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Abstract In this paper we propose a novel training algorithm for RBF networks that is 
based on extended kalman filter and fuzzy logic. After the user choose how many 
prototypes to include in the network, the extended kalman filter simultaneously 
solves for the prototype vectors and the weight matrix.The fuzzy logic is used 
to cope with the devergence problem caused by the insufficiently known a priori 
filter statistics. Results are presented on RBF networks as applied to the h"is 
classification problem. It is shown that the use of the extended Kalman filter and 
fuzzy logic results in faster learning and better result.s than conventional RBF 
networks. 
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1. Introduction 

Radial Basis Functions emerged as a variant of artificial neural network in 
late 1980's. Their excellent approximation capabilities have been studied in 
[1,2]. RBF networks have been successfully applied to a large diversity of ap
plications including interpolation [6], system identification, control engineer
ing [7], data fusion [8], etc. 

Training a neural network is, in general, a challenging nonlinear optimiza
tion problem. Various derivative-based methods have been used to train neural 
networks, including gradient descent [3], Kalman filtering [4, 5], and back-
propagation [9], etc. Gradient descent training of RBF networks has proven to 
be much more effective than more conventional methods [3].However; gradi
ent descent training can be computationally expensive. Another method based 
on Kalman filtering proves to be quicker than gradient descent training [10], 
However, a significant difficulty in designing a KF (refers to both LKF and 
EKF) can often be traced to incomplete a priori knowledge of the process 
noise covariance matrix Q and measurement noise covariance matrix R. It 
has been shown that insufficiently known a priori filter statistics can on the one 
hand reduce the precision of the estimated filter states or introduces biases to 
their estimates. In addition, incorrect a priori information can lead to practical 
divergence of the filter. 

This paper extends the results of [10] and formulates a training method for 
RBFs based on extended kalman filter and fuzzy logic. The fuzzy logic tech
niques are used to adjust the R matrix of the extended kalman filter so that the 
method can be self-tuning and adaptive. This idea comes from [11, 12] .We 
refer this method as FKF which means fuzzy adaptive kalman filter. There 
have been studies and applications on extended kalman filter and fuzzy logic. 
However, this paper is the first known use of these techniques to train the RBF 
network. We demonstrate the proformance of the method on the Iris classifica
tion probleiu and compare it with RBF optimization using gradient descent and 
extend kalman filter. It is shown that the new method converges more quickly 
than gradient descent and finds a better solution than extend kalman filter. 

2. RBF Network 

A radial basis function (RBF) neural network is trained to perform a map
ping from an m-dimensional input space to an n-dimensional output space. 
Suppose there are c neurons in the hidden layer. Each of the c neurons in the 
hidden layer applies an activation function which is a function of the Euclidean 
distance between the input and an m-dimensional prototype vector. Each hid
den neuron contains its own prototype vector as a parameter. The output of 
each hidden neuron is then weighted and passed to the output layer. The out
puts of the network consist of sums of the weighted hidden layer neurons. 
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In this paper, the RBF network is used in supervised applications, we set 
the hidden layer functions of the form of Eq.(l) 

g{\\x-vf) = i \ \ x - v f + i r i (1) 

Where x is the input matrix and v is the prototype matrix, and || • ||'̂  is the 
sum of the squares of the elements of the matrix.Our task is to minimize the 
training error, we can define the error function; 

E=l\\Y-Yfp (2) 

Where Y is the matrix of the target (desired) value for the RBF output, Y is 
the matrix of the actual value of the RBF output, and || • |i|, is the square of 
the Froebinius norm of a matrix, which is equal to the sum of the squares of 
the elements of the matrix. 

3. Fuzzy adaptive kalman filter 

3.1 Extended kalman filter 

The extended kalman filter is a widely used estimation algorithm.ln this 
section we briefly outline the algorithm and give the extended kalman recur-
sion.More details of the extended kalman filter are widely available in the liter-
ature[14]. Consider a nonlinear finite dimensional discrete time system of the 
form; 

9k+i = f{0k) + m: ^3j 
yk = h(dk~i) + i^k 

Where the vector 6^ is the state of the system at time k, cĵ is the process 
noise, y^ is the observation vector, ẑ fcis the observation noise, and /(•) and 
h{-) are nonlinear vector functions of the state. Assume that the initial state 
9Q and the noise sequences {/ŷ } and {wĵ } are Gaussian and independent from 
each other with AE{eQ) = eQ,AE[{da - ^o)(6'o - GQV] = 'PQ,AE{ujk) = 
0,AE{ukiof) = Q5kt,AE{uk) = 0,AE{ukuf) = Rvkt, where AE{-) is the 
expectation operator and 8kt is the Kronecker delta. The problem addressed 
by the extended Kalman filter is to find an estimated 6n+i of 6k^\ given ijj 
(j = 0 , . . . , k) by the recursion 

Kk = PkHkiR + HlPkHk:)-^ (4) 
P,+i = Fk{Pk - KkHlP,,)F'i' + Q 

where F^ and Hf can be obtained by 

H, T _ dh{») 1 (5) 

Kk is known as the kalman g&m,Q is the process noise covariance matrix and 
R is the measurement noise covariance matrix. 
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3.2 Fuzzy adaptive Kalman Filter 

The optimality of the estimation algorithm in the KF setting is closely con
nected to the quality of a priori information about the process and measure
ment noise. If a priori filter statistics is, insufficiently known, the precision 
of the estimated filter states can be reduced and biases to the estimates may 
be introduced. In addition, incorrect a priori information can lead to practi
cal divergence of the filter. From the aforementioned it may be argued that 
the conventional KF with fixed R and/or Q should be replaced by an adaptive 
estimation formulation. In this paper an innovation adaptive estimation (lAE) 
approach coupled with fuzzy logic techniques is used to adjust the R matrix 
of the KF. Here the innovation Inrik at sample time k in the KF algorithm is 
the difference between the real measurement yfc,received by the filter and its 
estimated (predicted ) y^, and is computed as follows: 

Imik = yk - i/k- (6) 

The predicted measurement is the projection of the filter predicted states Ok^i 
onto the measurement space, 

:yfc = h{ek-i) (7) 

The actual covariance is defined as an approximation of the Inrik sample 
covariance through averaging inside a moving estimation window of size N 
which takes the following form: 

d , = — ^ ( / n n t / n n D (8) 
' • — ' ' • ( 1 

Where io = A; — M + 1 is the first sample inside the estimation window. 
An empirical experiment is conducted to choose the window size M. From 
experimentation it was found that a good size for the moving window in Eq.(8) 
is 15. 

The theoretical covariance of the innovation sequence is defined as 

Sk = HkP,: HJ + R, (9) 

The logic of the adaptation algorithm using covariance matching technique 
can be qualitatively described as follows. If the actual covariance value 6^ is 
observed, whose value is within the range predicted by theory Sk and the dif
ference is very near to zero, this indicates that both covariances match almost 
perfectly and only a small change is needed to be made on the value of R. If 
the actual covariance is greater than its theoretical value, the value of R should 
be decreased. On the contrary, if Cr, is less than Sk, the value of R should 
be increased. This adjustment mechanism lends itself very well to being dealt 
with using a fuzzy-logic approach based on rules of the kind: 

IF < antecedent > THEN < consequent > (10) 
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Figure 1. Membership function of deltai-, and ARk• 

Where antecedent and consequent are of the form x 6 Mi, y G Ni, i = 
1,2,.,. respectively, where x and y are the input and output variables respec
tively, and Mi and iV,: are the fuzzy sets. 

To implement the above covariance matching technique using the fuzzy 
logic approach, a new variable called delta, is defined to detect the discrep
ancy between Q . and 5^. The following three fuzzy rules of the kind (10) are 
used : 

IF < dettak Si 0 > THEN < Rk is unchanged > 
IF < deltak > 0 > THEN < Rk is unchanged > 
IF < deltak < 0 > THEN < Rk is unchanged > 

Thus R is adjusted according to Rk = Rk-i + A/?/c, where ARk is added or 
subtracted from R at each instant of time. Here deltak is the input to the fuzzy 
inference system (FIS) and ARk is the output. 

On the basis of the above adaptation hypothesis, the FIS can be imple
mented using three fuzzy sets for deltak', N = Negative, Z — Zero and 
P = Positive. For ARk the fuzzy sets are specified as / = Increase, M = 
Maintain and D = decrease. The membership functions of these fuzzy sets 
are shown in Fig.l. 

By excuting the FIS, we obtain the adjusting value AR of R.Thus,the ex
tended kalman filter recursion of Eq.(4) can be modified as follows: 

(II) 

(9, = / ( ! , ) +-f^*:[j/fc-M^*-l)] 
Kk = PkHk{Rk + H'[PkH,,r' 
Rk = Rk-i + ARk 
Pk-,i = FkiPk ~ KkHlPk)Fl + Q 

4. Training RBF networks with the fuzzy adaptive 
kalman filter 

In this section we apply the fuzzy adaptive Kalman filter to the training of 
RBF networks. In general, we can view the optimization of the weight ma
trix W and the prototypes Vj as a weighted least-squares minimization prob
lem, where the error vector is the difference between the RBF outputs and the 
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target values for those outputs. Consider the RBF network with rn inputs, c 
prototypes, and n outputs. We use y to denote the target vector for the RBF 
outputs,and h{9k) to denote the actual outputs at the fcth iteration of the opti
mization algorithm. 

y = [ j / u • • • yiM • • • Vnl • • • y„.M^'^ 

Hdk) = [yii • • • yiM • • • y„i. • • yv.M]i 
r (12) 

Note that the y and y vectors each consist of riM elements, where n is the 
dimension of the RBF output and M is the number of training samples. In 
order to cast the optimization problem in a form suitable for fuzzy adaptive 
kalman filter, we let the elements of the weight matrix W and the elements 
of the prototypes Vj constitute the state of a nonlinear system, and we let the 
output of the RBF network constitute the output of the nonlinear system to 
which the fuzzy adaptive kalman filter is applied. The state of the nonlinear 
system can then be represented as 0 = [wf ... w'^vj ... uj']" ,̂the vector 9 thus 
consists of all(n(c;+1) + mc) of the RBF parameters arranged in a linear array. 
The nonlinear system model to which the fuzzy adaptive kalman filter can be 
applied as 

dk+i = 6k + ujk , , 
I/A: = h{9k) + Uk 

where /?,(0fc) is the RBF network's nonlinear mapping between its parameters 
and its output, tok and i^k are artificial process noise and measurement noise 
added to the system model. Now we can apply the fuzzy adaptive kalman filter 
recursion of Eq.(l l)./(-)is the identity mapping and yk the target output of the 
RBF network.(Note that although yk written as a function of the Kalman itera
tion number k, it is actually a constant.) h{6k) is the actual output of the RBF 
network given the RBF parameters at the A;th iteration of the fuzzy Kalman re
cursion. Hk is the partial derivative of the RBF output with respect to the RBF 
network parameters at the A;th iteration of the fuzzy Kalman recursion. Fk is 
the identity matrix(a constant even though it is written as a function of A;). The 
Q and R matrices are tuning parameters which can be considered as covari-
ance matrices of the artificial noise processes and , respectively. The partial 
derivative of the RBF output with respect to the RBF network parameters is 
given by 
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where Hy is given by 

~wug'ii2{xi - Vi) 

H„ = 

-'i-uiig'ii2[xi ~vi) ... 

-Wnig'u2{xi 

—Wiig'„,i2{x,n - Vi) . . . 

-Wug',nl2{x,n - Vl) ... 

-Vl) . . . —UJn l .g™l2(Xm. " l ) 

-M„c.gin2(a;i - Vr.) 

(15) 

~'W„.r.g'rnr.'2(3:n,. ~ Uc) _ 

where Wij is the element in the ith row and jth column of the W weight 
matrix, g'j^j — g'{\xi - Ujp) = -g(j|a;i - tijp + 1)^3 (where (/,(•) isthe 
activation function at the hidden layer),x'.j is the ith input vector, and v] is the 
jth prototype vector. H.^ in Eq.(15) is an rnc x nM matrix. Hyj is given by 

Hm 

H 
0 

0 
H 

... 0 

. . . 0 

0 H 

(16) 

Where H is given by 

H = [h;... AM] = 

hai 
hii 

hci 

hiM 

hcM 

(17) 

Where hok = l(/c = 1,, M),hjk = g{\\xk - v,f)ik = 1,, M), (.7 = 1,, c). 
Hy, in Eq.(l6) is an n{c + 1) x nM matrix. And iffc in Eq.(14) is an [ri{c + 
1) + rnc] X nM Matrix. Now that we have the /ffc matrix, we can execute 
the recursion of Eq.( 11), thus using the fuzzy adaptive kalman filter in order to 
determine the weight matrix W and the prototypes Vj. 

5. Simulations 
In this section we describe and illustrate the use of fuzzy adaptive kalman fil

ter training for the parameters of an RBF network. We tested the algorithms on 
the classical Iris classification problem [13]. The networks were trained to re
spond with the target value yik = 1, and y^k = 0 Vj j^ i, when presented with 
an input vector Xk from the ith category. The reformulated RBF networks were 
trained using the hidden layer function of Eq.(l). The training algorithms were 
initialized with prototype vectors randomly selected from the input data, and 
with the weight W set to 0. In order to test the performance of the algorithm, 
we compare the results with gradient descend and extended kalman filter from 
the following aspects: percent of correctly classified (Fig.j), average number 
of iterations required for learning convergence (Fig. 2) and average GPU time 
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Figure 2. Average percent of correctly classified. 

Number of Hidden Untls 

Figure 3. Average number of iterations required for learning convergence. 

required for learning convergence (Fig. 3). The gradient descent optimiza
tion algorithm was terminated when the error function of Eq.(2) decreased by 
less than 0.1%. The extend kalman filter parameters of Eq.(9) were initialized 
with PQ = 40/, Q = 40/,and R = 40/, where / is the identity matrix of 
appropriate dimensions. The extended kalman filter recursion was terminated 
when the error function of Eq.(2) decreased by less than 0.1%. The fuzzy 
adaptive kalman filter parameters of Eq,(15) were initialized with PQ = 40/, 
Q = 40/,and BQ ~ 40/,and where / is the identity matrix of appropriate di-
mensions.The number of hidden units in the RBF network was varied between 
1 and 15. 
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Figure 4. Average CPU time required for learning convergence. 

Fig. 1. depicts the performance of the RBF network on the test data when the 
network was trained with gradient descent, extended kalman filter and fuzzy 
adaptive kalman filter. It can be seen from the figure that, at first, gradient 
descent training resulted in a better performing network than extended kalman 
filter and fuzzy adaptive kalman filter. But as the number of hidden units in
creases, the fuzzy adaptive kalman filter training resulted in better performance 
than gradient descent training and extended kalman filter training gradually. 
The RBF network reaches a peak performance of about 97% by the fuzzy 
adaptive kalman filter training while the best performance by extended kalman 
filter training and gradient descent training is about 96% and 95% respectively. 
Fig.2 shows the number of iterations required for convergence for gradient de
scent training, extended kalman filter training, and fuzzy adaptive kalman filter 
training. Fig. 3 compares the CPU time required for convergence for the three 
training methods. (The CPU time is measured in seconds on a Pentium(R) 4 
2.93GHz CPU running MATLAB.) With just one or two hidden units, the CPU 
time is comparable for each of the three methods. But as the number of hidden 
units increases above one or two, the CPU time is required by gradient descent 
reaches a fully order of magnitude greater than that required by the extended 
kalman filter and the fuzzy adaptive kalman filter. The fuzzy adaptive kalman 
filter requires a little more amount of CPU time than required by the extended 
kalman filter. This is because that the fuzzy adaptive kalman filter requires a 
fraction of the computational effort to compute the fuzzy control system. 
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6. Conclusion and Future Work 

This paper demonstrates that how to train RBF network kalman filter. The 
problem with incomplete a priori knowledge of Q and R matrices is considered. 
An adaptive Kalman filter approach, based on the filter innovation sequence 
coupled with fuzzy logic techniques is discussed. A performance comparison 
is made among gradient descent, extended kalman filter and fuzzy adaptive 
kalman filter. Simulation results show that fuzzy adaptive kalman filter train
ing converges more quickly than gradient descent training and finds a better 
solution than extended kalman filter training. 

Further research could focus on the application of fuzzy adaptive kalman 
filter to other type networks. Additional efforts could be focused on applying 
the technique to large problems. 
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