Chapter 9

Lower Semicontinuous Convex
Functions

The theory of convex functions is most powerful in the presence of lower semi-
continuity. A key property of lower semicontinuous convex functions is the
existence of a continuous affine minorant, which we establish in this chapter
by projecting onto the epigraph of the function.

9.1 Lower Semicontinuous Convex Functions

We start by observing that various types of lower semicontinuity coincide for
convex functions.

Theorem 9.1 Let f: H — ]—00,+00] be conver. Then the following are
equivalent:

(i) f is weakly sequentially lower semicontinuous.
(ii) f 4s sequentially lower semicontinuous.

(iii) f is lower semicontinuous.

(iv) f is weakly lower semicontinuous.

Proof. The set epi f is convex by Definition 8.1. Hence, the equivalences follow
from Lemma 1.24, Lemma 1.35, and Theorem 3.32. a

Definition 9.2 The set of lower semicontinuous convex functions from H to
[—00, +00] is denoted by I'(H).

The set I'(H) is closed under several important operations. For instance,
it is straightforward to verify that I'(#H) is closed under multiplication by
strictly positive real numbers.

Proposition 9.3 Let (f;)icr be a family in I'(H). Then sup;c; fi € I'(H).

Proof. Combine Lemma 1.26 and Proposition 8.14. a
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130 9 Lower Semicontinuous Convex Functions

Corollary 9.4 Let (f;)ier be a family in I'(H). Suppose that one of the
following holds:

(i) I is finite and —oo & J,c; fi(H).
(ll) infie] fi Z 0.
Then ) i fi € I'(H).
Proof. (i): A consequence of Lemma 1.27 and Proposition 8.15.
(ii): Let Z be the class of nonempty finite subsets of I and set (VJ € I)
97 = Y ;e fi- Then it follows from (i) that (V.J € Z) g; € I'(H). However,

(2.4) yields >, fi = supyer gs. In view of Proposition 9.3, the proof is
complete. O

Proposition 9.5 Let K be a real Hilbert space, let L € B(H,K), and let
fer(K). Then foL € I'(H).

Proof. This is a consequence of Proposition 8.18. a

Proposition 9.6 Let f € I'(H) and suppose that —oo € f(H). Then f is
nowhere real-valued, i.e., f(H) C {—o0, +o0}.

Proof. Let @ € H be such that f(z) = —oo, let y € H, and let o € 10, 1[. If
fly) # +oo, then Proposition 8.4 yields f(az + (1 — a)y) = —oco. In turn,
since f is lower semicontinuous, f(y) < lim, , f(az + (1 — a)y) = —o0, ie.,
fly) = —oo. 0

The function z — —oo belongs to I'(H), which makes the following notion
well defined.

Definition 9.7 Let f: H — [—00, +00]. Then

f=suwp{gel'(H)|g<f} (9.1)
is the lower semicontinuous conver envelope of f.

Proposition 9.8 Let f: H — [—00,400]. Then the following hold:

(i) f is the largest lower semicontinuous convex function majorized by f.
(111) epi f is closed and conver.
(iv) convdom f C dom f C conv dom f.

Proof. (i): This is a consequence of (9.1) and Proposition 9.3.
(ii): This follows from (i) and Lemma 1.31(iv).
(iii): Combine (i), Lemma 1.24, and Definition 8.1.

(iv): By (i), f < fand fis convex. Hence, Proposition 8.2 yields

convdom f C convdom f = dom f. (9.2)
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Now set C' = conv dom f and

f(z), if zeC;

9.3
+oo, if x ¢ C. (0:3)

g:?—[—>[—oo,+oo]:xl—>{

v

Using (iii), we note that epig = (epi f) N (C x R) is closed and convex. It
follows from Lemma 1.24 and Definition 8.1 that

g€ '(H). (9.4)

v

Now fix z € H. If x € C, then g(z) = f(z) < f(z); otherwise, x ¢ dom f C C
and therefore g(z) = f(z) = 4+o00. Altogether, g < f and, in view of (9.4),

o)

we obtain g < f. Thus, domf Cdomg C C = conv dom f. O

v

Theorem 9.9 Let f: H — [—o00,+00]. Then epi f = conv epi f.

Proof. Sett E = conv epi f. Since f < f, we have epi f C epi f Hence F C
conv epif = epif by Proposition 9.8(iii). It remains to show that epif C E.
We assume that f # 400, since otherwise f = f and the conclusion is clear.
Let us proceed by contradiction and assume that there exists

(z,€) €epif \ E. (9.5)

Since F is a nonempty closed convex subset of H x R, Theorem 3.14 implies
that the projection (p, ) of (z,£) onto E satisfies

(My.m)€eE) (y—plz—p)+n—m)(—m) <0, (9.6)

Letting n 1 +o0 in (9.6), we deduce that £ < 7. Let us first assume that
¢ = m. Then (9.6) yields (Vy € conv dom f) (y — p | x — p) < 0. Consequently,
since Proposition 9.8(iv) asserts that 2 € dom f C conv dom f, we obtain
|z —p||?> = 0 and, in turn, (p, 7) = (z, &), which is impossible since (x,¢) ¢ E
by (9.5). Therefore, we must have

E<m. (9.7)
Setting u = (x — p)/(7m — &) and letting n = f(y) in (9.6), we get
(Vy e dom f) (y—plu)+7m< f(y). (9-8)

Consequently, f is minorized by the lower semicontinuous convex function
g:y— {y—p|u)+m and it follows that g < f. In particular, since (z,§) €
epi f, we have
12
==l
= al¢
which contradicts (9.7). We conclude that epi f C E. O

+m=g(z) < f(z) <&, (9.9)
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Corollary 9.10 Let f: H — [—00, +00] be convex. Then f = f.
Proof. Combine Lemma 1.31(vi) and Theorem 9.9. O

Corollary 9.11 Let f: H — ]—o0, +00] be conver and such that lev.g f #
. Thenleveg f Clev<o f Clev<g f andleveo f =lev<o f =lev<o f.

Proof. Take z € #. Then f(z) < 0= f(z) <0 = f(z) <0, which shows the
inclusions. Now assume that x € lev<g f Then, since f is convex, The-
orem 9.9 yields (z, f(z)) € epif = epif. Hence there exists a sequence
(Zn,&n)nen In epi f that converges to (x,f(a;)) Now fix z € lev<o f and
define a sequence (o, )nen in ]0,1] by

Jlr U if &, <0;
VneN) ap=14 " . (9.10)
i {1 + &n } otherwise.
U1 T G- )
Then eventually
flanz + (1= an)zn) < anf(2) + (1 — o) f(xn)
<anf(z)+ (1 —an)én
< 0. (9.11)

Therefore the sequence (a,z 4+ (1 — @)@n)nen, which converges to x, lies
eventually in lev.g f. The result follows. a

9.2 Proper Lower Semicontinuous Convex Functions

As illustrated in Proposition 9.6, nonproper lower semicontinuous convex
functions are of limited use. By contrast, proper lower semicontinuous convex
functions will play a central role in this book.

Definition 9.12 The set of proper lower semicontinuous convex functions
from H to ]—o0, +00] is denoted by I'h(H).

Example 9.13 Let (e;)icr be a family in H and let (¢;);er be a family in
I'h(R) such that (Vi € I) ¢; > ¢i(0) = 0. Set f: H — ]—o00,+00]: & >
>ier ®il{@ | €i)). Then f € Io(H).

Proof. Set (Vi € I) fi: H — ]—00,+00] : &+ ¢;((x | €;)). Then f =3, fi
and (Vi € I) 0 < f; € Ih(H). Thus, it follows from Corollary 9.4(ii) that
f € I'(H). Finally, since f(0) =0, f is proper. O

Proposition 9.14 Let f € I[H(H), let x € H, and let y € dom f. For every
a €]0,1], set x4 = (1 — @)z + ay. Then limy o f(za) = f(x).
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Proof. Using the lower semicontinuity and the convexity of f, we obtain

f(z) < Tim, o f(2a) < limajo fza) < limajo(l —a)f(z) + af(y) = f(2).
Therefore, limq o f(zq) = f(2). O

Corollary 9.15 Let f € IH(R). Then f|d0mf 18 continuous.

The conclusion of Corollary 9.15 fails in general Hilbert spaces and even
in the Euclidean plane (see Example 9.27 below).
We conclude this section with an extension of Fact 6.13.

Fact 9.16 [233, Corollary 13.2] Let f and g be in Iy(H). Then

int(dom f — dom g) = core(dom f — dom g). (9.12)

9.3 Affine Minorization

A key property of functions in I'h(H) is that they possess continuous affine
minorants. To see this, we require the following two results.

Proposition 9.17 Let f € Ih(H), let (x,€) € HXR, and let (p,7) € HxR.
Then (p,m) = Pepi f(x,€) if and only if

max{¢, f(p)} <7 (9.13)

and

(Vyedomf) (y—plz—p)+ (fly)—7)(E—n) <O0. (9.14)

Proof. Since f € I'h(H), the set epi f is nonempty, closed, and convex. Now set
(p, ) = Pepi f(x,§). Then Theorem 3.14 implies that (p, ) is characterized

by (p,m) € epif and (V(y,n) € epif) (y —p |2 —p)+ (n - 7)(§ —7) <0,
which is equivalent to f(p) < 7w and (Vy € dom f)(VA € R) (y—p |z —p)+
(fly) + X —m)(€ — ) < 0. By letting A T 400, we deduce that £ < 7. The
characterization follows. O

Proposition 9.18 Let f € IH(H), let © € dom f, let £ € |—o0, f(2)], and
let (p,m) € H x R. Then (p,m) = Pepi 5(x,&) if and only if

E<flp)=m (9.15)

and
(Vyedomf) (y—plz—p)<(fly)—fp)(flp)—¢). (9.16)
Proof. Suppose first that (p, ) = Pap; ;(x, €). Since p € dom f, (9.14) yields

(f(p) —m) (¢ —m) <0. (9.17)
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To establish that £ < f(p), we argue by contradiction. Suppose that f(p) < €.
Then f(p) — 7 < £ — w and hence, since £ — 7 < 0 by (9.13), we obtain
(f(p) — m)(€ — ) > (¢ — m)2%. In view of (9.17), we deduce that ¢ = 7. In
turn, since x € dom f, (9.14) implies that (x — p |  — p) < 0. Thus = p and
hence (p, m) = (x,&). This is impossible, since (p, w) € epi f and (z, ) ¢ epi f.
Thus,

€< fo), (9.18)

and (9.13) implies that ¢ < m and f(p) < 7. Hence, (9.17) yields f(p) =7

and (9.15) holds. Combining (9.15) and Proposition 9.17, we obtain (9.16).
Conversely, if (9.15) and (9.16) hold, then Proposition 9.17 implies directly

that (p, m) = Pepi ¢(z, ). O

Theorem 9.19 Let f € I'h(H). Then f possesses a continuous affine mino-
rant.

Proof. Fix € dom f and & € |—o0, f(z)[, and set (p, ) = Pepi (2, ). Then,
by (9.15), f(p) > & Now set u = (x —p)/(f(p) — &) and g: H — R: y —
(y—p|u)+ f(p). Then (9.16) yields g < f. O

Corollary 9.20 Let f € I'h1(H). Then f is bounded below on every nonempty
bounded subset of H.

Proof. Let C be a nonempty bounded subset of H and set 8 = sup ¢ ||z]|.
Theorem 9.19 asserts that f has a continuous affine minorant, say (- | u) 4 7.
Then, by Cauchy—Schwarz, (Vo € C) f(z) > (x| u) +n > —|lz| |lul| + n >

—Bllul| +n > —oc. O

Example 9.21 Suppose that H is infinite-dimensional and let f: H — R
be a discontinuous linear functional (see Example 2.20 and Example 8.33).
Then f has no continuous affine minorant.

Proof. Assume that the conclusion is false, i.e., that there exist u € H and
1 € R such that (Vo € H) (x | u) +n < f(z). Then, since f is odd, (Vz € H)
f(@) < (xlu) —n < [[a][Ju] = n. Consequently, sup f(B(0;1)) < |lull —n
and therefore f is bounded above on a neighborhood of 0. This contradicts
Corollary 8.30(i) since f is nowhere continuous. O

Theorem 9.22 Let f € I'hv(H) and let © € intdom f. Then there exists a
continuous affine minorant a of f such that a(x) = f(x). In other words,

GueH)(VyeH) (y—a|u)+ f(z) < f(y).

Proof. In view of Corollary 8.30, x € cont f. Hence, it follows from Theo-
rem 8.29 and Proposition 8.36 that intepi f # &. In turn, Proposition 7.5
implies that (z, f(x)) € spts(epi f), and we therefore derive from Theorem 7.4
that there exists (z,¢) € (H x R) \ (epi f) such that (z, f(z)) = Pepi ¢(2, C).
In view of Proposition 3.19 and since z € intdom f, we assume that
z € intdom f. Thus, by Proposition 9.17, max{¢, f(z)} < f(z), i.e.,
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f@)=¢ (9.19)

and

(Vyedomf) (y—=|z—a)+ (fly) - f) (¢~ f(z)) <0.  (9.20)

If f(z) = (, then the above inequality evaluated at y = z yields z = «,
which contradicts the fact that (z,() # (x, f(x)). Hence f(z) > (. Now set
u = (z —2)/(f(x) — ¢). Then (9.20) becomes (Vy € dom f) (y — x| u) +
f(z) = f(y) <0, and the result follows. O

Proposition 9.23 (Jensen’s inequality) Let (£2,F, 1) be a measure space
such that u($2) € R++, let ¢ 6 FO(]R), and let x: 2 — R be a measurable
function such that (2 fQ p(dw) € int dom ¢p. Then

as(M(lQ) /Qx(w)u(dw)) < o o). o2

Proof. Since ¢ is lower semicontinuous, it is measurable, and so is therefore
¢ ox. Now set & = u(2)~" [,z dp. It follows from Theorem 9.22 that there
exists @ € R such that (Vn € R) a(n — &) + #(§) < ¢(n). Thus, for p-almost
every w € 2, a(z(w) — &) + ¢(§) < ¢( (w)). Integrating these inequalities
over {2 with respect to p yields ¢(&)p(£2) < [, p(x(w))p(dw). O

Example 9.24 Let (2,3, u) be a measure space such that p(2) € Ry, let
(H, || - [|n) be a real Hilbert space, and take p and ¢ in R4 such that p < q.
Then the following hold:

(i) Let = € LP((£2,F, 1); H)). Then

(/ﬂ $<W)ﬁu<dw))1/p < u(!))l/p—l/q(/(2 $<w)ﬁ.u(dw)>1/q_

(9.22)
(ii) L9(($2,9, pn); H) C LP((2,F, p); H).

Proof. (i): Set ¢ = |-|%/P. Then it follows from Example 8.21 that ¢ is convex.
Now let = € LP((£2,F, u); H)) and set y: w — ||z(w)]|;. Since y is integrable,
()7 [, ydp € R = dom ¢, and Proposition 9.23 applied to y yields (9.22).

(ii): An immediate consequence of (i). 0

Example 9.25 Let X be a random variable, and take p and ¢ in Ry such
that p < ¢ and E|X|P < 4oc0. Then EV/?|X [P < EYe| X2

Proof. Let 11 be a probability measure and set H = R in Example 9.24(i) (see
Example 2.8). O
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9.4 Construction of Functions in I'y(H)

We start with a basic tool for constructing functions in Ij(H).

Proposition 9.26 Let g: H — |—00, 00| be a proper convex function such
that dom g is open and g is continuous on dom g. Set

g(x), if © € dom g;

fiH —]—00,400] : & — { Img(y), if x € bdrydomg; (9.23)
Yy—x
+00, if v € H ~ domg.

Then f =g and f € Th(H).

Proof. Set C' = dom g. To show that f = g we shall repeatedly utilize Propo-
sition 9.8. Note that, since g > g, we have C' C domg C C. Let z € ‘H and
assume first that € C. Then 400 > g(x) > g(z). By Theorem 9.9, there
exists a sequence (p,&n)nen in epig such that (x,,&,) — (z,g(z)). Hence
g(x) =lim¢, =limé¢, > limg(z,) > limg(z,) > §(z) and so f(x) = g(z) =
lim g(x,) = lim g(x,,) = g(x). Consequently, f = g on C. If x € H ~\ C, then
f(z) = +00 = g(z) and thus f = gon H ~\ C. If x € (bdry C) \ (dom g),
then +oo > f(z) = lim,_,, g(y) > lim,_,, g(y) = g(z) = +oo and thus
f(z) = g(x) = +oo. Finally, we assume that € (bdry C') N (dom g). Using
Theorem 9.9 again, we see that there exists a sequence (2, &, )nen in epig
such that (z,&,) — (z,9(z)). Hence f(z) = lim,_, g(y) > lim,_, g(y) =
g(x) = lim¢, = lim¢§, > limg(z,) > lim,_, g(y) = f(z) and therefore
f(x) = g(x). We have verified that f = g. It follows that f is lower semicon-
tinuous and convex. Since f is real-valued on C, Proposition 9.6 implies that
f is also proper. O

Example 9.27 The function

n?/g if €>0;
[ R? = ]—o00,+00]: (&) = {0, i (&n)=(0,0); (9.24)
400, otherwise,

belongs to I'h(R?) and f‘domf is not continuous at (0,0).

Proof. Set

n?/&, if €>0;

) (9.25)
400, otherwise.

g: R? = ]—00,4+00] : (£,1) — {

The convexity of t ++ t? and Proposition 8.23 imply that g is proper and

convex. Moreover, Proposition 9.26 yields § = f € I(R?). Now set z =
(0,0), fix a sequence (a,)nen in Ry such that a, | 0, and set (Vn € N)
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zn, = (a2, ay,). Then (x,,)nen lies in dom f and z,, — z, but lim f(z,) = 1 #
0= f(x). O

The following result concerns the construction of strictly convex functions
in F() (R)

Proposition 9.28 Let g: R — |—o00, +00] be strictly convex and proper, and
suppose that dom g = Jo, B[, where a and 8 are in [—oo0, +00] and o < 3. Set

g(x), if v € o, Bf;
limg(y), ifx=a;

fiR = ]—00,+00] : z s { U , (9.26)
limg(y), if z=0;
ytp
400, otherwise.

Then f is strictly convez, f =g, and [ € I'h(R).

Proof. Proposition 9.14, Corollary 8.30(iii), and Proposition 9.26 imply that
f is convex and that f = g € IH(R). To verify strict convexity, suppose
that « and y are distinct points in dom f, take v € ]0,1[, and suppose that
Fyx+ (1 =7)y) =vf(x) + (1 =) f(y). By Exercise 8.1, (VA € ]0,1]) f(Az+
(1=Ny) = Af(z)+(1—=X)f(y). Since |z,y[ C |a, B[ and f = g on Jov, ], this
contradicts the strict convexity of g. a

The next two examples are consequences of Proposition 9.28 and Propo-
sition 8.12(ii).

Example 9.29 (entropy) The negative Boltzmann—Shannon entropy func-
tion
zln(z) —z, if x>0
R — ]—o00, +00] : &+ < 0, if 2 =0; (9.27)
00, if <0,
is strictly convex and belongs to IH(R).

Example 9.30 The following are strictly convex functions in I'p(R):

(1)  — exp(x).
(i) z — |z|?, where p € ]1, +00].

1/aP, if > 0;
(iii) x fzr, i @ . where p € [1, +o0].
400, otherwise,

—rP if > ():
(iv) @ — . 33_', where p € ]0, 1.
400, otherwise,

400, otherwise.

) 2 {1/\/1 — a2, if |2| < 1;
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(vi) 2> —V1—22, if x| < 1;
+00, otherwise.
zln(z) + (1 —2)In(1 —z), ifz€]0,1];
(vii) & — < 0, if v € {0,1};
00, otherwise.

—In(x), if 2> 0;

+00 otherwise (negative Burg entropy function).

(viii) z — {
Remark 9.31 By utilizing direct sum constructions (see Proposition 8.25

and Exercise 8.12), we can construct a (strictly) convex function in IH(RY)
from (strictly) convex functions in I'h(R).

We now turn our attention to the construction of proper lower semicon-
tinuous convex integral functions (see Example 2.5 for notation).

Proposition 9.32 Let (£2,F, 1) be a measure space, let (H, (- | -)) be a real
Hilbert space, and let ¢ € To(H). Suppose that H = L*((2,F, u); H) and that
one of the following holds:

(i) p(£2) < +oo.
(ii) ¢ > ¢(0) = 0.

Set
[ H—]—00,+0]
N /Q%’(x(w))ﬂ(dw)’ if poxe L'((2,F,1);R); (9.28)
+o0, otherwise.

Then f € I'v(H).

Proof. We first observe that, since ¢ is lower semicontinuous, it is measurable,
and so is therefore ¢ o x for every & € H. Let us now show that f € IH(H).

(i): By Theorem 9.19, there exists a continuous affine function ¢: H - R
such that ¢ > 9, say ¢ = (- | u)y +n for some u € H and 1 € R. Let us set
u: 2 = H: w i u. Then u € H since [, [|u(w)||fp(dw) = |lulFu(2) < +oo.
Moreover, for every x € H, o ox > 1 o x and

/qu(a:(w))ﬂ(dw) = /Q (z(w) [ u)y pldw) +np(w) = (z [ u) +nup(w) € R.
(9.29)
Thus, Proposition 8.22 asserts that f is well defined and convex, with dom f =
{zeH|poxe L*((2,F,1);R)}. It also follows from (9.28) and (9.29) that

(vz € domf) f(x)= /Q (6 — ) (@) uldw) + (x| u) + mpu(w). (9.30)
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Now takez € domyp and set z: 2 —+ H: w — z. Then z € H and f(z |poz|du =
lo(2)|p(2) < +oo. Hence, ¢ o z € LY((£2,F,1);R). This shows that f is
proper. Next, to show that f is lower semicontinuous, let us fix £ € R and
a sequence (Zn)nen in lev<e f that converges to some x € H. In view of
Lemma 1.24, it suffices to show that f(z) < &. Since ||z,(-) — z(-)|ln — 0

in L2((£2,F, u); R), there exists a subsequence (zx, Jnen such that z, (w) A
x(w) for p-almost every w € 2 [3, Theorem 2.5.1 & Theorem 2.5.3]. Now
set ¢ = (p —¢)ox and (Vn € N) ¢, = (¢ — ) o zy,,. Since ¢ — 1) is lower

semicontinuous, we have

d(w) = (¢ —¥)(z(w)) <lim(p — ¥)(2k, (w)) =limd,(w) p-ae. on £2.
(9.31)
On the other hand, since inf,,en ¢, > 0, Fatou’s lemma [3, Lemma 1.6.8]
yields [, lim ¢pdp < lim [, ¢ndp. Hence, we derive from (9.30) and (9.31)
that

:/{2¢dﬂ+<x\u>+7m(9)
g/ﬂlim¢ndﬂ+<x\u>+w(9)

< lim / byt + Tim (s, | ) + 1(£2)

= hm/ poxy,)d

= lim f(z,)
<¢. (9.32)
(ii): Since (8.16) holds with ¢ = 0, it follows from Proposition 8.22 that
f is a well-defined convex function. In addition, since ¢(0) = 0, (9.28) yields

f(0) = 0. Thus, f is proper. Finally, to prove that f is lower semicontinuous,
we follow the same procedure as above with ¢ = 0. a

Example 9.33 (Boltzmann—Shannon entropy) Let (2,F, 1) be a finite
measure space and suppose that H = L?(2,F, u) (see Example 2.6). Using
the convention 01n(0) = 0, set

f: H—]—o00,+00]
R /Q(x(w) In(z(w)) — z(w))p(dw), if >0 pae on2; (9.33)
400, otherwise.

Then f € IH(H). In particular, this is true in the following cases:

(i) Entropy of a random variable: H = L?(§2,F,P), where (£2,F,P) is a
probability space (see Example 2.8), and
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fi H—]—o00,+x]
o JEG() - X), it X >0 as.; (9-34)
400, otherwise.
(ii) Discrete entropy: H = RY and

I H — |—o00, +o0]

i i > 0; 9.35
Z §eIn(§k) — &k, if  in & >0, (9.3)

(5k 1<k<N

+oo, otherwise.

Proof. Denote by ¢ the function defined in (9.27). Then Example 9.29 asserts
that ¢ € IH(R). First, take € H such that x > 0 p-a.e., and set C =
{wen|0<z(w) <1} and D = {we 2 | 2(w) > 1}. Since, for every { €
Ry, |p(6)] = [€In(€) = &] < 1jo1((€) + 711 400 (€), We have

/!s@ ) |(de) /!w ) |(de) /\w ) |(de)
+ [ fate) Putcs

< u(02) + |||
< 400, (9.36)

and therefore ¢ oz € L'((£2,F,p);R). Now take € H and set A =
{we | a(w) >0} and B={we 2| z(w)<0}. Then

/Q (2 (w)) () = /A (@ (w))u(dw) + /B o ((w)) ()

/Qx(w)(ln(x(w)) — Dp(dw), if x>0 p-a.e on (2
400, otherwise
= f(z). (9.37)

Altogether, it follows from Proposition 9.32(i) with H = R that f € I't(H).
(i): Special case when p is a probability measure.
(ii): Special case when 2 = {1,..., N}, F = 2 and p is the counting
measure, i.e., for every C' € 29 14(C) is the cardinality of C. O
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Exercises

Exercise 9.1 Let f: H — |—00, +00] be lower semicontinuous and midpoint
convez in the sense that

(9.38)

2

(Va € dom f)(Vy € dom f) f(Ier) < f(x);rf(y)

Show that f is convex.

Exercise 9.2 Let f: H — ]—00, +00] be midpoint convex. Show that f need
not be convex.

Exercise 9.3 Provide a family of continuous linear functions the supremum
of which is neither continuous nor linear.

Exercise 9.4 Let f € I'h(#H). Show that RNran f is convex, and provide an
example in which ran f is not convex.

Exercise 9.5 Provide an example of a convex function f: H — [—o0, +00]
such that ran f = {—00,0, +00}. Compare with Proposition 9.6.

Exercise 9.6 Set C = {C CH | C' is nonempty, closed, and convex} and
set

—oo, ifx e

i (9.39)
400, otherwise.

WVCeC TYo:H— [oo,+oo]:a;r—>{

Prove that € — {f € I'(H) | —oo € f(H)}: C = T¢ is a bijection.

Exercise 9.7 Let f: H — ]—00, +00] be convex. Show that f is continuous
if and only if it is lower semicontinuous and cont f = dom f.

Exercise 9.8 Let f: H — |—o00, +00] be convex and set o = inf f(#). Prove
the following statements:

(i) f € I'(H) & (V€ € Jpu, +oo]) levee f =levee f.
(ii) cont f = dom f < (V€ € |y, +00]) levee f = intlev<e f.
(iii) f is continuous < (V€ € |u, +00[) lev—e f = bdrylev<¢ f.

Exercise 9.9 Let (e,)nen be a sequence in H, let (wy,)nen be a sequence in
Ry, and let (pn)nen be a sequence in [1,4+o00[. Set f: H — |—o00,4+00] : & —
> nenWn [(@ | en)[P". Show that f € Ih(H).

Exercise 9.10 Use Proposition 8.12(ii) and Proposition 9.28 to verify Ex-
ample 9.29 and Example 9.30.
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