
Chapter 7
Summary

The explosive progresses of TN that have been made in the recent years opened
an interdisciplinary diagram for studying varieties of subjects. What is more, the
theories and techniques in the TN algorithms are now evolving into a new numerical
field, forming a systematic framework for numerical simulations. Our lecture notes
are aimed at presenting this framework from the perspective of the TN contraction
algorithms for quantum many-body physics.

The basic steps of the TN contraction algorithms are to contract the tensors and to
truncate the bond dimensions to bound the computational cost. For the contraction
procedure, the key is the contraction order, which leads to the exponential, lin-
earized, and polynomial contraction algorithms according to how the size of the TN
decreases. For the truncation, the key is the environment, which plays the role of the
reference for determining the importance of the basis. We have the simple, cluster,
and full decimation schemes, where the environment is chosen to be a local tensor,
a local but larger cluster, and the whole TN, respectively. When the environment
becomes larger, the accuracy increases, but so do the computational costs. Thus, it
is important to balance between the efficiency and accuracy. Then, we show that by
explicitly writing the truncations in the TN, we are essentially dealing with exactly
contractible TNs.

Compared with the existing reviews of TN, a unique perspective that our notes
discuss about is the underlying relations between the TN approaches and the multi-
linear algebra (MLA). Instead of iterating the contraction-and-truncation process,
the idea is to build a set of local self-consistent eigenvalue equations that could
reconstruct the target TN. These self-consistent equations in fact coincide with or
generalize the tensor decompositions in MLA, including Tucker decomposition,
rank-1 decomposition and its higher-rank version. The equations are parameterized
by both the tensor(s) that define the TN and the variational tensors (the solution of
the equations), thus can be solved in a recursive manner. This MLA perspective
provides a unified scheme to understand the established TN methods including
iDMRG, iTEBD, and CTMRG. In the end, we explain how the eigenvalue equations
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lead to the quantum entanglement simulation (QES) of the lattice models. The
central idea of QES is to construct an effective few-body model surrounded by the
entanglement bath, where its bulk mimics the properties of the infinite-size model
at both zero and finite temperatures. The interactions between the bulk and the bath
are optimized by the TN methods. The QES provides an efficient way for simulating
one-, two-, and even three-dimensional infinite-size many-body models by classical
computation and/or quantum simulation.

With the lecture notes, we expect that the readers could use the existing TN
algorithms to solve their problems. Moreover, we hope that those who are interested
in TN itself could get the ideas and the connections behind the algorithms to develop
novel TN schemes.
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