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Abstract 
The use of library mathematical software will, ideally, provide solutions to problems in 
science and engineering without the user having to become involved in the details of the 
software. In practice, some knowledge of the characteristics of the problem is often re
quired to arrive at an acceptable solution. We illustrate this requirement with the solution 
of the Einstein field equations to calculate spacetime curvature. These equations under 
certain circumstances can become more difficult to solve with increasing problem time, 
and eventually cause a failure in the calculations, which we think will occur no matter 
what mathematical software is used. 
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1 INTRODUCTION 

The Einstein field equations of general relativity are a system of 10 nonlinear partial 
differential equations (PDEs) for which analytical solutions are generally not available. 
Therefore numerical methods are employed to compute solutions for special cases of in
terest. The field equations can be formulated in an initial-value format, then integrated 
through time to observe the evolution of the spacetime curvature. 

For the special case of a spherically symmetric black hole, the spacetime approaches 
a singularity which cannot be encompassed in a solution using numerical methods. The 
approach to this singularity therefore provides a stringent test of any numerical method, 
and ultimately will cause it to fail. Some basic limitations of the numerical algorithm 
used, and of its implementation in software, are revealed with increasing problem time, 
as illustrated by the following numerical results. 

2 FIELD EQUATIONS 

The characteristics of the Einstein field equations are: 

e System of 10 nonlinear, second-order mixed hyperbolic-elliptic PDEs 

- Independent variables: Three space coordinates plus time 
- Dependent variables: 10 components of the metric tensor, g,." 
- Sharp spatial variations which increase with time 

• For a spherically symmetric, non-rotating black hole 

- Tensor components are functions of three variables: a, b, a 
- a( t, 11 ), b( t, 11) are metric components; t and 11 are time and space, respectively 
- a( t, 11) determines the "slicing" of the spacetime 
- Case of maximal slicing (a computed from BV ODE) 

3 METHOD OF LINES SOLUTION 

The general approach we adopted for the solution of the field equations with the preceding 
features is the numerical method of lines (MOL) (Schiesser (1991)) in which: (a) the 
spatial (boundary-value) derivatives are approximated by finite differencs (FDs) and (b) 
the resulting system of ordinary differential equations (ODEs) is integrated by a library 
ODE integrator. The focus of the study is (a) in which library routines implementing 
second-, fourth- and sixth-order FDs were each called (three cases) for numbers of grid 
points (in 11) of m = 201,301, ... , 1001. Thus, we could observe the convergence of the 
numerical solution with respect to FD order (i.e., p refinement), and with respect to grid 
spacing (h refinement). 

The case of maximal slicing provides the longest time until the singularity occurs 
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(Ashby, et al (1996)). In the present study, the time integration was to t = 100,200 
(two cases). 

The two second-order PDEs, which define a( t, 1f) and b( t, 11 ), were written as four first
order PDEs in t. Thus, with 1001 grid points in 1f, a total of 4004 first-order ODEs in t 
was integrated. To give an indication of the complexity of the PDEs, the first-order PDEs 
which define the derivatives of a( t, 1f) with respect to t are 

oa = _ 2H EJH,. = R.,., + 2H,.Hb _ H! 
8t "' 8t ,P4 b a 

(1- 2) 

where 

R.,.,= 

(3) 

and ,P = 2cosh(1f/2). 
For t -+ oo, the second metric component has the property b( t, 1f) -+ 0. Since a division 

by b is in eqs. (2) and (3), the source of the singularity is clear. Also, eqs. (1) to (3) give 
an indication of the complexity and nonlinearity of the PDE system. 

When eqs. (1) to (3), and their corresponding equations for b(t, 11) were integrated by the 
MOL as described previously tot= 100, the following numerical values of the maximum 
value of a( t, 1f) were obtained as a function of the number of grid points, m, for the three 
spatial di:fferentiators of order two, four and six, p = 2, 4, 6. 

m p=2 p=4 p=6 
201 57.289 79.713 83.491 
301 72.601 92.505 94.328 
401 82.263 96.890 97.662 
501 88.022 98.595 98.952 
601 91.512 99.339 99.522 
701 93.755 99.901 100.001 
801 95.557 100.416 100.476 
901 96.760 100.670 100.709 

1001 97.586 100.786 100.812 

The convergence with respect to grid spacing and order of the spatial differentiator is clear. 
H, however, the time integrator proceeds tot= 200, the following results are obtained. 
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m p=2 p=4 p=6 
201 59.339 104.756 112.468 
301 82.900 159.365 175.300 
401 105.405 208.543 230.698 
501 126.546 245.388 269.297 
601 146.235 272.443 291.519 
701 164.296 289.092 302.594 
801 180.622 298.788 308.796 
901 195.257 306.738 315.011 

1001 208.484 311.526 327.420 

The lack of convergence with respect to numbers of grid points and order of the spatial 
differentiator is clear. 

Thus, we can conclude from this study that the performance of the library differentia
tors is closely tied to the characteristics of the solution (for t = 200, the approach to the 
black hole singularity is closer than for t = 100 ). In other words, the library routines 
may not necessarily perform consistently, and care must be excerised in using them, and 
interpreting the results produced by them. In the present case, the deteoriating perfor
mance of the mathematical software may be due to: (1) a problem which is essentially 
impossible to solve with acceptable accuracy under certain conditions (e.g., t = 200), (2) 
algorithms in the software that are inadequate for the problem (i.e., higher order FDs), 
(3) limitations of the precision of the software (in this case, double precision Fortran), or 
a combination of these; clearly some additional study is required to determine the causes 
of the inconsistent performance of the mathematical software. 
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