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Abstract In this paper we study the steady state flow equation, which can be 
treated as an eigenvalue problem, and we shall apply the results from 
the topological degree theory and from the bifurcation theory. 
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Let 0 RN (0 = RN - P), 2 :s; N :s; 3, be a domain with enough 
smooth boundary, Q = 0 X (0, +(0),:E = ao X (0, +(0), with P a 
bounded region in RN. 

We consider the Navier-Stokes system, for the flow of an incompres
sible fluid: 

(\7 . u)(x, t) = 0 (the incompressibility condition) (1) 

Ut(x, t) + (u· \7) (x, t) - vb..u(x, t) = \7p(x, t) + f(x, t), (x, t) E Q (2) 

(the N avier - Stokes flow equation) 

u = 0 on :E and u -t (1,0,0) for Ixl -t +00. (3) 

We supose that the body forces are of potential type, i. e. 

f(x, t) = \7 x V (x, t) (4) 
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and we note q := p + V, where p is the (unknown) pressure in fluid. 
Then we can write (2) under the form: 

Ut(x, t) + (u . \7) u(x, t) - v.6.u(x, t) = \7q(x, t), (5) 

where v is the dynamical viscosity (v = 1e is the inverse of the Reynolds 
number). Here, the velocity U = (Ul, ... , UN) and the "pressure" q are 
not known, and they must be determined from the system (1) - (3) . 

We shall study the case of the steady state flow: Ut = 0 {:} U = canst. 
The equation (5) becomes: 

(U· \7) U (x, t) - v.6.u (x, t) = \7q (x, t) (6) 

Let X := {y E (L2 (O))N ; \7 . y = 0, y . n = 0 on aD} be the Hilbert 

space of "incompressible fluids" and E := {y E (HJ (O))N ; \7 . y = O} 

be a subspace of X, and P : (L2 (O))N ----+ X is Leray projector. 
Denote by A E L (E, E) the Stokes operator: 

(Ay,w) = \7Yi' \7widx ,'iy,w E E 

and define the nonlinear form: 

N 

b (y, z, w) := k YiDiZjwjdx 

which determines the nonlinear operator C : E ----+ E: 

C(y,W):= b(y,y,w),'iy,w E E. 

Then we can reformulate the problem (6) as the problem 

vAy + C (y) = P(q) (7) 

where A is simmetric, i.e. (Ay, w) = (y, Aw) ,and strongly monotone, 
because (Ay, y) :::: IIYIl2. This is an eigenvalue problem, having v as 
eigenvalue parameter. 

Because the embedding E'----+X is compact (2 :::; N:::; 3) (from exten
sion of Sobolev theorem for unbounded domains - see [2]), we have that 
the operator C : E c X ----+ X, C = 10 C, is compact (the composition 
of a compact operator with a continuous one). Similary, the operator 
A = loA is compact, too. 

Using the fact that e (y, w) is . linear in w, we can prove that there 
exists c> 0 such that: 

lie (y)11 :::; c· Ilyll, 'iy E E, (8) 
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where c is the supremum of the "pressure" of fluid. 
Denote by T: X --+ X, T:= P (q) and e:= c - T, and by (7), there 

exists k> ° such that: 

lie (y)11 ::; k ·llyll, Vy E E, (9) 

The equation (7) can be written: 

(10) 

Now, for two operators I:- : D (I:-) X --+ X and N : D (N) X --+ X, 
where I:- is linear and maximal monotone, and N is compact, we have 
that: vI:- +N = I + vI:- - I +N = (I + vI:-) (I - (I + vl:-)-l (I - N)) . 

Because I:- : X --+ X is maximal monotone, we have that I + v I:- is 
invertible, and the equation vl:-y + N (y) = ° becomes: 

(I - (I + vl:-)-l (I -N)) (y) = ° (11) 

Denote by M (v) := (I + vl:-)-l (I - N), and remark that this operator 
is a compact one. 

If Dc X is an open bounded set such that: vl:-y+N (y) i- 0, Vy E aD, 
then we define the coincidence degree of the pair (I:-, N), relatively to 
D by dv ((I:-,N) , D) := dLS (I - M (v), D, 0), where dLS denotes the 
Leray-Schauder degree. So, this coincidence degree has the properties of 
the Leray-Schauder degree. 

Theorem 1 If dv ((I:-,N) , D) i- ° then the equation vl:-y + N (y) = ° 
has at least one solution in D. 

Proof. We have that dLS (I - M (v) ,D, 0) i- 0, and from the solution 
property for the Leray-Schauder degree (see [1]) there exists y E D such 
that (I - M (v)) y = 0, and so it results that vl:-y + N (y) = 0. 

Theorem 2 Let (Vt)tE[O,lj C (0,00) be a continuous deformation such 
that the equation vtl:-y + N (y) = ° has no solutions y E aD, for all 
t E [O,lJ. Then dvt ((I:-,N) ,D) is independent oft E [0, IJ. 

Proof. The conclusion results from the invariance of Leray-Schauder 
degree to the homotopy (see [1]). 

Now, we want to find the bifurcation points of equation (10) , i.e. the 
points (v,O) acumulating nontrivial solutions of (10) . 

Denote by C (A) the set of all characteristic values of A. Because A 
is linear, the algebraic multiplicity of this characteristic values is l. 

We can state the following result: 
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Theorem 3 If Va E C (A) is such that dist (va, C (A) \ {va}) > 2, then 
the equation (10) has at least one bifurcation point in (va - 1, Va + 1) . 

Proof. We have that the algebraic multiplicity of Va, m (va) = l. 

Let E =dist (va, C (A) \ {va} ) - 2 > 0, VI = Va - 1 - E, V2 = Va + 1 + E. 

We have that: dist (VI, C (A)) = dist (V2' C (A)) = 1 + E. 

We shall prove that for any r > 0, the equation (10) has a solution 
(vr, Yr) such that: Vr E (va - 1, Va + 1) and iiYrii = r. 

Let r > ° be arbitrary fixed. Assume by contradiction that 

vAy + C (y) =1= 0, V iiyii = r and V E (VI, V2) . 

We have that 

dLS (I - (I - C) ,B (0, r) , 0) = 

dV2 ((0, C) , B (0, r)) 
(12) 

Consider the homotopies HI = Vit (A - !;;1) + (1- t) C, t E [0,1], 

i = 1,2. Because A : D (A) X ---7 X is maximal monotone, the 

operator A - I is also maximal monotone. We have 
Vi 

/lviAy/i :S IlviAy - y + yll :s IlviAy - yll + iiyii =? 

IlviAy-yll IlviAyll-iiyii iiyii-iiyii >0, VyEB(O, r), i=l, 2. 

By the invariance of the coincidence degree to homotopy we have: 

dVi ( ( A - :i I, 0) ,B (0, r)) = dVi ((0, C) ,B (0, r)) ,i = 1,2. (13) 

We know that A-I: X ---7 X is linear, continuous and compact. 
From (12) - (13) we obtain 

dV1 ( (A - :/' 0) ,B (0, r)) = dV2 ( ( A - :2 I, 0) ,B (0, r)) , 
i.e. 

dLS(I- :IA-1,B(O,r) ,0) =dLs(I- :2A-1,B(0,r) ,0) 
But 

(14) 

dLS (I - :1 A-I, B (0, r) ,0) = (_I)m(vo) dLS (I - :2 A-I, B (0, r), 0) 
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and m (vo) = 1, which contradicts (14) . 

Now, we have that 

v A + C = 1 + v A - 1 + C = (1 + v A) (1 - (1 + v A) -1 (1 - C) ) , 

so, the equation (10) is equivalent to 

(1 - (1 + vA) -1 (1 - C)) (y) = 0 {:} 

y = (1 + vA)-l (1 - C) (y) {:} 

y = (1 + v A) -1 Y + (1 + v A) -1 C (y) (15) 

where the operator (1 + vA) -1 C is compact, as the composition of a 
compact operator with a continuos one. 

Denoting by L := (1 + vA) -1 and by N := (1 + vA) -1 C, the equa

tion (15) becomes 
y = Ly + N(y), 

where liN (y)11 :S c '1Iyll, with c> O. 

(16) 

It is easy to see that J-L = 1 is a characteristic value for L and its 
multiplicity is 1. 

Consider now the eigenvalue problem: 

(17) 

Denote by Co = {[J-L, 0] ; J-L E R} , So the set of nontrivial solutions, and 
S :=So. 

For J-L = 1, the equation (17) is in fact the equation (16) . 
Based on the well-known results from the bifurcation theory (see [1]), 

namely Krasnoselskii and Rabinowitz theorems, we can state the follow
ing 

Theorem 4 The point [1,0] E Co is a bifurcation point for equation 
(17) . 

Proof. Because J-L = 1 is a characteristic value of L with odd multiplicity, 
we can apply Krasnoselskii theorem, and thus [1,0] is a bifurcation point 
for equation (17). 

Theorem 5 Under the above conditions, S contains a connected com
ponent £, passing by [1,0] E Co, with one of the properties: 
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1. £ is unbounded in R x X; 

2. £ a finite number of points [JLj, OJ with JLj characteristic 
values of L. Moreover, the number of points with odd multiplicity 
- including [1, OJ - is even. 

Proof. Indeed, for JL = 1, which has odd multiplicity, the result follows 
from Rabinowitz theorem. 

Comments. Writing Navier-Stokes system as an eigenvalue problem in 
the case of steady state flow we can deduce not only the existence of the 
solutions, but also the branche structure of solutions and the bifurcation 
points. This is perfectly concordant with the physical meaning of steady 
state flow. Moreover, we see the power of topological methods for solving 
such problems. 
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