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CHAPTER 21 

Asymptotic Behavior of Eigenvalues for a 
Class of Integral Equations 
witk Translation Kernels* 
M. Rosenblatt, Division of Applid Mathematics 
Brown University 

1. INTRODUCTION 

The results obtained in this chapter may be of some interest from the point 
of view of analysis. However, they have an immediate interpretation in 
terms of certain representation theorems for stationary random processes on a 
finite time interval, and this provided part of the motivation for the investiga
tion. Our interest is in finite interval translation kernel integral equation 
eigenvalue problems, that is, in the integral equation 

/ J r K * - r ) * ( r ) d r = X4(0. (1) 

Here <f>(t) is an eigenf unction and X the associated eigenvalue. The principal 
result of the investigation runs as follows. Let r(t) be a positive definite even 
function on [-221 , 2T] of the form 

r(i) = (-l)kc\i\2k^ + b(t)9 c > 0 , (2) 

with b(l) a function 21c — 1 times continuously differentiable whose (2fc — l )s t 
derivative is absolutely continuous (ft = 1, 2, • * •)• We can then show that 
the jih eigenvalue \j of the integral equation (1) is asymptotically the same as 

2 (2fc - l ) ' c ( ^ J (3) 

as j —> w, 
The interest from the point of view of random processes is cany to explain. 

The positive definite function r(t) can be considered as the covarianeo function 

* This research was supported by the Office of Naval Research. Reproduction in whole 
or in part is permitted for any purpose of the United States Government. 
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EIGENVALUES OF TRANSLATION KERNEL INTEGRAL EQUATIONS 317 

of a real-valued random process X(t) weakly stationary on [—7, T]; that is, 

EX{t) as 0 
(4) 

EX(t)X(r) « r(< - r), |i|, |r| ^ T. 
The Karhunen-Lo&ve theorem [7] then tells us that X(t) has the following 
representation in mean square: 

X(l) « %\j4>i(l)Xj, (5) 
y 

where the <f>j(t)}& are the eigenfunctions of the integral equation (1), the X/s 
are the corresponding eigenvalues, and the X/s are orfchonormal random varia
bles given by 

Xj « ^ f X(r) Ur) dr 
h'J~T (G) 

EXjXh = 5̂ jfc. 

The eigenfunctions 0,-(£) are, of course, assumed to bo normalised over the 
interval [— T} T], Estimates on the rate of decay of the eigenvalues are help
ful in obtaining information on the speed of convergence in the representation 
(5). It is also useful in determining the sample function regularity of the 
process. 

The result obtained is reminiscent also of the relationship between the tail 
behavior of a distribution function and the local behavior at zero of the cor
responding characteristic function (see [3]). Assume that r(l) is the restriction 
to [ — 2T} 2T] of a positive definite symmetric function on (--co, «>). We 
then know that r(t) has the Fourier-Stieltjes representation 

KO = /_"„ eitx dF(\), (7) 

where F(\) is a nondescreasing function of bounded variation on (— <», <*>). 
Of course, dF(k) = dF(-X). Then 1 - r(l)££c\t\" at zero if and only if 
1 - F(X) ^ c/X1+* as X -* oo. Note that the asymptotic behavior of the 
eigenvalues \d [see (3)] when r(i) satisfies (2) (here a = 2k - 1) is essentially 
the same as the tail behavior of F as X —► oo. Our assumptions are such that 
the main irregularity of r(t) is at t - 0 and r(t) is by comparison smooth away 
from zero. Recently related results have been obtained for the special case in 
which F is absolutely continuous with /(X) = F'(\), a rational function of 
X[l]. A few remarks made later on in the chapter indicate that we can no 
longer expect the correspondence between asymptotic behavior of Xy and tail 
behavior of F if r(t) has irregularities as bad as that at t = 0 away from zero. 
Our results are in the case a = 2ft - 1 with h a positive integer, Correspond
ing results can be obtained for a nonintegral by means of more detailed estima
tion procedures and they have recently been written up by the author [8]. 

The derivations use the variational characterization of eigenvalues and a 
number of simple comparison lemmas for eigenvalues. 
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2, COMPARISON LEMMAS FOR EIGENVALUES 
The estimates we obtain for the eigenvalues of the integral operators we deal 

with depend on a few well-known results that follow almost immediately from 
the classic variational definition of the eigenvalues. These results are stated 
and discussed for the sake of completeness. 

Consider a completely continuous symmetric operator A on a Hilbert space 
II mapping II into itself. Let /4", /*£■, ft ~ 1, 2, •. • • , be the nonnegative and 
nonpositive eigenvalues of A on II in nonincreasing and nondecreasing order 
of magnitude, respectively. We shall understand by 4 

4= inf sup (A<f>}4>) (8) 
IM-i. 

where (•, •) and ||-j| are the inner product and norm of an element in H. Here 
$ _L tf means (<£, <£') = 0. Further, if there is no element 4> _L <£i, * ' * , 
07C_i with || 0|| = 1, the supremum in formula (8) should be identified with zero. 
This is not quite the usual definition of eigenvalue. It always leads formally 
to an infinite number of eignevalues, even in the case of a finite dimensional 
Hilbert space. However, if H is n-dimensional (n < co), then /4~ = 0 for all 
k > n. The eigenvalues ^ are given by a formula analogous to (8), namely 

/ifc" = sup inf (A(j>} <f>) (9) 

Note that M£, Mfc\ ' * " > r u n s "through all the eigenvalues as defined in the con
ventional way [5] and that all the remaining eigenvalues as defined through (8) 
and (9) are zero. 

Lemma 1. Let Al9 A2 be two symmetric completely continuous transformations 
and set A = A\ + A^ Denote the nth nonnegative eigenvalue of Ah A 2, and 
A [as given by (8)] by /z£n, jx£tn, cind i4;> respectively, and the nth nonpositive 
eigenvalue [as given by (9)] by /*£», ^%n} and M~, respectively. Then 

4 H , _ I < fit* + f4.q (10> 
and 

l4 £ vttP+q-i + /*i;«. (H) 

The proof of this simple but extremely useful lemma can be found in [5], It 
enables us to get upper and lower bounds for /*+. Corresponding upper and 
lower bounds for ju~ can be written down. 

We are also interested in a result that will let us compare corresponding 
eigenvalues for the two integral equations 

flr/& *>*to dr = **(*>> * = ^ 2' (12) 

where r(i} r) is Hermitian and square integrable in t} r with 0 < 1\ < T% A 
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result of this type is stated in a more general context that may be of some inde
pendent interest. 

Lemma 2. Let Abe a symmetric completely continuous operator on a Hilbert 
space II mapping II into itself, hot II1 he a sulhllilhert space of II and P the 
projection operator onto II\. p,f, M F ( ^ ^F)> ^ s 1, 2, • ' ' arelhenonnegaiive 
and nonposiiive eigenvalues of A (PA = PAP) on II (IIi) in nonincreasing and 
nondecreasing order of magnilzide} respectively, Then 

""" * * (,3) 

k = 1, 2, • - . 
A discussion of the application of this lemma can bo found in [(!], Its proof 

is so simple that we give it here. I t is enough to show that fxf ^ Xj|\ Given 
any e > 0, there are #i, • • • , 4>k-~i G H such that 

sup (A0, 0) < 4+ e (14) 
0X01 , ♦• ' >0fc~l 

where the supremum is understood to be zero if there is no <j>} \\<f>\\ = 1, orthogo
nal to 0i, • • • , <j>ic~i. If there is a ^ G II\, ||$|| = 1, orthogonal to P<f>i, 
• • • , P^/c-i, it is certainly orthogonal to #i, • • • , 4>k~-i. Hence 

sup (PA<f>, <f>) ^ sup (Act>} 0). (15) 

This implies that \£ ^ jxf and the proof is complete. 
In the integral equations (12) H is the Hilbert space of square integrable 

functions 4> on [— T%y JT2], HI is the subspace of such square integrable functions 
cj> equal to zero when T\ < \t\ < T2, and 

(A<f>)(t) « j * * T t r(«, r)*(r) dr. (16) 

3. SOME BOUNDS ON THE ASYMPTOTIC BEHAVIOR OF EIGENVALUES 
Crude bounds on the asymptotic behavior of eigenvalues of finite interval 

translation kernel integral equations are obtained in this section. The basic 
idea is that of extending the kernel so that it is a section of a sufficiently smooth 
periodic function and then using one of the comparison lemmas of the last 
section. The following elementary lemma is derived first: 

Lemma 3. Let r(i) be a function of period 2T symmetric about zero that is h 
times continuously differentiable (fc — 0, 1, 2, - « •) and whose Hh derivative 
rih)(l) is absolutely continuous. The eigenvalues Xj (in order of decreasing abso
lute magnitude) of the integral equation 

/ _ V # - r)<t>(r) dr - X*(0 (16') 

are then o(j~~Ic~l) as j —> oo. 
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320 STRUCTURAL PROBLEMS 

The eigenfunctions of the integral equation (16') are 

e x p ( ^ f ) i = 0, ± 1 , ; • • ; (17) 

since r(t) is periodic with period 2T. The eigenvalues are simply given by the 
Fourier coefficients 

e, = f^r(t) exp (*f^j dl. (18) 

Clearly all the derivatives of r(t) that exist have period 2T, The odd and even 
derivatives of r(t) are odd and even functions, respectively, about zero. Hence 
r ^ ) ( f ) = ro»)(—y) for 0 ^ m ^ k. On integrating by parts, we find that 

<>Kir(-i)i+i>+,,Mf)* 
- otr*-1). (is) 

The condition of periodicity is discarded in the following lemma: 

Lemma 4. Let r(t) be an even function h times continuously differeniiable 
(7c = 0, 1, 2, • • • .) whose kth derivative is absolutely continuous. The eigen
values \j of the integral equation (16) are o(j~k~l) as j —» oo, If r(t) is infinitely 
differentiable^ the eigenvalues \j are o(j~m) as j —> <*> for every m > 0. 

Consider the function r(J) on [ —2!T, 2T7]. We can find an even function 
r*(£) 7c times continuously differentiable with 7cth derivative absolutely con
tinuous that is periodic with period 4( J7 + e) for some e > 0 such that r*(0 = 
r(0 on |i| ^ 2T. The eigenvalues My of the integral equation 

JZTI) r*(t -r) *(T) dr = M® (20) 

are o(f~h~~l) by Lemma 3 as j—► » . However, by comparison Lemma 2 it 
then follows that the eigenvalues X̂  of the original integral equation (16) are 
o(j~~h~l) as j —> to. The statement in Lemma 4 about infinitely differentiable 
r(t) follows immediately. 

4. BERNOULLI POLYNOMIALS AND PERIODIC FUNCTIONS 
Properties of the Bernoulli polynomials and periodic functions are useful 

in obtaining detailed estimates on the asymptotic behavior of eigenvalues 
of a certain class of finite translation kernel integral equations. The Bernoulli 
polynomials on the interval [0; 1] (see [2]) are recursively generated by setting 

Bo(s) s 1 
and 

SJH-iCc) = Bh(x) 
where 

/ o
a Bh(x) dx - 0, fc = 1, 2, ■ • • . 
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The first few polynomials can be easily written down as follows 

B0{x) - 1, B1{x) = x - \, B2(x) = j - | + ^ 

X6 X* X 

* » < * > - 3 I - 7 + 12 

£4(2) = 77 - T — - + — -
4! 2 -3 ! 24 (24-30) 

We are interested in the Bernoulli polynomials of even order. If the Fourier 
series of period unity of the polynomial B^x) is written out, we obtain the 
following expansion: 

P 2 ^ ) = ( - i ) f c - i ^ 2 L - 1 r : : 2 f c - <2i> 
2mrx w 

n - 1 

Note that except for the factor ( —l)*"""1 we have a positive definite function. 
Consider 

= 2T y c o s (mrt/T) 

T(2mr) i < 2T (22) 

as the kernel of the integral equation 

\1T n(t - T) 4>{r) dr = \<K0, |i| < T. 

As we have already remarked, the kernel rje(t) is positive definite. The eigen-
functions of the integral equation are 

(23) 

T 

j = 1, 2, • • • , with corresponding eigenvalues 

* „ ( « ) - 2 - * sin * £ 

2T 
X8^! - X2i = ^ a » - (24) 

Since the only odd power of the Bernoulli polynomials J52fc(^) is xu~~x, the 
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kernel f/c(i); except for the term 

2- (2/c - 1)!(2T)2/C-1? 

is a polynomial of degree 2ft in t in |g| < 2T with only the even powers of i 
appearing, 

Theorem 1. Let p(t) be a positive definite even function on [—2Tf 2T] of the 
form 

p(t) = (_X)*c | t |»-i + 6(i) (25) 

mWi c > 0, &($) a function 2k ~ 1 foraes continuously differentiate whose 
(2/c — l)st derivative is absolutely continuous (7c = 1; 2, • ■ ■)• ^/ien £A<3 jiA 
eigenvalue \j of the integral equation 

f^p(t-r)Hr)dr = M(i) (26) 

is asymptotically the same as 

2(2fc- l)fcf=r;J (27) 

Now 
p(f) = 2e(2/c - l)!(2T)a*-Vft(i) + d(«), (28) 

where r&(J) is given by (22) and d(t) is an even function 2/c — 1 times continu
ously differentiable whose (2/c — l)st derivative is absolutely continuous. By 
Lemma 4 the translation integral equation of the form (26) with d(t — r) as 
kernel has eigenvalues JULJ = o(j~2k) as j -* «>. Further, the eigenvalues t?/ 
of the translation integral equation with kernel 2e(2/c - l)!(2r)2fc"~"1r/c(i - r) 
are given precisely by 2c(2/c - l)!(2T)2/c_1 times (24) in view of our earlier 
discussion*. Comparison Lemma 1 tells us that 

Xp+a-i ^ Vp + MQ 
and 

Xp ^ ^p+g-l + M7-

Since My - o(j~u) as j —> oo, we can find a positive integer-valued function 
q = ff(p) such that g(p) = o(p) and /xfl(p) = o(p^2&) as p - * «>. It then 
immediately follows that the eigenvalues \3- are asymptotically the same as (27) 
as j —»- co, 

With this theorem, we can easily obtain the asymptotic behavior of eigen
values for the integral equation (26) when p(t) is of the form 

p(i) J f e<*(l + X2*)-1 dX. (29) 
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The integral (29) can be readily evaluated by a contour integration and is 
given by 

h-l 

PW - - 1 * 2 , z^tzi) i > °> 
j~0 

with p(t) = p( — t), where 

zj = exp {[HU + *)]/&}, j « 0, 1, • • • , * - 1. 
Now 

n+1 "--il^l* 
where 

jfc-i / 0 if n + 1 is even and not a multiple of 27c 

2 zp-1 = I - i [ s i n ^ ^ r 1 if n + 1 is odd 
i==0 ( (-l)a& if n+ 1 - 2s7c. 

Thus p(f), as given by (29), satisfies the assumptions of the theorem with 
c = [(2k — 1)!]_1; hence the eigenvalues X̂  are asymptotically 

as j —► oo. This suggests the following result for positive definite functions 
p(t) of the form 

Pit) = / _ ! *"7G*) Ac (30) 
with /(a?) ^ 0. 

Theorem 2. Consider the integral equation (26) w#A p(i) of the form (30) 
wftere f(x) is even with 

f(x)c*~> c > 0 , (31) 

as a; —» oo. T&e eigenvalues \j of the integral equation (26) are asymptotically 
of the form 

XyS&rc^J • (32) 

Given any e > 0 there is a K(e) > 0 large enough so that for \x\ > K(e) 

< / ( * ) < 1 + a.2* ^ J w - j + xn 

Let 

/*M H f V'* > ̂  (33) 
' w ' 0 otherwise v ' 
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324 BTRUOTUEAL PROBLEMS 

and 

x/(*)- { f T ^ * M > * « (34) 

a/(«) = 

0 otherwise 
C — 6 if |B| > i?(e) 1 + x2k " m ' " w (35) 

0 otherwise. 
Call the Fourier transforms of fjc, if, 2f derived by formula (30) ph(t), ip(t)f 
2p(t), respectively. Since /& is bandlimited, pk(i) is analytic in f, and the 
eigenvalues Xy of the integral equation (26) with py, as kernel approach zero 
faster than any inverse power of j as j —► » by Lemma 4. Lemma 1 implies 
that the eigenvalues {Kj and 2X,- of integral equation (26) with kernels ip + pk, 
2P + Phi respectively, behave like 

/2T\2k 

iXy S 2TT(C + e) f - ^ J 
^ (36) 

2 X ^ 2 ^ ( 0 - e){— J 

as j —■* co. But the eigenvalues X / of the integral equation (26) with kernel p 
satisfy the inequality 

2Xy < X,- ^ iX,. (37) 
The inequality (37) with the asymptotic estimates (36) immediately imply the 
theorem. 

It is curious that the kernel ( - l ) ^ " 1 Pihip) used to prove Theorem 1 
is at the limit for which one can expect a result like that cited in the theorem 
to hold. If we consider this kernel over the interval \x\ ^ 2 instead of \x\ ^ 1 
[it is positive definite on the infinite line (—<*>, «>)L we find that the eigen
values of the corresponding translation kernel integral equation are 

X2i_l = X2j' = 2 2f t - l / . N2*' ^3 8) 

whereas Theorem 1 would lead us to expect that 

v'-(l) 2k 

(39) 

as j —> oo . The actual eigenvalues are easily read off, since essentially they are 
the Fourier coefficients of the function. Here the asymptotic behavior of the 
eigenvalues is the same type as that in Theorem 1 but the coefficient is not 
that given in the theorem. The reason why the result of Theorem 1 does not 
hold is given in the introduction. The function r(t) of Theorem 1 has a jump 
in its (2k — l)st derivative at t = 0 but nowhere else in [ —2T, 2T]. How
ever (—1)*~1P2*(0 not only has a jump at t = 0 but also at t = ± 1 in 
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\t\ ^ 2 . In this example we have seen that the asymptotic behavior is the 
same type as that given in Theorem 1 but the coefficient is off, However, 
even more erratic examples indicating the limits of Theorem 1 can be con
structed by considering positive definite functions r(t) with singularities 
of the same type as that at the origin distributed more widely in the interval 
[ - 2 7 , 2 7 ] . Let 

r(t) = ^ c ^ 1 

j 

with 

{ 7jq-§ if j = [n*\ for some integer n > 0, a > I, 
3 
0 otherwise, 

where j ^ 0. Here [%] is the largest integer less than or equal to x. The 
nonzero eigenvalues are essentially the Fourier coefficients if T = |-, hence 

If F(x) = V cs then 1 - F(x) ~ l/x^, hence 

r(t)~c\t\Mtt + b(t)$ 

where b(t) is smoother than \t\fifa at I = 0. If we set f}/a « 2k - 1, we shall 
see that the eigenvalues \j decrease at a rate faster than that suggested by 
Theorem 1. 

5. CRUDE UPPER BOUNDS FOR EIGENVALUES OF 
ANALYTIC KERNELS 

Let r(i) be a positive definite function on (—<*>, <*>) that is the restriction 
to the real axis of a function analytic in the entire complex J-plane. Such a 
function, of course, has a power series representation 

00 

Kt) = 2 c^h (4o> 
valid for all L We shall obtain crude upper bounds for the eigenvalues of (1) 
for an analytic kernel in terms of this power-series representation. Suppose 
we wish to obtain an upper bound for A,% Let 

ri(t) - 2 c^ 

r*(t) - r(t) - rx(t). 
Call the integral operator generated by r{t) as a translation kernel on [ - T} T] 
A and the corresponding integral operators generated by ri(t), r2(J), the oper-
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326 STRUCTURAL PROBLEMS 

ators A h A2) respectively, The eigenvalues of A in o rder of magnitude are Xj. 
The nonnegative eigenvalues of Ah A2 are \f%5 a n d X^~. in order of magnitude. 
Of course A = Ai + A2. By Lemma 1 

However, A\ has at mostj — 1 nonzero eigenvalues s o that X^- = 0. Further 

\ttl $ max [T T \ck\ \t - T\h dr. (41) 
\i\<T J~T ^h , l fe = y — i 

Thus (41) provides an upper bound for \j. I t m a y b e of some value to use this 
estimation procedure for two analytic kernels. F i r s t let us consider r(t) — 
exp ( — I2). Here 

»*z H ' ' m 
rm 2A;-1-1 

/c!(2/c + 1) 

The kernel r(t) = sin i/i has been of especial interest [4]. In this case 
00 

(2T)2k+1 

H- < I (2k + l)!(2fc + 1) 

In both cases it should be noted that the e igenvalues go to zero faster than 
geometrically, that is, given any c with 0 < c < 1, for sufficiently large k: 

\h < cK 
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