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Abstract Various optimization problems for linear parabolic systems with mul
tiple constant time delays are considered. In this paper, we consider 
an optimal distributed control problem for a linear parabolic system in 
which multiple constant delays appear in the state equation. Sufficient 
conditions for the existence of a unique solution of the parabolic time 
delay equation with the Dirichlet boundary condition are proved. The 
time horizon T is fixed. Making use of the Lions scheme [9J, necessary 
and sufficient conditions of optimality for the Dirichlet problem with 
non-quadratic criterion and constrained control are derived. 
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Introduction 

Various optimization problems associated with the optimal control of 
distributed parabolic systems with time delays appearing in the boun
dary conditions have been studied recently in Refs. [lJ-[8J and [11]'[12J. 

In this paper, we consider an optimal distributed control problem for 
a linear parabolic system in which multiple constant time delays appear 
in the state equation. 

Such systems constitute in a linear approximation, a universal mathe
matical model for many diffusion processes. 

Sufficient conditions for the existence of a unique solution of such 
parabolic equations with the Dirichlet conditions are proved. In this pa
per, we restrict our considerations to the case of the distributed control 
for the Dirichlet problem. Consequently,we formulate the following op-
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timal control problem. We assume that the performance functional has 
non-quadratic form. Moreover, the time horizon is fixed in our optimiza
tion problem. Finally, we impose some constraints on the distributed 
control. Making use of the Lions framework [9J necessary and sufficient 
conditions of optimality for the Dirichlet problem with non-quadratic 
criterion and constrained control are derived. 

1. Existence and uniqueness of solutions 

Consider now the distributed-parameter system described by the fol
lowing parabolic delay equation 

o m 
+ A(t)y + (; bi(x, t)y(x, t - hi) = v xED, t E (0, T) (1) 

y(x, t') = <1>0 (x, t') xED, t' E [-hm, O) 

y(x,O) = yo(x) xED 

y(x, t; = 0 x E r, t E (0, T) 

(2) 

(3) 

(4) 

where: D c R n is a bounded, open set with boundary r , which is a 
Coo-manifold of dimension n - 1. Locally, D is totally on one side of r , 

y == y(x, t;v), v == v(x, t), 
Q = D x (0, T), Q = n x [0, TJ, 

Qo = D x [-hm, 0), I: = r x (0, T), 

bi are given real Coo functions defined on Q, 
hi are specified positive numbers representing multiple time delays, such 

that 0 :::; hi < h2 < ... < hm for i = 1, ... , m, 
<1>0 is an initial function defined on Qo. 

The operator A(t) has the form 

0 ( oy(x, t)) A(t)y = - L.; aij(x, t) 0 . 
.. 1 x] 
t,]= 

and the functions aij(x, t) satisfy the condition 
n n 

L aij(x, t)<1>i<1>j 2: a L <1>; a> 0, V(x, t) E Q, V<1>i E R 
i,j=l i=l 

where: aij(x, t) are real Coo functions defined on Q (closure of Q). 
The equations (1)-(4) constitute a Dirichlet problem. 

(5) 

(6) 

First we shall prove sufficient conditions for the existence of a unique 
solution of the mixed initial-boundary value problem (1)-(4) for the case 
where v E Lq(Q), 1 < q < 00. 
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The existence of a unique solution for the mixed initial-boundary value 
problem (1)-(4) on the cylinder Q can be proved using a constructive 
method. Using the results of Section 14 ([9], pp. 230-231) we can prove 
the following result. 

Theorem 1.1 Let Yo, <Po and v be given with Yo E Lq(O,), <Po E Lq(Qo) 
and v E Lq(Q), 1 < q < 00. Then) there exists a unique solution 
y E Lq(Q) for the mixed initial-boundary value problem (1)-(4). More-

8y(v) q(Q) . _ over) --!C:)- E L ,Z - 1, ... , n. 
UXi 

Remark 1.1 We refer to [10J for the solution of parabolic problems in 
Lq, q =I- 2. 

2. Problem formulation. Optimization theorem 

We shall now formulate the optimal control problem for the Dirichlet 
problem. Let us denote by U = Lq(Q) the space of controls. The time 
horizon T is fixed in our problem. 

The performance functional is given by 

I( v) = '\1 J I y(x, t; v) - Zd I
q dxdt + '\2 II v Illq(Q) (7) 

Q 

where: '\i 0, '\1 +'\2> 0; Zd is a given element in Lq(Q). 
Finally, we assume the following constraint on controls v E Uad , where 

Uad is a closed, convex subset of U (8) 

Let y(x, t; v) denote the solution of the mixed initial-boundary value 
problem (1)-(4) at (x, t) corresponding to a given control v E Uad. We 
note from the Theorem 1.1 that for any v E Uad the performance func
tional (7) is well-defined since y( v) E Lq (Q). The solving of the formu
lated optimal control problem is equivalent to seeking a Vo E Uad such 
that I(vo) ::; I(v) '\Iv E Uad. 

Remark 2.1 If q =I- 2, U is a reflexive Banach space (but not Hilbert); 
but as indicated in [9J (p. 8), results of the type of Theorem 1.3 ([9], 
p.1O) remain valid. 

Then from the Theorem 1.3 ([9], p. 10) - in the case where U is a reflexive 
Banach space - it follows that for '\2 '>0 a unique optimal control Vo 
exists; moreover, Vo is characterized by the following condition 

I'(vo) . (v - vo) 0 (9) 
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But from (7), we have for W E U 

J'(vo) W = + eW)/e=o = 

= Alq J I y(vo) - Zd Iq- 2 (y(vo) - Zd) y(vo)w dxdt + (10) 
Q 

+ qA2 J I Vo Iq- 2 VOW dxdt 
Q 

where a 
= w(w) 

uVo 
Then we may verify that 

(11) 

ow(w) m 
at + AW(w)+trbi(x,t)W(x,t-hi;w)=w, xED, tE(O,T) (12) 

w(x, tf) = 0 xED, t f E [-hm' 0) 

w(x,O;w) = 0 xED 

w(w)lr; = 0 X E r, t E (0, T) 

(13) 

(14) 

(15) 
Consequently, we can express (9) (dividing through by q) in the following 

form Al k I y(vo) - zd Iq- 2 (y(vo) - Zd)W(V - vo)dxdt+ 

+A2 k I Vo Iq-2 vo(v - vo)dxdt 2: 0 "Iv E Uad 
(16) 

To simplify (16), we introduce the adjoint equation and for every 
V E Uad, we define the adjoint variable p = p(v) = p(x, t; v) as the 
solution of the equation 

op(v) * 
---!:l + A (t)p(v) + L bi(X, t + hdp(x, t + hi; v) = 

ut i=1 (17) 

= Al I y(v) - Zd Iq- 2(y(v) - Zd), xED, t E (0, T - hm) 

p(x,T;v) =0 (19) 

p(x, t;v) = 0 X E r, t E (O,T) 

A*(t)p = - t (aij(x, t) OP) 
, '-I OXj OXi 2,J-

(20) 
where 

(21) 

The existence of a unique solution for the problem (17)-(20) on the 
cylinder Q can be proved using a constructive method. It is easy to notice 
that for given Zd and v, problem (17)-(20) can be solved backwards in 
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time starting from t = T , i.e., first, solving (17)-(20) on the sub cylinder 
QK and in turn on QK-l, etc. until the procedure covers the whole 
cylinder Q. For this purpose, we may apply Theorem 1.1 (with an 
obvious change of variables) to problem (17)-(20) (with reversed sense 
of time, i.e., t' = T - t ). 

Lemma 2.1 Let the hypothesis of Theorem 1.1 be satisfied. Then, for 
given Zd E Lq(Q) and any v E Lq(Q), there exists a unique solution 
p(v) E Lq(Q) for the problem (17)-(20). Moreover, 

and 

op(v) op(v) 02 () Lq'(Q) 
OXi OXiOXj P V E 

1 1 
-+-=1. 
q q' 

We simplify (16) using the adjoint equation (17)-(20). For this purpose 
setting v = Vo in (17)-(20), multiplying both sides of (17), (18) by 
w(v - vo), then integrating over n x (0, T - hm) and n x (T - hm, T) 
respectively and then adding both sides of (17), (18) we get 

Al 10 I y(vo) - Zd Iq- 2 (y(vo) - Zd)W(V - vo)dxdt = 

= 10 ( - + A*(t)p(vo)) w(v - vo)dxdt + 

m IT-hm l + L bi(x, t + hi)p(x, t + hi; vo)W(v - vo)dxdt = 
i=1 0 n 

= 1op(vo)! w(v - vo)dxdt + 10 A*(t)p(vo)W(v - vo)dxdt + 

(22) 

Using equation (1), the first integral on the right-hand side of (22) can 
be rewritten as 
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kp(vo) :t w(v - vo) dxdt = - kp(vo)A(t)W(V - vo)dxdt-

m T 
- L r jp(x, t; vo)bi(x, t)w(x, t - hi; v - vo)dxdt+ 

i=l io 
+ kp(vo)(v - vo)dxdt = - kp(vo)A(t)W(V - vo) dxdt -

m jT-hi r 
- (; -hi in p(x, ti + hi; vo)bi(x, ti + hi)w(x, ti; v - vo)dxdti+ 

+ kp(vo)(v - vo)dxdt 

where: ti = t - hi and dt = dti. 
Substituting (23) into (22), after transformations we obtain 

Al k 1 y(vo) - zd Iq- 2 (y(vo) - Zd)W(V - vo)dxdt = 

= kp(vo)(v - vo) dxdt 

Substituting (24) into (16) we obtain 

(23) 

(24) 

j(p(vo) + A21 Vo Iq- 2 vo)(v - vo) dxdt 2: 0, \Iv E Uad (25) 
Q 

Theorem 2.1 For the problem (1)-(4) with the performance functional 
(7) with Zd E Lq(Q) and A2 > ° and with constraints on controls (8), 
there exists a unique optimal control Vo which satisfies the maximum 
condition (25). 

Consider now the particular case where Uad = Lq(Q). 
Thus the maximum condition (25) is satisfied when 

1 '-2 Vo = - -, - 1 p Iq p 
-1 

(26) 

We must notice that the conditions of optimality derived above (Theo
rem 2.1) allow us to obtain an analytical formula for the optimal control 
in particular cases only (e.g. there are no constraints on controls). This 
results from the following: the determining of the function p(vo) in the 
maximum condition (25) is possible from the adjoint equation (17)-(20) 
if and only if we know Yo which corresponds to the control Vo. These 
mutual connections make the practical use of the derived optimization 
formulas difficult. Therefore we resign from the exact determining of the 
optimal control and we use approximation methods. 
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Remark 2.2 We can also consider a non-quadratic form on a Hilbert 
space: take U = L2(Q); then y(v) E Lq(Q) if 1 < q < 2 and hence, in 
particular, we can consider the performance functional (7) with 
1 < q < 2. 

3. Conclusions 

The results presented in the paper can be treated as a generalization 
of the results obtained in [9] onto the case of multiple constant time 
delays appearing in the state equations. 

We can also obtain estimates and a sufficient condition for the boun
dedness of solutions for such parabolic time delay systems. 

Finally, we can consider optimal control problems of hyperbolic sys
tems with multiple time delays appearing in the state equations. 

The ideas mentioned above will be developed in forthcoming papers. 
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