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Abstract Realistic optimal control problems from flight mechanics are currently 
solved by sophisticated direct or indirect methods in a fast and reliable 
way. Often one is not only interested in the optimal solution of one 
control problem, but is also strongly interested in the sensitivity of the 
optimal solution due to perturbations in certain parameters (constants 
or model functions) of the process. In the past this problern was solved 
by time-consuming parameter studies: A !arge number of almost similar 
optimal control problems were solved numerically. Sensitivity deriva
tives were approximated by finite differences. Recently a new approach, 
called parametric sensitivity analysis, was adapted to the direct solution 
of optimal control processes (3] . It uses the information gathered in the 
optimal solution of the unperturbed (nominal) optimal control problern 
to compute sensitivity differentials of all problern functions with respect 
to these parameters. This new approach is described in detail for an 
example from trajectory optimization. 

Keywords: parametric sensitivity analysis, optimal control, direct methods, trajec
tory optimization. 

Introduction 

Realistically modelled optimal control problems can be solved effi
ciently and reliably by sophisticated direct and indirect methods ( see 
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e.g. the survey articles [1], [10]). Trajectory optimization problems for 
aircrafts and space vehicles usually pose hard challenges for the direct 
and indirect solution algorithms. A couple of direct algorithms have 
proved their ability to solve accurately and reliably trajectory optimiza
tion problems in the last decade, such as e.g. SOCS (Betts [2]), GESOP 
(Jansch, Well, Schnepper [9]), DIRCOL (von Stryk [12]) and NUDOC
CCS (Buskens [3]). Trajectory optimization problems use in general 
complicated models of the surrounding atmospheric effects, the perfor
mance and consumption of the engines and the ability to maneuver. 
Usually optimal solutions are computed at first for a nominal data set of 
the model. Later huge parameter studies are done for perturbed model 
data. This means that the whole optimization process is started again 
for the huge number of perturbed models. 

We present a new approach of Buskens [3]: Exploiting already com
puted information during the solution of the nominal optimal control 
problem to derive sensitivity information. This substitutes the addi
tional solution of perturbed optimal control problems. 

We explain the new approach of parametric sensitivity analysis in 
detail for an example from flight mechanics. The trajectory optimiza
tion problem is concerned with minimizing the amount of fuel used per 
travelled range over ground with periodic boundary conditions. It is 
interesting that by periodic trajectories and controls savings in fuel con
sumption can be achieved in comparison to the steady-state solution. 

In order to normalize the changing effects of the atmosphere due to the 
weather, one uses data of a reference atmosphere in the computational 
model. Unfortunately there exist a couple of reference atmospheres. 
Additionally one is also interested in realistic changes of the air density 
onto the computed optimal solution. 

We therefore provide not only the nominal solution but also the sen
sitivity with respect to the air density as an example. Note that no 
parameter studies are needed. Information gathered during the compu
tation of the nominal solution is used. 

Applications to further perturbation parameters in the model are 
straight forward. 

1. A Trajectory Optimiziation Problem 
Aircraft usually use steady-state cruise to cover long distances. It 

is interesting, that these steady-state trajectories are non-optimal with 
respect to minimizing fuel [11]. 

The following optimal control problem from [8], enlarged by a per
turbation parameter p, describes the problem of minimizing fuel per 
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travelled range over ground for a realistically modelled aircraft flying in 
a vertical plane. 

State variables are velocity v, flight path angle 'Y, altitude hand weight 
W. The range x is used as the independent variable. The lift coefficient 
CL and the throttle setting 6 are the control variables. 

For a given value of the perturbation parameter p (nominal value is 
here Po = 1) find control functions CL(x;p) and 6(x;p) and the final 
range xr (p) such that the cost functional 

I= [Wo- W(xr)]/xr 

is minimized and the following equations of motion, control constraints 
and boundary conditions are fulfilled. 

dv g [T(h, M) 6- D(h, M, CL) . ] 
dx 

-- -Slll'Y 
v cos'Y Wo 

d'Y !!_ [L(h,M,CL) _ 1] 
dx v2 Wo cos'Y 

(1) 
dh 
dx 

tan'Y 

dW -T(h, M) 6 c(h, M) 
dx V COS'Y 

0 < CL < CL,max (2) 
6min < 6 < 1 

v(O) = v(xr), 'Y(O) = 'Y(xr), h(O) = h(xr), W(O) = Wo (3) 

Model functions are the Mach number M, speed of sound a, thrust 
T, consumption c, lift L, drag D, air density p. S denotes the constant 
reference area. g denotes the gravitational constant. 

M(v,h) = vja(h) 

a(h) = a4·1/t aihi 

T(h,M) c1(h) + c2(h)M + c3(h)M2 + c4(h)M3 
c(h,M) d1(h) + d2(h)M + d3(h)M2 + d4(h)M3 

L(v,h,CL) p(h) S v2 CL/2 
D(v,h, CL) p(h) S v2 [Cvo(M) + b.Cv(M, CL)]/2 

Cvo(M) = a1 arctan[a2 (M- a3)] + a4 
b.Cv(M,CL) = b1(M)Ct + b2(M)C£ + b3(M)Cf + b4(M)Cf 

p(h) = p Po exp [!h + f36h + /35 exp(t1 f3ihi)] 
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The coefficients of the polynomials bi ( M), Ci (h), di (h), and the constants 
po, f3i, ai, S, ai, Wo, b"min, CL,max can be found in the [8]. 
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Figure 1. 
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As an additional perturbation parameter we use p. A solution by an 
indirect multiple shooting algorithm is presented in [8] for the nominal 
value of Po = 1. In these times, before sophisticated direct methods 
were developed, elaborated homotopies were required for the indirect 
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Figure 5. Nominal optimal control Figure 6. N aminal optimal control 
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solution. Today these initial estimates for the indirect method can be 
provided easily by direct methods. The figures 1-4 show the optimal 
states and the figures 5-6 show the optimal controls for the nominal value 
of p = p0 = 1 computed by the direct method NUDOCCCS (Buskens 
[3]). 

Moreover the direct method NUDOCCCS can compute in a post
processing step also the sensitivities of the optimal states ( x; p), ... , 

(x;p) and the optimal controls (x;p), g;(x;p) with respect to 
perturbation parameters p. 

2. Parametric Sensitivity Analysis 
The general mathematical approach for a parametric sensitivity anal

ysis of perturbed optimal control problems is based on NLP methods: 
The following autonomous perturbed control problem of Mayer-form 

will be referred to as problem OCP(p): 
For a given perturbation parameter p E P find control functions 

u(x;p) and the final time xr(p) such that the cost functional 

J = g(y(xr),p) 

is minimized subject to the following constraints 

y'(x) = f(y(x), u(x),p) , 
'1/J(y(O),y(xr),p) = 0 
C(y(x), u(x),p) 0 

x E [O,xr], 

x E [0, xr]. 

(4) 

(5) 
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Herein y(x) E 1Rn denotes the state of a system and u(x) E 1Rm the 
control with respect to an independent variable x, which is often the 
time. 

In the previously introduced trajectory optimization problem the in
dependent variable x denotes the range, the state is given by 
y := (v,"(,h, W)T and the control by u := (CL,J)T. 

The functions g : 1Rn x P -+ 1R, f : JRn+m x P -+ JRn, 'ljJ : JR2n x p -+ 
1Rr, and C : 1R n+m x P -+ 1R k are assumed to be sufficiently smooth on 
appropriate open sets. The final time Xf is either fixed or free. Note that 
the formulation of mixed control-state constraints C(y(x), u(x),p) 0 
in (5) includes pure control constraints C(u(x),p) 0 as well as pure 
state constraints C(y(x),p) 0. It is well known, that problems of 
form OCP(p) can be solved efficiently by approximating the control 
functions ui u(xi) for given mesh points Xi E [0, xr], i = 1, ... , N and 
solving the state variables by standard integration methods. This leads 
to approximations y(xi; z,p) y(xi), z := (u1 , ... , uN) of the state at 
the mesh points Xi. For a more detailed discussion please refer to [3]-
[6]. 

Therefore the optimal control problem OCP(p) is replaced by the 
finite dimensional perturbed nonlinear optimization problem NLP(p) 

For a given p E P 
mm g(y(xN; z,p),p) s.t. 

z 
't/J(y(xN; z,p),p) = 0, 

(6) 

C(y(xi;z,p),ui,p) 0, i = 1, ... ,N. 

Several reliable optimization codes have been developed for solving NLP 
problems (6), like e.g. SQP methods. This idea is implemented e.g. in 
the direct methods SOCS, GESOP, DIRCOL and NUDOCCCS. 

An additional, and to our knowledge unique, feature of NUDOCCCS 
(Buskens [3]) is the ability to compute accurately the sensitivity differ
entials of the approximations 

y(x;po + y(x;po) + · 
u(x;po + u(x;po) + · 

This is done by the following idea: 

(7) 

Let zo denote the unperturbed solution of NLP(p0 ) for a nominal 
parameter p =Po and let ha denote the collection of active constraints 
in ( 6). 

L(z,J-l,p) := g(y(xN;z,p),p) + J-l Tha(z,p) 

is the Lagrangian function with the associated Lagrange multiplier f-l· 
Then the following results hold [7]: 
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Solution Differentiability for NLP-problems: Suppose that the 
optimal solution (zo, J-Lo) for the nominal problem NLP(po) satisfies a 
maximal rank condition for second order sufficient optimality 
conditions and strict complementarity of the multiplier p,. Then the un
perturbed solution (zo, can be embedded into a C1-family of perturbed 
solutions (z(p), p,(p)) for NLP(p) with z(po) = zo, p,(po) = /-LO· 

The sensitivity differentials of the optimal solutions are given by the 
formula 

( ) = _ ( )-l ( Lz:) 
hz 0 hp 

(8) 

evaluated at the optimal solution. This formula provides good approxi
mations for the sensitivity of the perturbed optimal controls at the mesh 
points, i.e. for the quantities Po), i = 1, ... , N. Then the state 

sensitivities (Xi; Po) are obtained by differentiating the control-state 
relation in (6) y(xi) = y(xi, z,p) with respect to the parameter p: 

The sensitivity differentials of the adjoint variables or objective func
tional can be calculated respectively. 

10 .----....-----.-----,--..,.---..., 

Figure 7. Sensitivity 8vf8p(x;p0 ) Figure 8. Sensitivity O'""'f/8p(x;po) 

We return back to the example. In the first step the optimal nomi
nal solution is calculated by the code NUDOCCCS of Buskens [3], see 
figures 1-6. In the second step the sensitivity differentials of the model 
functions (states, controls, adjoint variables, cost functional and further 
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interesting model functions) are calculated from equations (8, 9), see 
figures 7-12. 

These figures provide valuable information for the engineers. Addi
tional perturbation parameters can be added to the model. Basically 
only an additional matrix vector multiplication is needed in order to 
compute the sensitivity differentials of the states and controls for each 
component of the perturbation parameter. 
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