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Abstract 
Users of software for initial value systems of ordinary differential equations are typically 
asked to specify a tolerance parameter that indicates, in a somewhat vague sense, the level 
of accuracy required. In practice, the tolerance parameter is used to drive an error control 
and meshpoint selection process, but the precise details are transparent to the user. With 
this scenario, given also some way of measuring the quality of the solution, it is highly 
appropriate to ask how the behavior of the algorithm depends on the tolerance parameter. 
Questions of this type have been afforded surprisingly little attention in the literature, 
despite their obvious relevance. However, positive results have been established in many 
key areas, and the study of adaptive error control, particularly for long-term simulations, 
has become an active research area. In this paper a range of results is surveyed. In each 
case the main aim is to provide guarantees about the behavior of complete algorithms: 
time-stepping formulas combined with error control procedures that adaptively vary the 
stepsize. Further, the results are couched in terms of the tolerance parameter, since this is 
the quantity over which the user has control. We cover classical finite-time error bounds 
and also more modern work on long-term nonlinear dynamics. 
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1 BACKGROUND 

Software for initial value systems of ordinary differential equations (ODEs) 

y'(t) = j(t,y(t)), 0 ~ t ~ T, y(O) =Yo E IRm, (1) 

has evolved to the extent that highly sophisticated and extensively tested routines are 
available, both in commercial packages and in the public domain. Sate-of-the-art ODE 
solvers supplement one or more time-stepping formulas with many other components such 
as local error control, interpolation, global error estimation and discontinuity detection. 
Consequently, the algorithms in use are a long way from simple, constant-stepsize ODE 
formulas. 

The aim of this paper is to illustrate that it is possible to analyze realistic models of 
adaptive ODE solvers. In particular, results can be couched in terms of the tolerance 
parameter that a user supplies to control the accuracy (and expense) of the process. In 
addition to describing positive guarantees on the reliability of adaptive ODE algorithms, 
we also mention areas where potential for poor behavior has been identified, and we finish 
with a description of topics where further research is likely to add insight. 

The paper distinguishes between two cases. In section 2 we describe "classical" results 
that concern the behavior of the global error over finite time intervals. This work can 
be traced back to Stetter's influential paper (Stetter 1978), although some of the the 
ideas involved have a much longer history; see, for example, (Krogh 1973). Section 3 
considers long-term dynamics on nonlinear ODEs. In this context, the task of choosing 
an appropriate measure of the quality of a numerical solution is an integral part of the 
research problem. Some recent results on the preservation of qualitative properties are 
summarized. Finally, in section 4 some areas for future work are outlined. 

To emphasize the generality of the approaches that we survey, and also to avoid technical 
clutter, we do not define any general classes of numerical ODE formulas in this paper. 
Instead we restrict ourselves to a basic assumption about the effect of the local error 
control process (where necessary, we will mention what other conditions are required). 

Numerical methods discretize the problem (1); that is, they compute approximations 
Yn ~ y(tn), with Yo= y(O). We denote the stepsize by .6.tn, so that .6.tn := tn+l- tn. Over 
a step from tn to tn + .6.tn the local solution un(t) solves the local problem 

The quantity Yn+l - un(tn+I) represents the local error at tn+l-this is the amount by 
which the numerical method fails to solve the problem over a step. 

The vast majority of widely-available adaptive ODE algorithms can be regarded as at
tempting, either directly or indirectly, to control a measure of the local error on each step. 
With this in mind, we introduce the following assumption. (We remark that throughout 
this paper f is taken to be as smooth as is necessary, and is also assumed to possess a 
global Lipschitz constant with respect to its second argument.) 
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Assumption 1 For the problem {1}, given any tolerance parameterr > 0, the algorithm 
produces a solution sequence {L).t,., y,.} such that E,. L).t,. = T and 

IIYn+l -u,.(t,.+l) II< Kr for all n >_ 0, 
L).t,. - ' 

where the constant K is independent of n and r. 

Assumption 1 does not restrict us to a. particular time-stepping method. It is relevant 
to almost any algorithm tha.t relies on local error control based on an error-per-step or 
error-per-unit-step measure. In certain variations of the error control process, however, 
r must be identified with the tolerance parameter raised to a. non-integer power close to 
one; see, for example, (Shampine 1989). In our discussions, we will gloss over this issue 
and simply refer to r a.s the tolerance parameter. 

In linear multistep codes (such a.s the one described in (Shampine & Gordon 1975)) 
both the stepsize and the order are potentially varied over ea.ch step, and the mechanism 
by which changes are ma.de is discontinuous with respect to the problem and the tolerance 
parameter. Hence, it would be extremely ambitious to attempt a. rigorous analysis of a. 
specific linear multistep algorithm, and, furthermore, such an analysis might not extend 
readily to other codes. By taking Assumption 1 a.s our axiom, we are basically supposing 
tha.t the heuristics used in the error control mechanism are valid. 

In the ca.se of Runge-Kutta methods, by adding further non-degeneracy conditions it 
is possible to establish the validity of Assumption 1 for small -r; see (Higham 1991) for 
details. 

Finally, we mention tha.t an alternative approach to the analysis of adaptive methods is 
to suppose tha.t there exists a. stepsize selection function, O(t), such that L).t,. = O(t,.)H, 
where H is a. (nominal) maximum stepsize. Following this line, the key to establishing 
useful results lies in finding a. relationship between 8( t) and r. For Runge-Kutta. algorithms 
this can be done rigorously, see (Shampine 1994, pa.ge 348). 

2 FINITE-TIME BEHAVIOR 

In this section we suppose tha.t problem (1) is specified over a. finite time interval [0, T], 
and our concern is the behavior of the global error 

e,. := II Yn- y(t,.) II, 
a.s .,. --+ 0. 

The following result arises from a. standard inductive argument tha.t is often used to 
establish convergence of time-stepping methods; see, for example, (Shampine 1989) for 
details of the type of analysis required. 

Result 1 Suppose that {1} is solved with an algorithm satisfying Assumption 1. Then 

e,. ~ Cr, (2) 

for some constant C, independent of r. 
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Result 1 bounds the global error in terms of the tolerance parameter. Since the user has 
direct control over r, rather than the stepsizes {At,.}, this result shows how the user's 
action can affect the accuracy. The inequality (2) establishes that the global error decays 
at least linearly with .,. . 

A more stringent property than (2) is tolerance proportionality (TP), which was first 
introduced by Stetter {Stetter 1978, Stetter 1980). With TP, we essentially ask for in
equality {2) to hold with equality (up to higher order terms in r.) However, since the 
number and the location of the mesh points is a function of .,. , some care is necessary in 
making a formal definition. Given any .,. > 0 and corresponding numerical solution se
quence {At,.,y,.} a numerical interpolant is a function 1J.,.(t) satisfying 1J.,.(t,.) = y,. for all 
n ~ 0. We then say that the method exhibits TP if there exists a well-defined process for 
constructing a numerical interpolant such that 

1J.,.(t)- y(t) = v(t)r + g.,.(t), 0 ~ t ~ T, {3) 

where 

1. v( t) is C1 and independent of .,. , 
2. g.,.(t) is continuous and o(r), and 
3. g~(t) is piecewise continuous with the possible discontinuities occurring at the mesh

points {t,.}, and is o(r). 

If {3) holds then, ignoring the higher order g.,.(t) term, the global errors satisfy e,. = 
v(t,.)r for some function v(t) that is independent of r. This establishes the linear behavior. 
Note that {3) also asks for the derivative 77~(t) to approximate y'(t) with an error that 
decays linearly with r-this turns out to be a natural requirement. 

Stetter derived useful conditions under which TP can be achieved and in {Higham 1991) 
these ideas were applied to error-controlled Runge-Kutta formulas. Stetter's analysis re
quires the leading term in a certain asymptotic expansion to be non-vanishing over [0, T]. 
Since this term is problem-dependent, the condition cannot be guaranteed to hold in gen
eral. Two approaches have been put forward to circumvent this difficulty and thereby ob
tain a strong "robustness" result. Calvo et al. {Calvo, Higham, Montijano & Randez 1994) 
propose a modified stepsize selection process, and Stuart {Stuart 1996) adopts a proba
bilistic framework, showing that "poor" behavior has zero probability. 

The condition {3) differs from {2) in that it asks for equality rather than a simple bound. 
More importantly, because it deals with continuous functions, it is possible to use the TP 
approach to examine the behavior of (a) interpolants that provide dense output for ODE 
solvers, (b) algorithms for delay-differential equations and (c) global error estimation 
strategies; see (Calvo, Higham, Montijano & Randez 1996, Higham 1991, Higham 1993). 

To emphasize its relevance in practical computation, we mention that the concept of 
tolerance proportionality is used by the influential DETEST package {Enright & Pryce 
1987) as one of several measures of the quality of a method. 
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3 LONG-TERM BEHAVIOR 

The style of analysis outlined in the previous section applies only over finite time intervals
the constant C in (2) and the function v(t) in (3) do not generally remain bounded when 
we take T = oo. Traditionally, long-term behavior of numerical ODE methods has fo
cussed on fixed stepsize implementations of 

• general formulas on linear problems, or 
• special implicit Runge-Kutta formulas on certain classes of nonlinear problems. 

More recently, however, attention has turned to the behavior of error-controlled, adaptive 
algorithms on nonlinear ODEs. 

One important issue in long-term simulations is the correct preservation of fixed points 
(steady states). In this context it is natural to assume that (1) is autonomous, giving 

y'(t) = f(y(t)), 0 ~ t ~ oo, y(O) =Yo E IRm. (4) 

In constant stepsize mode, many numerical methods have the potential to introduce sp11r 
riotJ.S fixed points; that is, steady states that are unrelated to the underlying ODE. Recent 
work by Aves et al. (Aves, Griffiths & Higham to appear) asked whether this spurious 
behavior is eliminated by error control. For explicit Runge-Kutta methods, ignoring step 
rejections, the adaptive algorithm can be regarded as a map 

[ X;n ] ~ G ( [ X;n ]) = [ X;::l ] 
and a spuriotJ.S fixed point of the map is a pair (y•, At•) with y• E IRm and At• > 0 such 
that 

[ x;. ] = G ( [ x;. ]) , but f(y•) # 0. 

It is shown in (Aves et al. to appear) that the existence of a spurious fixed point for small 
tolerances corresponds to the intersection of two curves in JRm+l. It follows that spurious 
fixed points are unlikely for genuine systems (m > 1), but do arise naturally for scalar 
problems (m = 1). However, even in the scalar case the adaptivity has a positive effect
error control generally serves to de-stabilize a spurious fixed point, with the instability 
increasing as T is reduced. Hence, in practice, adaptive Runge-Kutta algorithms can be 
expected to eliminate spurious fixed points. On the other hand, given almost any Runge
Kutta method, it is possible to construct a (highly contrived) problem ( 4) such that a 
stable, spurious fixed point exists for all small T, with a non-vanishing basin of attraction. 
Hence, from this point of view, it would be desirable to alter the error control/stepsize 
selection process so that a concrete guarantee against spurious fixed points is available. 

To obtain more specific results about long-term simulations, it is necessary to impose 
structure on the nonlinearity. We quote below three results from (Higham & Stuart 1995) 
that establish the positive effect of error control, under Assumption 1. These results 
are similar in spirit to those in classical nonlinear stability theory for implicit Runge
Kutta formulas (Dekker & Verwer 1984), but they apply to any methods that successfully 
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control the local error. We refer to (Stuart & Humphries 1994) for more details about the 
structures imposed, and for examples of relevant nonlinear problems. 

In the results below, the norm II · II is taken to be the one induced by the inner product 
( ·, · ) . Also, we suppose that there is a tolerance-independent maximum allowable stepsize. 

Result 2 Suppose there ezist constants a ~ 0 and {j > 0 such that 

(5) 

Then, for any p > 0, there ezists a timeT* such that 

lly(t) II::::; yQ/i + p for all t ~ T*. (6) 

Similarly, under AsS'U.mption 1, there ezist constants 7' and T* such that, for 0 < T ::::; 7', 

(7) 

In the above result, the structure (5) gives the inequality (6), showing that all solutions 

eventually become arbitrarily close to the ball with radius yQ{j about the origin. The 
inequality (7) represents an analogous result for the numerical solution, under the influence 
of error control. 

Result 3 Suppose there ezists a constant {j > 0 such that 

(f(u)-f(v),u-v)::::; -[jllu-vll2 forall u,vEIRm, and, also, /(0)=0. (8) 

Then, y(t)- 0 as t-oo. 
Similarly, under Assumption 1, there ezist constants C, 7' and T* such that, for 0 < 

T::::; f, 

(9) 

In this result, the structure imposed on the problem is sufficient to force all solutions 
to decay to zero as t - oo. With error control, the numerical solution is guaranteed to 
remain (eventually) within 0( T) of this fixed point. 

Result 4 Suppose that f satisfies the following conditions for some constants k1 , k2 > 0: 

• f(u) = -VF(u), where FE C2(IR.m,IR), 
• F(u) ~ 0, for all u E mm and IF(u)l- 00 as II u II- oo, 
e F(u)- F(v) ::::; {f(u),v- u) + k1ll u- v 11 2, for all u,v E IR.m, 
• all ped points, y*, are hyperbolic with II y* II ::::; k11 and 
• liminfllvll--+oo II f(v) II~ k2. 
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Then, y(t)-+ y• with f(y*) = 0 as t-+ oo. 
Similarly, under Assumption 1, there ezists a fixed point jj* {that is, f(jj*) = 0} and 

constants C, 7' and T* such that, for 0 < r ~ 7', 

II Yn - fl* II ~ Cr, for all tn ~ T*. (10) 

Result 4 deals with a structure under which several fixed points may co-exist and it 
is known that the true solution converges to one of them. With error control we can 
guarantee that, eventually, the numerical solution remains within 0( r) of a fixed point. 
(Note that the fixed point jj* above is not proved to be the same as y•.) 

There are several points to note about these results. 

1. They are long-term results (applying for all tn ~ T*) and hence they do not follow 
from finite-time convergence theory. 

2. They establish that the numerical solution captures some qualitative feature of the 
true solution, but they leave many questions unanswered. For example, Result 2 shows 
that the true and numerical solutions enter and remain in essentially the same ball, 
but it does not say anything about the behavior inside this ball. It is likely that further 
structure must be imposed in order to obtain results at a finer level of detail. 

3. The technique used in (Higham & Stuart 1995) to prove these results exploits the defect 
'7~(t)- f('7r(t)) of an interpolant '7r(t) in order to move from local to global behavior. 
In this respect the analysis is similar to the finite-time version of Stetter (Stetter 1978). 

4 OTHER TOPICS 

We begin this final section by briefly mentioning some practical issues that have not been 
brought out so far. Assumption 1 involves an absolute measure of the local error. Many 
codes allow mixed relative/ absolute measures where the local error estimate is scaled by 
a weight that depends on the current value of the solution. The tolerance proportionality 
theory carries through to this case (under the assumption that the same weights are used 
for each r); see (Higham 1991). An important aspect to be considered when implementing 
an adaptive method is the choice of initial stepsize; see, for example, (Shampine 1994). 
However, the choice of initial stepsize has little impact on the work described here
Assumption 1 is likely to hold for any acceptable initial step, and the more delicate TP 
theory is also insensitive to the choice of initial stepsize (Calvo et al. 1994). Another 
important issue that we have not covered is the effect of finite precision. It is clear that 
as r is decreased rounding errors will eventually dominate the discretization errors and 
hence the results lose their significance. 

Looking ahead, there are several areas where research into the effect of adaptivity based 
on a user-driven tolerance may prove fruitful. 

• The theory behind adaptive linear multistep algorithms is far from complete. This is 
due in part to the number of heuristic devices used in a typical code. The idea of using 
a general condition like Assumption 1 is a useful first step, but results based on more 
realistic, verifiable models of the algorithm would also be worthwhile. 
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• The results described in section 2 are relevant for nonstiff problems. To our knowledge, 
there is no analogous theory for stiff problems. Such a theory would need to take account 
of the phenomenon of order reduction, see for, example, (Hairer & Wanner 1991), where 
different effective orders of convergence are observed for "small" and "very small" 
stepsizes. 

e In the context of long-term simulation, there has been a recent trend towards "ge
ometric integrators"; that is, special-purpose methods that capture some qualitative 
feature of the problem. Typical applications include Hamiltonian (Sanz-Serna & Calvo 
1994 ), reversible ( Cano & Sanz-Serna 1995, Hairer & Stoffer to appear), orthogonality
preserving and isospectral problems (lserles & Zanna 1995). Due to the relative newness 
of these topics, most work has concentrated on fixed-stepsize implementations. Hence, 
there are many open questions about the benefits of adaptive geometric integration. 

• A natural extension of the work described here is to the design and analysis of tolerance
based adaptive algorithms for applications where solving an ODE forms a subproblem. 
This situation may arise, for example, in the solution of time-dependent partial dif
ferential equations, where the temporal and spatial errors must be balanced in some 
appropriate way. In this context, the use of moving spatial meshes is a rich source of 
research problems; see, for example, (Budd, Chen, Huang & Russell 1996). 

ACKNOWLEDGMENTS 

This work was supported by Engineering and Physical Sciences Research Council grants 
GR/H94634 and GR/K80228. 

REFERENCES 

Aves, M. A., Griffiths, D. F. & Higham, D. J. (to appear). Does error control suppress 
spuriosity?, SIAM J. Numer. Anal. 

Budd, C. J., Chen, J., Huang, W. & Russell, R. D. (1996). Moving mesh methods with 
applications to blow-up problems for PDEs, in D. F. Griffiths & G. A. Watson (eds), 
Proceedings of the 1995 Dundee Conference on Numerical Analysis, Pitman Research 
Notes in Mathematics, 1-18. 

Calvo, M., Higham, D. J., Montijano, J. I. & Randez, L. (1994). Stepsize selection for 
tolerance proportionality in explicit Runge-Kutta codes, Technical Report NA/152, 
University of Dundee. 

Calvo, M., Higham, D. J., Montijano, J. I. & Randez, L. (1996). Global error estimation 
with adaptive explicit Runge-Kutta methods, IMA J. Numer. Anal. 16, 47-63. 

Cano, B. & Sanz-Serna, J. M. (1995). Error growth in the numerical integration of periodic 
orbits, with application to Hamiltonian and reversible systems, Technical Report 1, 
University of Valladolid. 

Dekker, K. & Verwer, J. G. (1984). Stability of Runge-Kutta Methods for Stiff Nonlinear 
Differential Equations, North-Holland. 

Enright, W. H. & Pryce, J.D. (1987). Two FORTRAN packages for assessing initial value 
methods, ACM Transactions on Mathematical Software 13, 1-27. 



Reliability of local error control algorithms for ODEs 323 

Hairer, E. & Stoffer, D. (to appear). Reversible long-term integration with variable step 
sizes, SIAM J. Sci. Stat. Comput. 

Hall, G. (1985). Equilibrium states of Runge-Kutta. schemes, ACM 7ransactions on Math
ematical Software 11, 289-301. 

Hairer, E. & Wanner, G. (1991). Solving Ordinary Differential Equations II, Stiff and 
Differential-Algebraic Problems, Springer Verlag. 

Higham, D. J. (1991). Global error versus tolerance for explicit Runge-Kutta. methods, 
IMA J. Numer. Anal. 11, 457-480. 

Higham, D. J. (1993). Error control for initial value problems with discontinuities and 
delays, Appl. Num. Math. 12, 315-330. 

Higham, D. J. & Stuart, A. M. (1995). Analysis of the dynamics of local error control via. 
a piecewise continuous residual, Technical Report SCCM-95-09, Stanford University. 

Iserles, A. & Zanna, A. (1995). Qualitative numerical analysis of ordinary differential 
equations, Technical Report NA5, Department of Applied Mathematics and Theoreti
cal Physics, University of Cambridge. To appear in Lectures in Applied Mathematics, 
American Mathematical Society. 

Krogh, F. T. (1973). On testing a subroutine for the numerical integration of ordinary 
differential equations, J. ACM 20, 545-582. 

Sanz-Serna, J. M. & Calvo, M.P. (1994). Numerical Hamiltonian Problems, Chapman and 
Hall. 

Shampine, L. F. (1989). Tolerance proportionality in ODE codes, in A. Bellen, C. W. 
Gear & E. Russo ( eds ), Numerical Methods for Ordinary Differential Equations, Lecture 
Notes in Mathematics, 1386, Springer-Verlag, 118-136. 

Shampine, L. F. (1994). Numerical Solution of Ordinary Differential Equations, Chapman 
and Hall. 

Shampine, L. F. & Gordon, M. K. (1975). Computer Solution of Ordinary Differential 
Equations; The Initial Value Problem, Freeman, San Francisco. 

Stetter, H. J. (1978). Considerations concerning a theory for ODE-solvers, in R.Bulirsch, 
R. Grigorieff & J. Schroder (eds), Numerical 1reatment of Differential Equations, 
Springer, Berlin, 188-200. Lecture Notes in Mathematics 631. 

Stetter, H. J. (1980). Tolerance proportionality in ODE-codes, in R. Mii.rz (ed.), Proc. 
Second Conf on Numerical Treatment of Ordinary Differential Equations, Humboldt 
University, Berlin, 109-123. Also in Working Papers for the 1979 SIGNUM Meeting on 
Numerical Ordinary Differential Equations, Ed. R.D. Skeel, Department of Computer 
Science, University of illinois at Urbana-Champagne. 

Stuart, A. M. (1996). Probabilistic and deterministic convergence proofs for software for 
initial value problems, Technical Report SCCM-96-02, Stanford University. 

Stuart, A. M. & Humphries, A. R. (1994). Model problems in numerical stability theory 
for initial value problems, SIAM Review 36, 226-257. 



324 Part IV Case Studies 

DISCUSSION 

Speaker: D. Higham 

N. Higham : How do you interpret your scalar tolerance 7 when there are separate 
absolute and relative error tolerances for each component of the solution? 

D. Higham : In many codes, a local error estimate, estn+l, is scaled by a diagonal 
matrix D : = diag( d;), so that the error control criterion is II Destn+l II :::;; 1. To be specific, 
consider 

d; := (ATOL; + RTOL;IYnlir1 , 

where ATOL; and RTOL; are user-supplied absolute and relative componentwise toler
ances, respectively. The concept of "letting the tolerance tend to zero" is not uniquely 
defined in this setting, but the approach used in (Higham 1991) is to consider the case 
where all tolerances tend to zero at the same rate. Here, each ATOL; and RTOL; is 
proportional to a scalar, 7, and the limit as 7 -t 0 is of interest. 

H. Stetter : How do the results depend on how the local error is measured? 

D. Higham : My answer to Nick Higham's question mentions a framework in which 
relative and/or componentwise measures can be accommodated. Using this approach, the 
finite- time results outlined in section 2 of my paper are valid (of course, the constant C 
and the function v(t) depend on the choice of weights, and purely relative measures that 
lead to "divide-by-zero" difficulties are not allowed). Results 2-4 on long-term dynamics 
have proofs that are more closely tied to absolute error control. In this context, where 
something is known about the scale of the solution (bounded or tending to a fixed point) 
I think that it is reasonable to concentrate on absolute error control. However, results for 
more general weighting would be worthwhile. 

G. Soderlind : I disagree with the statement that long term results don't follow from 
"standard" error bounds. The reason why they don't follow is that it is still common to 
derive error bounds using Lipschitz constants, this implies that one doesn't pay attention 
to whether one solves the problem in forward or reverse time. But this makes all the dif
ference, in particular if one is interested in bounds also for discretisations of e.g. parabolic 
PDEs. In fact, the "standard" Lipschitz error bounds have very little relevance from the 
numerical point of view. Even a "harmless" problem may have a Lipschitz constant L = 10 
and a range of integration [0, 10]. The Lipschitz bound will then have a constant C of the 
order e100, which can hardly be considered "bounded" in numerical analysis. The stan
dard error bounds retain their structure using logarithmic norms or logarithmic Lipschitz 
constants, however. Even such bounds are often unrealistic overestimates, but they do 
discriminate between stable and unstable problems. They have much greater significance 
both from the numerical and theoretical point of view. 

D. Higham : I accept that analysis based on the logarithmic norm may provide bounds 
that are vastly superior to those available from Lipschitz constants. However, I believe that 
there are many applications in long-term nonlinear dynamics where numerical analysis 
would benefit from new new tools that take account of structure present in the underlying 
problem. 
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J. Rice : You mentioned results that are true with probability 1.0 and that worst 
case situations can be ignored. I remark that such results can be misleading in adaptive 
methods (I do not think this happens for your results.) It has happened that people have 
proved things are true with probability 1.0 which cann()t be observed in practice. The 
functions (or ODEs) of the real world are a set of measure zero and thus can be the 
cases excluded in the "probability 1.0" case. This possibility is discussed in more detail 
in my paper What is an Answer which will appear in the proceedings of the Hermis '96 
Conference. 


