV dynamics in two different approaches: via L-derivative and Fréchet deriva-
tive. Section 4 presents final comments.

2 Mathematical Background

A fuzzy subset A of R is described by its membership function μA : R → [0, 1],
where μA(x) is the degree of membership of x in A. The α-cuts of A are subsets
of R given by [A]α = {x ∈ R : A(x) ≥ α}, for α ∈ (0, 1], and [A]0 is the closure
of the support of A, that is, [A]0 = {x ∈ R : A(x) > 0}.
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The fuzzy subset A of R is a fuzzy number if all the α-cuts are closed and
nonempty intervals of R and the support of A is bounded [3]. The set of all fuzzy
numbers is denoted by RF . We define the diam(A) = |a+

0 − a−
0 |, where a−

0 and
a+
0 are the endpoints of [A]0, for all A ∈ RF .

Let a, b, c ∈ R such that a ≤ b ≤ c, a triangular fuzzy number A is a well-
known example of fuzzy number given by the following membership function:

μA(x) =
{

0, x ≤ a or x ≥ b
x−a
b−a ∧ c−x

c−b otherwise, (1)

where ∧ is the minimum operator. In this case, we denote A by the symbol
(a; b; c).

Next, we recall some concepts necessary to understand the theory of inter-
active derivative in the space of fuzzy numbers.

A possibility distribution on R
n is a fuzzy subset J of Rn with membership

function μJ : Rn → [0, 1] satisfying μJ(x0) = 1 for some x0 ∈ R
n. The family of

possibility distributions of Rn will be denoted by FJ(Rn).

Definition 1 [6]. Let A,B ∈ RF and J ∈ FJ(R2). Then μJ is a joint possibil-
ity distribution of A and B if max

y
μJ(x, y) = μA(x) and max

x
μJ(x, y) = μB(y),

for any x, y ∈ R.
In this case, μA and μB are called marginal possibility distributions of J .

Definition 2 [9]. The fuzzy numbers A and B are said to be non-interactive
if and only if their joint possibility distribution J satisfies the relationship
μJ(x, y) = min(μA(x), μB(y)) for all x, y ∈ R. Otherwise, are said to be inter-
active.

Definition 3 [6,9]. The fuzzy numbers A and B are said to be completely
correlated if there exist q, r ∈ R, q �= 0 such that joint possibility distribution is
defined by

μC(x, y) = μA(x)χqx+r=y(x, y) = μB(y)χqx+r=y(x, y) (2)

where χqx+r(x, y) represents the characteristic function of the line {(x, y) ∈ R
2 :

qx + r = y}.
Definition 4 [8]. Two fuzzy numbers A and B are said linearly correlated if
there exist q, r ∈ R such that their α-levels satisfy [B]α = q[A]α + r for all
α ∈ [0, 1]. In this case, we write B = qA + r.

Definition 5. The four arithmetic operations between linearly correlated fuzzy
numbers are defined, in levels, by:

• [B +L A]α = (q + 1)[A]α + r, ∀α ∈ [0, 1];
• [B −L A]α = (q − 1)[A]α + r, ∀α ∈ [0, 1];
• [B ·L A]α = {qx2

1 + rx1 ∈ R|x1 ∈ [A]α}, ∀α ∈ [0, 1];
• [B ÷L A]α = {q + r

x1
∈ R|x1 ∈ [A]α}, ∀α ∈ [0, 1].
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The Pompeiu-Hausdorff distance d∞ : Rn
F × R

n
F → R+ ∪ {0} is defined by

d∞(A,B) = sup
0≤α≤1

dH([A]α, [B]α), (3)

where dH is the Pompeiu-Hausdorff distance for sets in R
n. If A and B are fuzzy

numbers, then (3) becomes

d∞(A,B) = sup
0≤α≤1

max{|a−
α − b−α|, |a+

α − b+α |}. (4)

The derivative enunciated in this subsection is related to an autocorrelated
process F : [a, b] → RF , that is, for h with absolute value sufficiently small,
F (t+h) = q(h)F (h)+ r(h), for all t ∈ [a, b], q(h), r(h) ∈ R. This formula means
that [F (t + h)]α = q(h)[F (t)]α + r(h), ∀α ∈ [0, 1].

Definition 6 [8]. Let F : [a, b] → RF be a fuzzy-number-valued function and
for each h with absolute value sufficiently small, let F (t0 + h) and F (t0) with
t0 ∈ [a, b] be linearly correlated fuzzy numbers. F is called L-differentiable at t0
if there exists a fuzzy number DLF (t0) ∈ RF such that the limit

lim
h→0

F (t0 + h) −L F (t0)
h

(5)

exists and is equal to DLF (t0), using the metric d∞. DLF (t0) is called linearly
correlated fuzzy derivative of F at t0. At the endpoints of [a, b] we consider only
one-sided derivative.

The next theorem provides a practical formula to calculate the L-derivative
of an autocorrelated process.

Theorem 1 [8]. Let F : [a, b] → RF be L-differentiable in t0 and Fα(t0) =
[F (t0)]α = [f−

α (t0), f+
α (t0)], for all α ∈ [0, 1]. Then f−

α and f+
α are differentiable

in t0 and for all |h| < δ, for some δ > 0 and

[DLF (t0)]α =

⎧⎨
⎩

i. [(f−
α )′(t0), (f+

α )′(t0)] if q(h) ≥ 1
ii. [(f+

α )′(t0), (f−
α )′

t0] if 0 < q(h) ≤ 1
iii. [(f−

α )′(t0), (f−
α )′(t0)] if q(h) < 0

(6)

where DLF (t0) is the L-derivative.

Next, we present important results related to the theory of calculus developed
in the space of fuzzy numbers linearly correlated to a given fuzzy number A.

A fuzzy number A ∈ RF is said to be symmetric with respect to x ∈ R if
A(x − y) = A(x + y), ∀y ∈ R, and it is said to be non-symmetric if there exists
no x such that A is symmetric. For example, the fuzzy number A = (−1; 0; 1) is
symmetric with respect to 0 and the fuzzy number B = (2; 3; 5) is not symmetric.

Given A ∈ RF , we can define the operator ΨA : R2 → RF so that ΨA(q, r) =
qA + r, that is, the image of the pair (q, r) is the fuzzy number ΨA(q, r) whose
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α-cuts are given by [ΨA(q, r)]α = {qx + r ∈ R|x ∈ [A]α} = q[A]α + r. The range
of the operator ΨA is denoted by RF(A) = {ΨA(q, r)|(q, r) ∈ R

2}. This operator
defines an isomorphism between R

2 and RF(A) whenever A is a non-symmetric
fuzzy number [10]. Since R

2 is a Banach space, we can conclude that RF(A) is
also a Banach space.

Let A be a non-symmetric fuzzy number. We say that a fuzzy-number-valued
function f : [a, b] → RF(A) ⊆ RF is continuous in RF(A) when it is continuous
with respect to the norm ‖ · ‖ΨA

. These functions are called A-linearly correlated
fuzzy processes. The following lemma characterizes this type of function.

Lemma 1 [10]. Let A ∈ RF be non-symmetric. There exists unique (q, r) = p :
R → R

2 such that f = ΨA ◦ p.

Theorem 2 [10]. Let B = ΨA(q, r) ∈ RF for some A ∈ RF and some pair
(q, r) ∈ R

2 with q �= 0. Then the ranges of operators ΨA and ΨB are identical,
that is, RF(A) = RF(B).

The next theorem establishes sufficient and necessary conditions to an A-
linearly correlated fuzzy process to be continuous.

Theorem 3 [22]. Let A be non-symmetric and f = ΨA ◦ p : [a, b] −→ RF(A).
The function f : [a, b] −→ RF(A) is continuous if, and only if, p : [a, b] → R

2 is
continuous.

Since, for A ∈ RF non-symmetric, RF(A) is a Banach space, it is possible to
define the Fréchet derivative of f as it was done in [10]. The next proposition
presents a necessary and sufficient condition to f : R → RF(A) to be Fréchet
differentiable.

Proposition 1 [10]. Let A ∈ RF be non-symmetric and f : [a, b] −→ RF(A) ⊂
RF . The function f is Fréchet differentiable at t if, and only if, Ψ−1

A ◦f : [a, b] −→
R

2 is Fréchet differentiable at t.

Theorem 4 [10]. Let A ∈ RF be non-symmetric, the functions q, r : R → R and
f : R → RF(A) such that f(t) = ΨA(q(t), r(t)), ∀t ∈ R. The function f is Fréchet
differentiable (F -differentiable) at t ∈ R if and only if q′(t) and r′(t) exist.
Additionally, the F -derivative of f at t is given by f ′(t, h) = ΨA(q′(t)h, r′(t)h),
∀h ∈ R.

Fuzzy interactive derivatives studied in this paper can be related algebraically
throught Theorem 5.

Theorem 5. Let A be a non-symmetric fuzzy number, f : R → RF(A) given
by f(t) = ΨA(p(t), q(t)), where p, q are real functions for all t ∈ R. Then f is
Fréchet differentiable if, and only if, f is L-differentiable, where the L-derivative
is the interactive derivative [8]. Moreover, the Fréchet derivative of f coincide
with the L-derivative of f , that is

ΨA(p′(t), q′(t)) = DLf(t), ∀t ∈ R. (7)
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Proof. Let f : R → RF(A) be given by f(t) = p(t)A + q(t), for all t ∈ R such
that f(t) �= R, ∀t ∈ R.

For h ∈ R, we have that f(t + h) = p(t + h)A + q(t + h) and, therefore,

f(t + h) =
(

p(t + h)
p(t)

)
f(t) +

(
q(t + h) − p(t + h)

q(t)
p(t)

)
. (8)

Denoting p̃(h) = p(t+h)
p(t) and q̃(h) = q(t + h) − p(t+h)q(t)

p(t) , we may write

f(t + h) = p̃(h)f(t) + q̃(h), ∀h ∈ R. (9)

Thus, if f(t) = ΨA(p(t), q(t)), ∀t ∈ R, f represents a linearly correlated fuzzy
process. So, we have that

f(t + h) −L f(t) = (p̃(h) − 1)f(t) + q̃(h) (10)

for all t, h ∈ R. If f is Fréchet differentiable, then the derivatives p′, q′ : R → R

exist for all t ∈ R, according to Theorem 4. Moreover,

lim
h→0

p̃(h) = lim
h→0

p(t + h)
p(t)

= 1 (11)

and

lim
h→0

q̃(h) = lim
h→0

q(t + h) − q(t)
p(t + h)

p(t)
= 0, (12)

once p and q are continuous in t. Therefore, lim
h→0

[f(t+h)−L f(t)] = lim
h→0

[(p̃(h)−
1)f(t) + q̃(h)] = 0.

For all α ∈ [0, 1] we have that

lim
h→0

[f(t + h) −L f(t)]α
h

= lim
h→0

[(
p̃(h) − 1

h

)
[f(t)]α +

(
˜q(h)
h

)]
(13)

Note that

lim
h→0

(
p̃(h) − 1

h

)
= lim

h→0

(
p(t+h)

p(t) − 1
)

h
=

p′(t)
p(t)

(14)

and

lim
h→0

q̃(h)
h

= lim
h→0

q(t + h) − p(t+h)q(t)
p(t)

h
= q′(t) − q(t)p′(t)

p(t)
(15)

for all t ∈ R. Therefore,

[DLf(t)]α = lim
h→0

(
p̃(h) − 1

h

)
[f(t)]α + lim

h→0

(
q̃(h)
h

)
(16)

=
p′(t)
p(t)

[f(t)]α + q′(t) − q(t)p′(t)
p(t)

, (17)

for all t ∈ R and α ∈ [0, 1].
Since [f(t)]α = p(t)[A]α + q(t) for all α ∈ [0, 1], we have

DL(f)(t) = p′(t)A + q′(t) = ΨA(p′(t), q′(t)), ∀t ∈ R. (18)

The converse implication is immediate, from Theorem 1.
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3 HIV Dynamics Under Antiretroviral Treatment (ART)

Data obtained in various studies [17] appear to show that the decay of plasma
viraemia in bloodstream is approximately exponential after the patient was
placed on a potent antiretroviral drug. One of the simplest models of viral
dynamics consider the effect of antiretroviral in viral population as in Eq. (19)

dV

dt
= P − cV, V (0) = V0 (19)

where P is the rate of virus production, c is the clearance rate and V = V (t) is
the virus concentration in bloodstream. This model assumes that the treatment
is initiated at t = 0 and that the efficiency of the treatment is partial, so that
P > 0. With this assumption, virus decay is not perfectly “exponential”, so that
the solution of (19) is given by

V (t) = V0e
−ct +

P

c
− P

c
e−ct. (20)

Equation (20) means viral load declines whenever V0 > 1
c , where 1

c is the
average life time of the viruses when the efficiency of the treatment is total, that
is, P = 0.

Next, we will establish two different fuzzy approaches to HIV dynamics
described in (19), both considering interactivity into the process V .

3.1 Fuzzy Interactive Differential Equation via L-Derivative

Analysis of models considering CD4+ cell population suggests that, when start-
ing the treatment, viral load is related to parameters such as virus and infected
cells elimination rates, as well as and the number of viral particles produced by
each infected CD4+ cell [19]. The uncertainty of these rates suggests that the
viral load may be well represented when V is a fuzzy number.

We will consider that viral dynamics described in (19) is an autocorrelated
fuzzy process. According to Definition 6, this means that for each h with absolute
value sufficiently small, V (t + h) = q(h)V (t) + r(h) for all t ≥ 0, where q, r are
real functions. Then, the corresponding Fuzzy Initial Value Problem (FIVP) via
L-derivative is given by

{
V ′

L(t) = P −L cV (t)
V (0) = V0 ∈ RF ,

(21)

where P, c > 0 are real constants.
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According to Theorem 1, there are two cases to consider:

i) q ≥ 1:
In this case, the solution of (21) for V (t) = [v−

α (t), v+
α (t)], in levels, is given

by
[V (t)]α = [kα

1 ect + kα
2 e−ct + P

c ,−kα
1 ect + kα

2 e−ct + P
c ], (22)

where kα
1 = − v+

α (0)−v−
α (0)

2 and kα
2 = v+

α (0)+v−
α (0)

2 − P
c . As expected in the

expansive solution, we have that lim
t→∞ diam(V0) = lim

t→∞ |v+
0 (0) − v−

0 (0)|ect =
+∞, that is, the fuzziness raises with time, as depicted in Fig. 1.

Fig. 1. Viral load as an expansive fuzzy process for P = 700 virions/day, c = 0.5/day
and V0 = (470; 670; 870) virions [18,19]. Only positive values for V should be
considered.

ii) 0 < q < 1:
In this case, the solution of (21) for V (t)α = [v−

α (t), v+
α (t)], in levels, is given

by
[V (t)]α = [(v−

α (0) − P
c )e−ct + P

c , (v+
α (0) − P

c )e−ct + P
c ]. (23)

As expected in the contractive solution, lim
t→∞ v−

α (t) = lim
t→∞ v+

α (t) = P
c and,

therefore, diam(V (t)) → 0, that is, the fuzziness vanishes with time. We have
that v−

α (t), v+
α (t) ≥ 0, ∀t ≥ 0 if, and only if, v−

α (0), v+
α (0) ≥ P

c (1−ect) for all
t ≥ 0, that is, v−

α (0), v+
α (0) ≥ P

c . Viral load declines whenever v−
α (0), v+

α (0) >
P
c as depicted in Fig. 2. This represents a constraint on the initial condition
to the solution to be consistent with the expected immune recovery expected
in individuals under ART.
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Fig. 2. Viral load as a contractive fuzzy process for P = 500 virions/day, c = 1.5/day
and V0 = (470; 670; 870) virions [18,19].

3.2 Fuzzy Interactive Differential Equation via Fréchet Derivative

Natural history of HIV suggests that after the primary infection, a large phase
is observed where the viral concentration remains almost constant [7,20]. This
set-point level can be represented in (19) as dV

dt = 0, that is, P = cV0 when
treatment is started. This means the viral production rate P may be considered
linearly correlated to initial viral concentration V0.

We will assume that there is A ∈ RF such that V (t) = ΨA(p(t), q(t)) =
p(t)A+q(t) for all t ≥ 0. We will also assume that p, q : R → R are differentiable.
Then, the FIVP corresponding to (19) is given by

{
V ′(t) = P −ΨA

cV

V (0) = V0 ∈ RF(A),
(24)

where P ∈ RF(A), that is, there are p1, p2 ∈ R such that P = p1A + p2 =
ΨA(p1, p2), and c ∈ R is constant. Note that, in this case, we have that

P =
p1
p0

(p0A + q0) +
(

p2 − p1q0
p0

)
=

p1
p0

V0 +
(

p2 − p1q0
p0

)
, (25)

that is, P is linearly correlated to V0. Theorem 4 ensures that

V ′(t) = ΨA(p′(t), q′(t)) = p′(t)A + q′(t). (26)

Then, (24) can be rewritten as

ΨA(p′(t), q′(t)) = ΨA(p1, p2) + c·A(p(t), q(t)) (27)

and by the linearity of ΨA, we have that

ΨA(p′(t), q′(t)) = ΨA(p1 − cp(t), p2 − cq(t)). (28)
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As A ∈ RF is non-symmetric, the operator ΨA is injective, so that (28) is
equivalent to two real systems, given by

{
p′(t) = p1 − cp(t)
p(0) = p0

(29)

and {
q′(t) = p2 − cq(t)
q(0) = q0,

(30)

whose solutions are given by p(t) =
(
p0 − p1

c

)
e−ct + p1

c and q(t) =(
q0 − p2

c

)
e−ct + p2

c , respectively. Therefore, the solution of (24) is given by

V (t) =
[(

p0 − p1
c

)
e−ct +

p1
c

]
A +

(
q0 − p2

c

)
e−ct +

p2
c

, ∀t ∈ R. (31)

Since V (t) = p(t)A + q(t), we have that diam(V (t)) = diam(p(t)A)→
diam(p1

c A) when t → ∞. Moreover, if A ∈ RF is such that 0 ∈ [A]1, then
we can consider that A is a fuzzy number around 0. In this case, we may expect
that viral load to be around p2

c when t → ∞. Once P = p1A + p2, this result
coincides with the classic case when P ∈ R.

Lastly, we have three cases to consider:

i) c < p1
p0

:
In this case, p′(t) = −c

(
p0 − p1

c

)
e−ct > 0, that is, diam(V (t)) =

diam(p(t)A) is an increasing function, as depicted in Fig. 3. Therefore, the
fuzziness of V increases with time, as seen in the expansive case described
in Subsection B.

ii) c = p1
p0

:
In this case, p′(t) = 0, that is, diam(V (t)) = diam(p(t)A) = diam(p1

c A)
is constant with time. Therefore, the fuzziness of V remains constant, as
depicted in Fig. 4.

Fig. 3. Viral load for A = (−0.5; 0; 1), V0 = (470; 670; 870), c = 3/day, p0 = 1500,
q0 = 670, p1 = 1500 and p2 = 800 [18,19].
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Fig. 4. Viral load for A = (−0.5; 0; 1), V0 = (470; 670; 870), c = 3/day, p0 = 1500,
q0 = 670, p1 = 600 and p2 = 700 [18,19].

iii) c > p1
p0

:
In this case, p′(t) = −c

(
p0 − p1

c

)
e−ct < 0, that is, diam(V (t)) =

diam(p(t)A) is a decreasing function. Therefore, the fuzziness of V decreases
with time, as depicted in Fig. 5.

When viral production rate P is a real constant, that is, when p1 = 0,
the representation of P in the space RF(A) is P = ΨA(0, p2) = 0A + p2 ∈ R.
Theorem 5 ensures that, in this case, the Initial Value Problems (21) and (24)
are equivalent if the initial conditions are the same.

However, only solutions (23) and (31) may coincide. As we observed pre-
viously, if p1 = 0, then diam(V (t)) → 0 when t → ∞, that is, the fuzziness
of the solution vanishes with time, as represented in Fig. 6. For HIV dynamics
predicting viral drop, the autocorrelated process described by Fréchet derivative
is always contractive if P ∈ R, being expansive exclusively when P is a fuzzy
number.

Fig. 5. Viral load for A = (−0.5; 0; 1), V0 = (470; 670; 870), c = 3/day, p0 = 1500,
q0 = 670, p1 = 150 and p2 = 700 [18,19].
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Fig. 6. Viral load for A = (−0.5; 0; 1), V0 = (570; 670; 870), c = 1.5/day, p0 = 200,
q0 = 670, p1 = 0 and p2 = 800 [18,19].

4 Final Comments

In this work we presented an HIV dynamics for individuals under ART as an
application of two different approaches from fuzzy set theory: differential equa-
tion via interactive derivative and differential equation via Fréchet derivative.
Biological processes may be considered as processes with memory, or from the
point of view of fuzzy interactivity, autocorrelated processes. Viral dynamics was
considered as an autocorrelated process in this manuscript.

Differential equation via interactive derivative provided two different types
of solutions: the contractive and the expansive one. The underlying memory
coefficient determines if the fuzziness of the solution decreases with time, as in
the first case, or increases, as in the second case. Viral dynamics predicted a
drop on viral load in bloodstream as was also observed in the two cases. For
interactive derivative, viral production rate P was a real constant and it was not
related to the stability of the solution.

Diferential equation via Fréchet derivative provided three different types of
solution: the contractive, the expansive and also a third kind, that one with con-
stant fuzziness with time. Modelling HIV via Fréchet derivative allowed us to eval-
uate the viral production rate P as a fuzzy number linearly correlated to A ∈ RF .
This was adopted due to the set-point that seropositive individuals remain after
the primary infection, according to the natural history of HIV. It suggests that the
viral production rate is linearly correlated to initial viral load V0, with the coeffi-
cient p1

p0
. The lower this coefficient is in relation to clearance rate c, the lower is the

fuzziness of viral load in bloodstream. It also means that the representation of P
on the space RF(A) determined the fuzziness of the solution V .

Furthermore, for HIV dynamics presented in this work, when P is a real con-
stant, the FIVP determined by differential equation with Fréchet derivative is
equivalent to the FIVP determined by differential equation with interactive deriva-
tive. In this case, only the solutions (23) and (31) coincide and diam(V (t)) → 0
when t → ∞. We can conclude that, for HIV dynamics, the interactive process
determined by Fréchet derivative has an underlying memory coefficient in (0, 1),
that is, only provides solution whose fuzziness vanishes with time.
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linearly correlated fuzzy function. Inf. Sci. 435, 150–160 (2018)

11. Herz, A., Bonhoeffer, S., Anderson, R.M., May, R.M., Nowak, M.A.: Viral dynamics
in vivo: limitations on estimates of intracellular delay and virus decay. Proc. Natl.
Acad. Sci. 93, 7247–7251 (1996)

12. Jafelice, R.M., Barros, L., Bassanezi, R.: Study of the dynamics of HIV under
treatment considering fuzzy delay. Comput. Appl. Math. 33(1), 45–61 (2014)

13. Jafelice, R.M., Silva, C.A., Barros, L.C., Bassanezi, R.C.: A fuzzy delay approach
for HIV dynamics using a cellular automaton. J. Appl. Math. 2015 (2015)

14. Jafelice, R.M., Barros, L.C., Bassanezi, R.C.: A fuzzy delay differential equation
model for HIV dynamics. In: IFSA/EUSFLAT Conference, pp. 265–270 (2009)

15. Laiate, B., Jafelice, R.M., Esmi, E., Barros, L.C.: An interpretation of the
fuzzy measure associated with choquet calculus for a HIV transference model.
In: Kearfott, R.B., Batyrshin, I., Reformat, M., Ceberio, M., Kreinovich, V.
(eds.) IFSA/NAFIPS 2019. AISC, vol. 1000, pp. 306–317. Springer, Cham (2019).
https://doi.org/10.1007/978-3-030-21920-8 28

16. Nelson, P.W., Mittler, J.E., Perelson, A.S.: Effect of drug efficacy and the eclipse
phase of the viral life cycle on estimates of HIV viral dynamic parameters. J.
Acquir. Immune Defic. Syndr. (1999) 26(5), 405–412 (2001)

17. Notermans, D.W., Goudsmit, J., Danner, S.A., De Wolf, F., Perelson, A.S., Mittler,
J.: Rate of HIV-1 decline following antiretroviral therapy is related to viral load at
baseline and drug regimen. Aids 12(12), 1483–1490 (1998)

18. Perelson, A.S., et al.: Decay characteristics of HIV-1-infected compartments during
combination therapy. Nature 387(6629), 188 (1997)

https://doi.org/10.1007/978-3-030-21920-8_28


HIV Dynamics Under Antiretroviral Treatment with Interactivity 225

19. Perelson, A.S., Nelson, P.W.: Mathematical analysis of HIV-1 dynamics in vivo.
SIAM Rev. 41(1), 3–44 (1999)

20. Perelson, A.S., Neumann, A.U., Markowitz, M., Leonard, J.M., Ho, D.D.: HIV-1
dynamics in vivo: virion clearance rate, infected cell life-span, and viral generation
time. Science 271(5255), 1582–1586 (1996)

21. Puri, M.L., Ralescu, D.A.: Differentials of fuzzy functions. J. Math. Anal. Appl.
91(2), 552–558 (1983)

22. Santo Pedro, F., Esmi, E., de Barros, L.C.: Calculus for linearly correlated fuzzy
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