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Abstract. 
In the recent years, companies have begun to strengthen their supply 
agreements, such as sharing the management of inventories. This type of co
operation implies that the members of the supply chain share information and 
arrange a mutual agreement on their performance targets. The increased 
interest on supply chain topics has attracted researchers' attention to the 
problem of co-operation between the buyer and vendor, the two actors directly 
interacting in the supply mechanism. The present research investigates the way 
how a particular VMI policy, known as Consignment Stock (CS), may lead to 
a successful strategy for both buyer and vendor. The previous study [1] 
developed an analytical model of the CS policy, with reference to the 
centralised decision and deterministic settings. In order to fully explore the 
potentiality of CS policy, an extension of the model is proposed in this paper. 
The results indicate that the CS policy could be a strategic and profitable 
approach to improve supply chain performance in uncertain environments. 

1 Introduction 

Firms are no longer competitive as independent entities such as buyer and vendor, 
but rather as an integral part of supply chain. Thus the success of a firm depends on 
its managerial ability to integrate and coordinate the network of business 
relationships among the supply chain members. According to this scenario, Vendor 
Managed Inventory (VMI) represents an interesting approach to stock monitoring 
and control, progressively considered and introduced in both service and 
manufacturing industries. One VMI policy, known as Consignment Stock (CS), may 
suppress the vendor's inventory, as this actor will use buyer's warehouse to stock its 
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finished products. Furthermore, the vendor guarantees that the quantity stored in the 
buyer's warehouse will be kept between a maximum and a minimum level, and thus 
further reduces the costs eventually induced by stock-out conditions. The buyer picks 
up the quantity of material needed to meet his production plans and, consequently, 
the material used is paid to the buyer. 

The present study focuses on those situations where the deterministic conditions, 
necessary so as to apply Hill's model [2], do not prevail. The major effect determined 
by uncertain conditions is represented by stockout events (i.e., buyer's inability to 
promptly satisfy demand). This problem is generally approached by increasing 
reorder points and keeping safety stocks. Of course, an increased safety stock leads 
to the downstream movement of inventories, similarly to the CS approach [3]. In 
addition, in this study, we extend CS to a decentralised decision system in order to 
investigate the motivations and incentives for applying this policy. 

A brief literature review is presented to summarise early studies in CS principle 
and relevant issues. The first study dealing with the integrated single-supplier single-
customer problem is the paper by Goyal [4]. In [5] Banerjee considered the vendor 
manufacturing for stock at a finite rate and delivering the whole batch to the buyer as 
a single shipment. Goyal in [6] showed how lower-cost policies result from 
production batch splitting and multiple shipment delivery. Lu in [7] sets out the 
optimal production and equal-size shipment policy. Goyal in [8] demonstrated that 
lower cost policies may be obtained when shipments increase in size by a given ratio. 
Hill [9] derived the form of the optimal policy if shipment sizes may vary. More 
recently, Corbett [10] examined the impact of incentive conflicts and information 
asymmetry on performance in a two-player decentralized supply chain, which 
follows a continuous review (Q, R) policy. Corbett found out that, in the absence of a 
central planner with full information, no party may induce a joint optimal behaviour 
of all agents without sacrificing his own profits. In [11] a CS industrial case is 
presented while its analytical approach is treated in [1], together with some 
performance evaluation. Following in [12] a full analytical solution to CS is 
proposed. In [13] there is a summary of the previous research on the single-vendor 
single-buyer integrated production-inventory problem, in the deterministic cases. 

According to the topics outlined, Section 2 presents the notation and system 
description. Section 3 focuses on the model formulation in a decentralised system 
and Section 4 discusses the results obtained by numerical examples. Finally, 
conclusions are drawn in Section 5. 

2 System description 

A single-vendor single-buyer supply chain is studied with a stochastic demand. The 
notations adopted are given below: 

A 
A 

production setup cost, paid by the vendor, € 
order emission cost, paid by the buyer, € 
out-of-pocket inventory holding costs of vendor,€/unit/year 
out-of-pocket inventory holding costs of buyer, €/unit/year 
interest rate 
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D: demand rate, units/year 
P: buyer's purchasing price of the product, €/unit 
m: vendor's marginal cost of product, €/unit 
Q: transportation batch size, units 
n: number of transportations within one production batch 
b: backorder cost, €/unit 
TCy total costs of vendor, € 
TCb total costs of buyer, € 
Gi'. standard deviation of demand during lead time 
k: safety stock factor 

/ ( / / ) : probability density function of a standard normal distribution 

and we also have 

In this system, the vendor supplies products to a buyer facing a stochastic demand, 
which is assumed to be normally distributed. The lead time for transportation is 
constant and equal to L. The lead time for production at the vendor site is null (i.e., 
the vendor does not need safety stocks). The buyer uses a continuous review reorder 
point inventory control system. Thus, the buyer's decision variables are the order 
quantity Q and the reorder point s (further related to the safety factor k). Once given 
Q and s, the vendor will consequently determine the number of transportations n. 

The present study distinguishes between the capital tied-up and the out-of-pocket 
inventory holding cost. Conventionally, the total inventory holding cost is assumed 
to be increasing when items move downstream in a supply chain. According to our 
industrial experience, this statement may sometime fail. In particularly, the out-of-
pocket inventory holding cost does not have to follow the above assumption, e.g. 
when a specialised producer with limited storage space supplies a large manufacturer 
with low-cost bulk storage facilities [13]. 

3 Model formulation in a decentralised system 

The early literature about CS [1,11,12] assumes that production and transportation 
decisions are centrally made. This assumption may not always be true (e.g., for 
multiple business entities with conflicting objectives within a supply chain). The 
present study investigates the motivation of using CS contract and evaluates the 
performance of a supply chain with a powerful buyer. Therefore, the buyer is 
assumed to impose his optimal decisions Q and k, and the vendor consequently may 
decide his production batch size {nQ). Finally, the expected on-hand inventory is 
considered equal to the expected net one (on-hand minus backorders), as a standard 
approximation in inventory modelling (e.g. [14] and [15]). 
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3.1 Without a consignment stock contract 

The following formulae propose the vendor and buyer total costs: 

A D (nQ\ (Q ^ 
TC,=— — ^{am^h)\-^\-{am + h)\— + kc7, (1) 

n Q K2 J \2 

D (Q ^ DbaG(k) ,^. 
TC, ^A^— + {aP + h)\ ~ + ka, + '-—- (2) 

Q U 'J Q 
The buyer will minimize his cost by using optimal order quantity and safety factor. 
In case an optimal Q has been used, Equation 2 can be rewritten as 

TC^^ = ̂ 2D{A^+bafi{k)){aP + \)^{aP + \){kcj^) (3) 

Formula (3) may be differentiated with respect to k and set equal to zero 

a r c * D(baF(k))iaP-i-hJ , . 

dk pD{A^+bcjfi{k)){aP + h^) 

This ends with the optimisation conditions: 

AJb(j^+G{k) Db 

F{ky iG^aP^K) 

and 

(5) 

\2{AD + DbcjG{k)) Db 

V (aP^hJ (aP + h^) 

Once the buyer's optimal safety factor and order quantity have been obtained, the 
optimal value of n may be found from the difference equation of TCy, i.e. the 
optimal n should be the smallest integer satisfying 

2AD 1 
n(n + l)> ;- (7) 

3.2 A consignment contract 

A CS contract implies that the vendor pays the capital tied up cost of the stocks 
delivered to the buyer but not yet sold. Thus, the total costs change as follows 

TC ' - — — + (am + /z) -^ \-h —+ A'cr, (8) 
" n Q n 2 j ' U V 

D (Q \ DbaG(k) 

Q V2 J Q 
Using the same approach as in Section 3.1, the optimisation conditions for the 

buyer are: 

AJba+G(k) Db Db 
— ^ —^ = and Q = F(k) (10) 

Fikf 2cjh h 
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The corresponding optimal n should follow: 

2AD 1 
n(n + 1) > • 

(am + h) Q' 
(11) 

3.3 Comparison and analysis 

Proposition I: F{k)' I G{k) is a decreasing function with respect to k, for k >0. 
This can be easily observed in the function curve given in Fig.l below. 

0.70 
iwy/aw 

Fig. 1. F{k)' I G(k) as a function of ^ for a standard nornial distribution 

Proposition 2: the service level, compared to a policy without CS, is improved by 
CS adoption. 

Both F(k) and F(kf-G(k)'^ are decreasing functions of ^. Thus, (A+G(k))F(k)'^ is 
an increasing function with respect to k {A is a. positive constant). Since 

< , a larger optimal k value is found for the CS case, as 
2(7^ (aP + h^) 2cr^\ 

compared to the one without consignment. In addition, a higher safety factor will 
then lead to a higher service level. 

Proposition 3: with a CS contract, the optimal order quantity shall follow the ratio 

Q'"" _aP^\ F{k'*)) 

The change in the order quantity is a balance between the inventory holding cost 
ratio and the changes ofk value (correspondingly, the F{k) value). 

Proposition 4: The CS contract always reduces the buyer's cost. 
Any Q and k values (including Q* and k* for TCb) determine TCb > TCf,', as easy 

to see comparing Equations 2 and 9. 
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Proposition 5: Vendor's optimal cost can be reduced when 

This result emerges from the following relationship: 

rC ' * - r C * = (am + /zJ — + yt*cr^ ]-hi— + k'*a^ \<0 

4 Illustrative examples 

The set of data offered in the present examples are slightly changed from the case of 
an Italian company producing braking systems for the automotive industry. Focus is 
given on brake pads (an assembly component in the company manufacturing cycle). 
The specialised vendor of the brake pads is close to the company (for a detailed 
description of the case study see [1]). Parameters values are given below: 

A, = 400€mdAb = 10€ 
hy ==0.175 €/unit/year and /ẑ  = 0.15 €/unit/year 
a= 10% 
D = 50 000 units/year 
P = 2.5 €/unit; m = 2 €/unit; b = 0.25 €/unit 
(7L = 300 (Lead time L is about Iweek) 

Let us consider the policy without CS. In the first step, the safety factor is evaluated 
by Equation 3. F{k) and G{k) values can be easily obtained by standard normal 
distribution table or, alternatively, using Waissi and Rossin approximation [15]. An 
upper bound k can be used as an initial value for searching Equation 3 solution by 
examining 

F{ky 2a^(aP + \) 
Since F(k) is a decreasing function of k, and G(k) -Ffk)'^ is positive, the optimal k 
must be smaller than k, as obtained by (12) (for the example, A: = 1.11 and 
k=\.09). Inserting the results into Equation 6, optimal g = 4309 and Equation 7 
provides the optimal n = 2. The results are summarised in the left side of Table 1 
below. 

An additional case (Case 2) illustrates how the vendor's cost can be reduced by 
CS as well. Case 2 differs only in the marginal production cost, which is set to 
w = 0.5. Results are given in the right part of Table 1. 

It can easily be seen that the service levels of the system are improved from 
86.2% to 91.6%. The buyer's cost is significantly reduced, both in terms of ordering, 
inventory holding and stockout costs. Vendor's costs may increase or decrease, 
depending on the production batch size and the changes in inventory holding cost 
(base case and Case 2, respectively) 
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Table 1. Optimal de jcisions anc costs 
Base case 

Without consignment 

k 

0 
n 

SL* 

TCr 

TC, 

TC, + TQ 

1.09 

4309 

2 

86.2% 

3006 

1866 

4872 

With consignment 

k 

0 

n 

SL* 

rc. 
TC, 

TQ: + TC, 

1.38 

6983 

2 

91.6% 

3369 

1108 

4477 

m 

Without consignment 

k 

0 
n 

SL* 

TCy 

TC, 

Ta + TC, 

1.09 

4309 

3 

86.2% 

2443 

1866 

4309 

= 0.5 

With consignment 

k 

0 
n 

SL* 

TQ, 

TQ 

TCr + TCt 

1.38 

6983 

2 

91.6% 

2320 

1108 

3428 

^L * = service level == 1 -F{k) 

5 Conclusions 

This study presented a model to optimise the production and inventory decision in a 
single-vendor and single-buyer system with a stochastic demand. The optimisation 
models and the propositions of this paper can be applied to support a CS decision. 
The results show that, by using a CS principle and moving a part of the inventory 
holding cost to the vendor, the system performance can be improved, both in terms 
of total costs and service levels. Furthermore, a CS contract consistently reduces 
buyer's costs, but it may impact differently on the vendor's cost. Nevertheless, as 
already observed in the introduction, the vendor still perceives some advantages as a 
counterpart. For instance, he may manage his production plans more flexibly and the 
relationships between the vendor and the buyer can be improved. Moreover, a part of 
the channel costs reduction may be shared between the two actors and it can be used 
as an important element of the negotiation between the two actors of the chain. 
Finally, Sensitivity analysis and numerical experiments may allow an improved 
understanding of the circumstances determining the vendor benefits. Extending the 
model to positive and stochastic production lead time could be of great interest. 
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