
Chapter 1
Introduction: Sensitivity Analysis – What
and Why?

1.1 Introduction

Demography is a science that connects individual processes and events to the
development of cohorts and then to the dynamics of populations. It does so with
mathematical models that distinguish among individuals based on their character-
istics.1 The most familiar such model is the life table, which records mortality and
fertility of the individual as a function of age, and is used to calculate properties of
cohorts (e.g., the distribution of age at death) and populations (e.g., the intrinsic rate
of increase).

The life table is the most familiar, but demography has proceeded far beyond
that in both models and analyses. In any case, though, a model is defined first by its
structure (the states of individuals and the transitions possible among them), then
by the rates at which individuals develop, survive, and reproduce throughout the
life cycle, then by the functional dependence of those rates (time-invariant or time-
varying, density-independent or density-dependent, deterministic or stochastic), and
finally by the values of the parameters that define the rates. A set of parameters
operating within a given model generates the demographic outcomes calculated
from the model (population growth rate, population structure, equilibria, cycles,
measures of longevity, state occupancy times, transient behavior and projections,
and so on). The sensitivity problem is to understand how the outcome[s] change in
response to changes in the parameters.

1Technically, these characteristics are known as individual state variables, or i-states (Metz and
Diekmann 1986; Caswell 2001). Their task is to capture all the information about the individual’s
history that is relevant to determining its future fate, and a major task of demography is to discover
those aspects of the individual necessary for a successful i-state (e.g., de Vries and Caswell 2017).
In the models considered here, the population state (p-state) is a distribution function over the set of
i-states. Thus, for example, age as an i-state leads to a population described by its age distribution.
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4 1 Introduction: Sensitivity Analysis – What and Why?

Why should we care about the effects of change?

• We may be concerned with particular changes that we have reason to believe will
occur (due to, e.g., changes in society, changes in the environment, changes in
policy) and want to know how they will affect the outcome of interest.

• We may want to evaluate the effect of changes that we hope to cause as matters
of policy, or to compare alternative policies for their effects.

• We may be interested in evolutionary demographic questions. Natural selection
is a process that explores the consequences for fitness (which is itself a demo-
graphic outcome) of changing the phenotypic traits that influence demographic
parameters.

• We may want to identify the parameters have the biggest effect on the outcome,
in order to allocate sampling or measurement efforts where they are most needed.

• At a very basic level, we may simply want to know how the system works,
how the outcomes are determined. Just as an empirical study might include
experiments to manipulate factors and see how outcomes change, sensitivity
analysis of a mathematical model reveals how outcomes respond to parameter
changes.

It is not an overstatement to say that no model is every fully understood if it does
not include a sensitivity analysis.

1.2 Sensitivity, Calculus, and Matrix Calculus

The change in an outcome in response to a change in a parameter can be treated as a
problem in differential calculus. Let ξ denote some dependent variable and θ some
parameter. The sensitivity problem can be approached via the derivative

dξ

dθ
(1.1)

or the elasticity, or proportional sensitivity2

εξ

εθ
= θ

ξ

dξ

dθ
= d log ξ

d log θ
(1.2)

Note that I will use “sensitivity analysis” to refer generically to both sensitivity
and elasticity.

The sensitivity problem is a challenging task, rather than an exercise in under-
graduate calculus, because the dependence of ξ on θ may be complicated, and

2There seems to be no standard notation for elasticities; the one I am using here is based on a
suggestion by Samuelson (1947).
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because ξ may be a scalar (e.g. life expectancy at birth, or population growth rate)
or a vector (e.g., a stable stage distribution or a projected population structure)
or a matrix (e.g., the matrix of mean occupancy times). Similarly, θ may be a
scalar (e.g., the Gompertz rate of aging) or a vector (e.g., the age schedule of
mortality rates), or a matrix (e.g., the transition matrix among life cycle stages).
In addition, the chains of causation in even simple demographic models are
complicated. Tracing the causal chains from a set of parameters (of which there
may be many) to a set of outcomes (again, many) with complicated interactions is
hard.

This book is an in depth exploration of sensitivity analyses based on matrix
formulations of demographic calculations. Matrix formulations are designed pre-
cisely to map transformations from one multidimensional space to another. Thus
they simplify computations, clarify notation, and increase analytical power.3

The premise of this book is that demography as a discipline is neither defined
by, nor limited to, a taxon. You will find here examples and analyses of humans, of
non-human animals, and plants. Human demography and population biology have
mutually informed each other from the beginning, and I see no reason for them to
stop now.

It is important to remember that the diversity of complex life histories among
the species that occupy our world poses a challenge to demographic analysis that is
identical to the challenge posed by the complicated lives of humans. The dynamics
of health status, family structure, or socio-economic status introduce complications
to the life course exactly comparable to the dynamics of size growth in plants,
metamorphosis in insects, or breeding status in birds.

A bit of history The earliest focus of demographic sensitivity analysis was
population growth rate λ (or the intrinsic rate of increase r = log λ) in linear
demographic models. Hamilton (1966) was the first to solve this, in the context
of the evolution of senescence. Demetrius (1969) derived a corresponding matrix
expression, apparently unaware of Hamilton’s results. Goodman (1971) was the
first to notice the connection to reproductive value (see Chap. 3). Keyfitz (1971)
derived the sensitivity of r , but also of life expectancy, mean age at death,and other
outcomes.

All these analyses were based on age-classified demographic models. These
results were generalized to stage-classified models by applying eigenvalue pertur-
bation theory (Caswell 1978), followed by elasticity calculations (de Kroon et al.
1986), sensitivities of eigenvectors (Caswell 1982), lower-level parameters (Caswell
1989b), second derivatives of eigenvalues (Caswell 1996), the population spreading
rate (Neubert and Caswell 2000), transient dynamics (Caswell 2007) and other
things. Following the important early work of Tuljapurkar (1990), the sensitivity

3That does not mean that calculations made by other means are wrong. I am a methodological
pluralist, and I do not believe that it is necessary to attack other methods in order to justify the use
of matrix methods.
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analysis of stochastic models developed in parallel with that of deterministic models
(e.g. Tuljapurkar et al. 2003; Haridas and Tuljapurkar 2005; Horvitz et al. 2005;
Steinsaltz et al. 2011).

Matrix calculus, permitting differentiation of scalar-, vector-, or matrix-valued
functions of scalar, vector, or matrix arguments, began to be developed in the
1960s (see Nel (1980) for some history and comparison of different methods).
The approach we will use here was introduced by Neudecker (1969) and expanded
by Magnus and Neudecker (1985). A comprehensive, but mathematically difficult,
treatment is given in Magnus and Neudecker (1988). Chapter 2 gives a brief
presentation of the matrix calculus methods we will utilize in this book.

1.3 Some Issues

Sensitivity analysis is more than an algebraic exercise; it is a tool for making
inferences and drawing conclusions about substantive demographic issues. It is
useful to bring to the discussion a perspective on some questions.

1.3.1 Prospective and Retrospective Analyses: Sensitivity and
Decomposition

If some variable ξ is a function of a set of parameters θ1, . . . , θp, then
∂ξ
∂θi

gives
the rate of change of ξ in response to a change in the ith parameter, holding the
rest constant. Contrary to what is sometimes assumed, this calculation requires no
assumption that it is actually possible to change the parameters. If the flight velocity
of pigs is one of the parameters in the model, the analysis will happily answer the
question of what would happen if pigs could fly.

Nor is there any assumption that changes in θi have ever happened in the past.
The sensitivity analysis looks forward, asking what would happen if this or that
parameter were to change. It is thus referred to as prospective analysis (Caswell
2000).

On the other hand, suppose you find yourself considering two values of ξ , that
have resulted from two different situations (times, places, conditions), each with its
own set of parameters:

θ
(1)
1 , θ

(1)
2 , . . . −→ ξ (1)

θ
(2)
1 , θ

(2)
2 , . . . −→ ξ (2)

You ask, what caused the difference between ξ (2) and ξ (1). Knowing the derivatives
∂ξ
∂θi

cannot tell you, because you are not asking the counterfactual question of what
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would happen if, but the very factual question of what actually happened between
the two situations. This is a retrospective analysis, familiar to human demographers
as a decomposition problem (e.g., Kitagawa 1955; Canudas Romo 2003).

One widely used approach to understanding the causes of observed differences
is life table response experiment (LTRE) analysis,4 which uses a first-order approx-
imation to decompose the differences,

�ξ = ξ (2) − ξ (1) ≈
∑

i

∂ξ

∂θi

(
θ

(2)
i − θ

(1)
i

)
. (1.3)

The ith term in the summation is the contribution of the difference in the parameter
θi to the difference in the outcome, �ξ . These contributions reflect both the
sensitivity of ξ to the parameters and the differences between conditions in each
of the parameters. Parameters to which ξ is not very sensitive can make large
contributions if the difference �θi is big enough. Contributions to which ξ is very
sensitive can make small contributions if θi does not change much. The matrix
calculus version of this decomposition is given in Sect. 2.9, applied to differences
in life disparity in Chap. 4, to periodic environments in Chap. 8, and explored in the
challenging context of stochastic models in Chap. 9.

The distinction between prospective and retrospective analysis is obvious once
the questions they address are specified, but it has challenged a number of authors
(e.g., Wisdom and Mills 1997; Manlik et al. 2017). A particularly insightful
discussion of these ideas, in somewhat different terminology, appears in Nathan
Keyfitz’s essay, How do we know the facts of demography?, which now appears as
Chapter 20 of Keyfitz and Caswell (2005).

1.3.2 Uncertainty Propagation

Suppose that ξ is a function of θ , but θ is known only imperfectly. Then ξ is
also known only imperfectly; the uncertainty in θ is propagated from θ to ξ . The
sensitivity dξ/dθ alone says nothing about uncertainty, and the uncertainty in ξ

says nothing about the sensitivity.
Uncertainty propagation can be calculated by simulation if a probability dis-

tribution is known that can describe the uncertainty in θ . Sampling from this
distribution and calculating ξ for each sampled parameter gives the distribution
of ξ resulting from the uncertainty in θ (e.g. Caswell et al. 1998; Salomon et al.

4This awkward but well entrenched nomenclature was created when I was trying to understand the
interpretation of experiments in ecotoxicology in which laboratory cohorts would be exposed to
some noxious substance, and a life table (mortality and fertility schedule) measured as a response
variable (Caswell 1989a). It soon became apparent that the method could be applied to any
comparison of different conditions, and that the response could be any demographic variable. See
(Caswell 2001, Chapter 10) for details.
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2001). If the distribution of θ comes from an empirical set of measurements,
this approach converges to the bootstrap (Efron and Tibshirani 1993). If θ has
a parametric distribution (e.g., the multivariate normal distribution returned by
maximum likelihood estimation) the technique is sometimes known as a parametric
bootstrap (e.g., Regehr et al. 2010).

Sensitivity analysis can contribute to uncertainty propagation analysis through
the first order, small variance approximation to the variance in ξ ,

V (ξ) ≈
∑

i,j

(
∂ξ

∂θi

) (
∂ξ

∂θj

)
Cov(θi, θj ) (1.4)

Notice again that sensitivity does not, by itself, say anything about uncertainty, but
it does show how the (co)variance in parameters will propagate to the variance in
the outcome ξ .

1.3.3 Why Not Just Simulate?

If you work on these problems, or if you apply these methods in particular studies,
eventually you will be asked (often by a reviewer), why not just do it all by
simulation?Just evaluate ξ at the value θ , and at θ + �θ , and then approximate
the derivative as

�ξ

�θ
= ξ(θ + �θ) − ξ(θ)

�θ
(1.5)

for some very small value of �θ .
Three answers come to mind. First, if θ and the model are of sufficiently high

dimension, there can be a lot of these perturbations to be calculated. For example,
population projections of the type analyzed by Caswell and Sanchez Gassen (2015),
with 102 ages, 2 sexes, 3 vital rates, and projections on the order of 50 years,
have over 30,000 parameters. A numerical perturbation of each of these would be
painful.

Second, the computation of derivatives by numerical perturbations is a noto-
riously ill-behaved problem. A standard reference on computations in applied
mathematics says that this approximation is “almost guaranteed to produce inac-
curate results” (Press et al. 1992, p. 185). It is subject to truncation error (caused
by making the perturbation too large) and roundoff error (caused by making the
perturbation too small). In some applications these errors will be unimportant, but
in others they can be crucial (e.g., Hunter and Caswell 2009, for an example in
mark-recapture analysis)s.

Third, and more basic and telling: an exact answer is always an improvement
over an approximation. When an exact answer is available, in an easily computable
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form, there must be strong arguments to support the idea that a less efficient and
less accurate approximation is just as good. And having both exact and approximate
methods is even better.

These arguments apply to numerical calculation of derivatives. But simulation
has an important place in analyzing scenarios; i.e., the results of specified collec-
tions of parameters, usually with multiple and large differences among them. When
population projections are reported with “high,” “medium,” and “low” fertility
scenarios, the point is to compare a range of multivariate alternatives. Other
examples include comparisons of screening procedures for colorectal cancer (Wu
et al. 2006), or projections based on IPCC global climate models (e.g., Jenouvrier
et al. 2012). In principle, sensitivity analysis could support these calculations
by suggesting interesting scenarios, highlighting the parameters with the biggest
impact on the outcome.

1.3.4 Sensitivity and Identifying Targets for Intervention

To intervene is to change something. Population biologists concerned with endan-
gered species would like to intervene to increase the population growth rate. Those
concerned with invasive pests would like to do the same, but in the opposite
direction. Human demographers focused on aging societies wonder about how
policies would change age distributions or dependency ratios. In all these cases,
the interventions operate through changes in demographic parameters, and thus
sensitivity analysis can reveal something about their effects.

This logic has led to the use of prospective perturbation analyses in conservation
biology, using the sensitivity or elasticity of population growth rate to identify
promising targets for intervention. The first such use involved the loggerhead sea
turtle (Crouse et al. 1987). Standard practice at the time was to focus on protecting
eggs and hatchlings on nesting beaches. But a sensitivity analysis showed that
population growth rate was not very sensitive to these stages, and much more
sensitive to changes in survival of adults at sea. This led to a recommendation, and
then a policy, to install “turtle excluder devices” on the nets used in coastal shrimp
fisheries in the United States, to reduce mortality due to adult turtles being captured
in those nets.

This basic idea has become a part of the toolkit for conservation biology, but
has also fallen victim to a kind of magical thinking that first makes unrealistic
expectations of the sensitivity analysis and then blames the analysis for failing
to meet those expectations. For a recent example see Manlik et al. (2017); for a
thorough description of the issues and some of their solutions, see Caswell (2001,
Chapter 18).

The fact remains that knowing the sensitivity of some outcome ξ to some
parameter θ gives the rate of change of ξ in response to an intervention that changes
θ . That is valuable information to have in considering the various interventions that
might bring about a desired change.
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1.3.5 The Dream of Easy Interpretation

This book is full of long and complicated formulas. Occasionally, these formulas
yield easy, readily apparent, qualitative interpretations.5 But not often. There is a
reason for this. The formulas are complicated because the processes are compli-
cated, and because the results are given at a high level of generality. Chapter 10,
for example, analyzes the sensitivity of nonlinear, density-dependent models. It
derives a complicated formula for the sensitivity of any function of the equilibrium
population, to changes in any parameter affecting any of the vital rates, in any age-
or stage-specific way, for any choice of stage classification and any survival, fertility,
and transition rates, with any pattern of density dependence, for any species with any
kind of life history. Accounting for that web of dependencies, in such generality,
makes finding an easily interpretable formula an unlikely dream.

Not an impossible dream, but in general, insights of that kind arise from
simplifying general methods to address particular situations. Specifying a particular
demographic structure, choosing an outcome variable of interest, and carefully
specifying the functional dependencies, if done skillfully, can lead to qualitative
results.

1.4 The Importance of Change

Questions of change lurk in almost every demographic (every scientific?) study. We
ask how things have changed in the past, how they differ among populations in the
present, and how they will, or may, change in the future. Even apparently simple
descriptive statements (the results of a census in a particular time and place, for
example) are almost immediately examined in comparison with other times and/or
places.

Sensitivity analysis is a powerful tool for analyzing change, in the special case of
demographic outcomes that are calculated as functions of some set of parameters.
As the chapters to come will make clear, this covers a wide landscape of interesting
demographic questions. And the list is not yet complete.

Bibliography

Canudas Romo, V. 2003. Decomposition methods in demography. Population Studies, Rozenberg
Publishers, Amsterdam, Netherlands.

Caswell, H. 1978. A general formula for the sensitivity of population growth rate to changes in
life history parameters. Theoretical Population Biology 14:215–230.

5For example the interpretation of the sensitivity of population growth rate to matrix elements in
terms of stable structure and reproductive value in Chap. 3, or the sensitivity of life expectancy to
mortality in terms of occupancy time and transition probabilities in Chap. 4.



Bibliography 11

Caswell, H. 1982. Optimal life histories and the maximization of reproductive value: a general
theorem for complex life cycles. Ecology 63:1218–1222.

Caswell, H. 1989a. Analysis of life table response experiments I. Decomposition of effects on
population growth rate. Ecological Modelling 46:221–237.

Caswell, H. 1989b. Matrix Population Models: Construction, Analysis, and Interpretation. 1st
edition. Sinauer Associates, Sunderland, MA, USA.

Caswell, H. 1996. Second derivatives of population growth rate: calculation and applications.
Ecology 77:870–879.

Caswell, H. 2000. Prospective and retrospective perturbation analyses and their use in conservation
biology. Ecology 81:619–627.

Caswell, H. 2001. Matrix Population Models: Construction, Analysis, and Interpretation. 2nd
edition. Sinauer Associates, Sunderland, MA.

Caswell, H. 2007. Sensitivity analysis of transient population dynamics. Ecology Letters 10:1–15.
Caswell, H., S. Brault, A. J. Read, and T. D. Smith. 1998. Harbor porpoise and fisheries: an

uncertainty analysis of incidental mortality. Ecological Applications 8:1226–1238.
Caswell, H., and N. Sanchez Gassen. 2015. The sensitivity analysis of population projections.

Demographic Research 33:801–840.
Crouse, D. T., L. B. Crowder, and H. Caswell. 1987. A stage-based population model for

loggerhead sea turtles and implications for conservation. Ecology 68:1412–1423.
de Kroon, H., A. Plaisier, J. van Groenendael, and H. Caswell. 1986. Elasticity: the relative

contribution of demographic parameters to population growth rate. Ecology 67:1427–1431.
de Vries, C., and H. Caswell. 2017. Demography when history matters: construction and

analysis of second-order matrix population models. Theoretical Ecology https://doi.org/10.
1007/s12080-017-0353-0:1–12.

Demetrius, L. 1969. The sensitivity of population growth rate to perturbations in the life cycle
components. Mathematical Biosciences 4:129–136.

Efron, B., and R. J. Tibshirani. 1993. An introduction to the bootstrap. Chapman and Hall, London,
England.

Goodman, L. A. 1971. On the sensitivity of the intrinsic growth rate to changes in the age-specific
birth and death rates. Theoretical Population Biology 2:339–354.

Hamilton, W. D. 1966. The moulding of senescence by natural selection. Journal of Theoretical
Biology 12:12–45.

Haridas, C. V., and S. Tuljapurkar. 2005. Elasticities in variable environments: properties and
implications. The American Naturalist 166:481–495.

Horvitz, C. C., S. Tuljapurkar, and J. B. Pascarella. 2005. Plant-animal interactions in random
environments: habitat-stage elasticity, seed predators, and hurricanes. Ecology 86:3312–3322.

Hunter, C. M., and H. Caswell, 2009. Rank and redundancy of multistate mark-recapture models
for seabird populations with unobservable states. Pages 797–825 in D. L. Thompson, E. G.
Cooch, and M. J. Conroy, editors. Modeling demographic processes in marked populations,
volume 3 of Environmental and Ecological Statistics. Springer, New York.

Jenouvrier, S., M. Holland, J. Stroeve, C. Barbraud, H. Weimerskirch, M. Serreze, and H. Caswell.
2012. Effects of climate change on an emperor penguin population: analysis of coupled
demographic and climate models. Global Change Biology 18:2756–2770.

Keyfitz, N. 1971. Linkages of intrinsic to age-specific rates. Journal of the American Statistical
Association 66:275–281.

Keyfitz, N., and H. Caswell. 2005. Applied mathematical demography. 3rd edition. Springer, New
York, New York.

Kitagawa, E. M. 1955. Components of a difference between two rates. Journal of the American
Statistical Association 50:1168–1194.

Magnus, J. R., and H. Neudecker. 1985. Matrix differential calculus with applications to simple,
Hadamard, and Kronecker products. Journal of Mathematical Psychology 29:474–492.

Magnus, J. R., and H. Neudecker. 1988. Matrix differential calculus with applications in statistics
and econometrics. John Wiley and Sons, New York, New York.

https://doi.org/10.1007/s12080-017-0353-0
https://doi.org/10.1007/s12080-017-0353-0


12 1 Introduction: Sensitivity Analysis – What and Why?

Manlik, O., R. C. Lacy, and W. B. Sherwin. 2017. Applicability and limitations of sensitivity
analyses for wildlife management. Journal of Applied Ecology.

Metz, J. A. J., and O. Diekmann. 1986. The dynamics of physiologically structured populations.
Springer-Verlag, Berlin, Germany.

Nel, D. G. 1980. On matrix differentiation in statistics. South African Statistical Journal 14:137–
193.

Neubert, M. G., and H. Caswell. 2000. Demography and dispersal: calculation and sensitivity
analysis of invasion speed for structured populations. Ecology 81:1613–1628.

Neudecker, H. 1969. Some theorems on matrix differentiation with special reference to Kronecker
matrix products. Journal of the American Statistical Association 64:953–963.

Press, W. H., Teukolsky, S. A., Vetterling, W. T., & Flannery, B. P. (1992). Numerical recipes in C:
The art of scientific programming (Second ed.). Cambridge, UK: Cambridge University Press.

Regehr, E. V., C. M. Hunter, H. Caswell, S. C. Amstrup, and I. Stirling. 2010. Survival and
breeding of polar bears in the southern Beaufort Sea in relation to sea ice. Journal of Animal
Ecology 79:117–127.

Salomon, J. A., C. D. Mathers, C. J. L. Murray, and B. Ferguson, 2001. Methods for life expectancy
and healthy life expectancy uncertainty analysis. Global Programme on Evidence for Health
Policy Working Paper 10, World Health Organization, Geneva.

Samuelson, P. A. 1947. Foundations of economic analysis. Harvard University Press, Cambridge,
Massachusetts, USA.

Steinsaltz, D., S. Tuljapurkar, and C. Horvitz. 2011. Derivatives of the stochastic growth rate.
Theoretical Population Biology 80:1–15.

Tuljapurkar, S. 1990. Population Dynamics in Variable Enviroinments. Springer-Verlag, New
York, New York.

Tuljapurkar, S., C. Horvitz, and J. B. Pascarella. 2003. The many growth rates and elasticities of
populations in random environments. American Naturalist 162:489–502.

Wisdom, M. J., and L. S. Mills. 1997. Sensitivity analysis to guide population recovery: prairie-
chickens as an example. The Journal of Wildlife Management pages 302–312.

Wu, G.-M., Y.-M. Wang, M.-F. Yen, J.-M. Wong, H.-C. Lai, J. Warwick, and C. TH-H. 2006. Cost-
effectiveness analysis of colorectal cancer screening with stool DNA testing in intermediate-
incidence countries. BMC Cancer 6:136.

Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative Commons licence and
indicate if changes were made.

The images or other third party material in this chapter are included in the chapter’s Creative
Commons licence, unless indicated otherwise in a credit line to the material. If material is not
included in the chapter’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder.

http://creativecommons.org/licenses/by/4.0/

	1 Introduction: Sensitivity Analysis – What and Why?
	1.1 Introduction
	1.2 Sensitivity, Calculus, and Matrix Calculus
	1.3 Some Issues
	1.3.1 Prospective and Retrospective Analyses: Sensitivity and Decomposition
	1.3.2 Uncertainty Propagation
	1.3.3 Why Not Just Simulate?
	1.3.4 Sensitivity and Identifying Targets for Intervention
	1.3.5 The Dream of Easy Interpretation

	1.4 The Importance of Change
	Bibliography


