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1. Riccati equations arising in stochastic control 

In the present paper the following Riccati type system of differential 
equations is considered: 
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d r 
-d X(t, i)X(t, i)+X(t, i)Ao(t, i)+ LAk(t, i)X(t, i)Ak(t, i) 

t k=l 
d r 

+ L%X(t,j) - (X(t,i)Bo(t, i) + LAk(t,i)X(t,i)Bk(t,i) 
j=l k=l 

r 

+L(t, i))(R(t, i) + L Bk(t, i)X(t, i)Bk(t, i))-l(Bo(t, i)X(t, i)+ 
k=l 

r 

L Bk(t, i)X(t, i)Ak(t, i) + L*(t, i)) + M(t, i) = 0, i E D. 
k=l 

(1) 

This system arises in optimal control problems associated with the 
time-varying stochastic systems subjected both to multiplicative white 
noise and to Markovian jumping: 

dx(t) = [Ao(t, TJ(t))x(t) + Bo(t, TJ(t))u(t)] dt 
r 

+ L [Ak(t, TJ(t))x(t) + Bk(t, TJ(t))u(t)] dWk(t) (2) 
k=l 

where t E R+, with the state vector x E R n and with the control inputs 
u E R m , TJ(t), t 0 is a right Markov chain with the state space D = 
{I, ... , d} and the probability transition matrix P(t)=[Pij(t)]=eQt , in 
which the elements % of Q have the property that I:i=l % = 0, i E D 
and % 0 if i 1= j. w(t) = (Wl(t), ... ,wr(t))* is an r-dimensional 
standard Wiener process. Throughout the paper it is assumed that the 
coefficients of (1) are bounded and continuous matrix valued functions. 
By it is denoted the Sn EB ... EBSn, Sn being the subspace of symmetric 
n x n matrices. For the next developments the following two definitions 
are reminded: 

Definition 1. The system (Ao, AI, ... , Ar; Q) is exponentially stable in 
mean square (ESMS) if there exist a > 0, f3 1 such that 

where <I>(t, to) is the fundamental matrix of the linear differential equa
tion obtained from (2) w'ith u == O. 

Definition 2. A solution X : R+ ........ of the equation (1) is called 
stabilizing solution if it has the following properties: 

r 

a) inf Idet[R(t, i) + L Bk(t, i)X(t, i)Bk(t, i)]1 > 0, i E D. 
t2::0 k=l 
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_ b) The_system iAo+BoF, fl.l +B1F, ... , Ar+BrF; Q) is stable, where 
F(t) = (F(t, 1), F(t,2), ... , F(t, d)), 

r 

F(t, i) = -[R(t, i) + L B'k(t, i)X(t, i)Bk(t, i)t1[Bo(t, i)X(t, i) 
r k=l 

+ L Bk(t, i)X(t, i)Ak(t, i) + L*(t, i)], (t, i) E R+ xV. 
k=l 

Consider the cost function: 

J (to, xo, u) =E (t) M (t, 'r} (t)) Xu (t) (t) L (t, 'r} (t)) u (t) (3) 

+u* (t) L* (t, 'r} (t)) Xu (t) + u* (t) R (t, 'r} (t)) u (t)] dt 

where M (t, i) = M* (t, i) ; R (t, i) = R* (t, i) , (t, i) E R+ x V and Xu (t) 
denotes the solution of the system (2) corresponding to the input u (.) 
with the initial condition (to, xo) E R+ x R n . In [4] it is proved that the 
solution of the optimal control problem requiring to minimize the above 
cost function under the constraint limt-+ooElxu(t, to,xo)1 2 = ° depends 
on the stabilizing solution of the Riccati system (1). In the particular 
case when Ak = 0, Bk = 0, k = 1, ... , r and V = {I} equation (1) reduces 
to the well-known deterministic control Riccati equation considered in 
the pioneering work of Kalman [8]. If Ak = 0, Bk = 0, k = 1, ... , r 
and d > 2, one obtains the case when the system is subjected only to 
Markovian jumps for which the quadratic optimization problem has been 
studied for instance in [1], [7], [9], [10] and [11]. If V = {I} one gets 
the optimal control problem for stochastic systems with multiplicative 
white noise, previously considered in [2], [3], [5], [6], [12], [13]. 

2. An iterative procedure to compute the 
stabilizing solution of Riccati type systems 

In this section an iterative procedure to compute the stabilizing solu
tion of (1) is presented. The Riccati type system (1) can we rewritten 
in a compact form as: 

d 
dtX(t)+C*(t)X(t)-P*(t, X(t))n-1(t, X(t))P(t,X(t))+M(t) = ° (4) 

C*(t) being the adjoint of the operator C defined as C(t) : -> by 

(C(t)X)(i) = Ao(t, i)+ 
r d 

+ L Ak(t, i)X(i)Ak(t, i) + L qjiX(j) (5) 

k=l . j=l 

t 2: O,i E V,X E and P, nand M are defined as: 

X -> P(t,X) -> M'fn,n 
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r 

Pi(t, X) = Bo(t, i)X(i) + L BZ(t, i)X(i)Ak(t, i) + L*(t, i) 
k=l 

X R(t,X): S!by 
R(t, X) (R1(t, X), R2(t, X), ... Rd(t, X)), 

r 

Ri(t, X) R(t, i) + L BZ(t, i)X(i)Bk(t, i), 
k=l 

M(t) = (M(t,l), M(t,2), ... M(t, d)) E 

The concept of stochastic stabilizability is introduced in standard man
ner (see, e.g. [4]). 

Lemma 3. Assume that the system (2) is stochastically stabilizable. Let 
Fo(t) = (Fo(t, 1), Fo(t,2), ... ,Fo(t,d)) be a stabilizing feedback gain and 
let Xo(t) = (Xo(t, 1), ... , Xo(t, d)) be a bounded with bounded derivative 
solution of the linear differential inequality on 

d 
dt Xo(t) + £Pa (t)Xo(t) + Mo(t) sO (6) 

where Mo(t) = (Mo(t,l), Mo(t,2), ... , Mo(t, d)), Mo(t, i) = M(t, i) + 
Eln + L(t, i)Fo(t, i) + Fo(t, i)L *(t, i) + Fo(t, i)R(t, i)Fo(t, i),c > 0 be fixed. 

Under the considered assumptions, 

Xo(t) - X(t) » 0 (7) 

for any bounded solution X(t) : R+ of the differential inequality 
on 

d 
dt X(t)+£*(t)X(t)- P*(t, X(t))R-l(t, X(t))P(t, X(t))+M(t) »0 (8) 

satisfying the condition 

(9) 

for all (t, i) E R+ x D, P > 0 being a constant. 

Proof. If X(t) is a bounded solution of (8) which verifies (9) one can 
define M(t) = (M(t, 1), M(t,2), ... M(t, d)) by 

M(t)= ! X(t)+£*(t)X(t)-P*(t, X(t))R-l(t, X(t))P(t, X(t))+M(t), 

(10) 
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t E R+. Clearly M(t) 0, by direct computations it follows that that 

dA A - - - -
dt X(t)+.cPP)X(t)+ M(t)+ L(t)Fo(t)+ F;(t)L(t)+ F; (t)R(t)Fo(t) (11) 

-M(t) - (F(t) - Fo(t))*R(t, X(t))(F(t) - Fo(t)) = ° 
where F(t) = (F(t, 1), F(t, 2), ... F(t, d)) with 

F(t, i) = _n-;l(t, X(t))Pi(t, X(t)), t E I, i E 'D. (12) 

From (11) and (6) one gets: 

d A A - A A 

-d (Xo(t) - X(t)) + .cPo (t)(Xo(t) - X(t)) + (Fo(t) - F(t))*R(t, X(t)) 
tAd A 

(Fo(t) - F(t)) + sJ + M(t) :::; 0, t 0. 

from which it follows that Xo(t) - X(t) Y(t) where t -+ Y(t) = 
(Y(t, 1), Y(t, 2), .. .Y(t, d)) is the unique bounded solution of the Lya
punov type equation 

:t Y(t) + .cPo (t)Y(t) + sJd = 0. (13) 

Let To(t, s) be the linear evolution operator on defined by the linear 
differential equation: 

! S(t) = .cPo (t)S(t). 

Since Fo(t) is a stabilizing feedback gain, then there exist positive con
stants (30, ao such that IITo(t, s )11 :::; (3oe-uo(t-s), (V)t s 0. Therefore 
the unique bounded solution of the equation (13) is uniform positive 
and the proof is complete. Based on (7) one deduces that there exists 

/-lo > 0, such that Ri(t, Xo(t)) /-loIn, t E I, i E'D. Hence the feedback 
gain Fo(t) = (Fo(t, 1), ... Fo(t, d)) is well defined by 

Fo(t, i) = _n-;l(t, XO(t))Pi(t, Xo(t)), i E 'D, t E I. (14) 

Further one will prove that Fo(t) is a stabilizing feedback gain for the 
system (2). To this end one considers X(t) a bounded solution of (8) 
which verifies condition (9). By direct computation and using (10) and 
(14) one obtains: 

d A A 

-d X(t)+.c'h (t)X (t)+M(t)+ L(t)Fo(t)+ F;(t)L *(t)+ 
t ' 

Fa (t)R( t)Fo( t)- (F( t)-Fo( t) )*R( t,X (t)) (F( t) - Fo( t))-M( t)=O. 
(15) 
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Further (6) may be rewritten as: 

! Xo(t)+ch (t)Xo(t)+M(t) + L(t)Fo(t) +Fo(t)L*(t) +Fo (t)R(t)Fo (t) 

+(Fo(t)-Fo(t) )*R(t, Xo(t) )(Fo(t)-Fo(t) )+EJd::;O. 
(16) 

From (15), (16) and (7) it follows that t -t Xo(t) - X(t) is a bounded 
and uniform positive solution of the linear differential inequality on 

d E d 
dtX(t) + Ch(t)X(t) + 2J «0. 

and then, since Xo(t)-X(t)>>O it results that the system (Ao+BoFo, 
Al + BIFo, ... , Ar + BrFo; Q) is stable which shows that Fo(t) is a sta
bilizing feedback gain. As a consequence we deduce that for each i E V, 
the zero state equilibrium of the linear differential equation on R n , 

d 1 
dt X(t) = (Ao(t, i) + 2qiiln + Bo(t, i)Fo(t, i»X(t) 

is exponentially stable. Particularly in the time invariant case it follows 
that the eigenvectors of the matrices Ao(i) + + Bo(i)Fo(i) are 
located in the half plane ReA < O. 

Taking Xo(t), Fo(t) as a first step, one constructs iteratively the se
quences: {Xz(t,i)}z2:o, {Fz(t,i)}z2:o,i E Vas follows: t -t XZ+l(t,i) is 
the unique bounded solution of the Lyapunov equation 

/tXZ+I(t,i) + [Ao(t, i) + Bo(t,i)Fz(t,i)]* XZ+l(t, i) 

+XZ+l(t, i) [Ao(t, i) + Bo(t, i)Fz(t, i)] + MZ+I (t, i) = 0 

where MZ+1(t) = (MZ+1(t, 1) ... Mz+1(t,d» with 

E 
MZ+l (t, i) = M(t, i) + l + 2In + L(t, i)Fz(t, i) 

+Ft(t, i)L*(t, i) + Ft(t, i)R(t, i)Fz(t, i) 
r 

+ L [Ak(t, i) + Bk(t, i)Fz(t, i)]* Xz(t, i) 
k=l 

(17) 

x [Ak(t, i) + Bk(t, i)Fz(t, i)] + L %Xz(t, j) (18) 
j#i 

Ao(t, i) 
r 

-(R(t, i) + L B'k(t, i)Xz(t, i)Bk(t, i)Xz+l(t, i) 
k=l 
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r 

+ L Bk(t, i)Xl(t, i)Ak(t, i) + L*(t, i)), I 2:: 0, i E V. 
k=l 

Further one proves that 

a) Xl(t, i) - X(t, i) 2:: J-ll In > 0 for all integers 12::0, iEV, tEI, X(t)= 
(X(t, l) ... X(t, d)) being an arbitrary bounded solution of (8) which ve
rifies (9) and J-ll is a positive constant which not depend upon X(t). 
b) The zero state equilibrium of the linear differential equation on R n 

:t x(t) = [.Ao(t, i) + Bo(t, i)Fl(t, i)]x(t) 

is exponentially stable for each i E V,1 2:: o. 
c) Xl(t, i) 2:: Xl+l(t, i), VI 2: 0, (t, i) E I xV. 

Notice that the properties a) and b) have been proved for I = o. It 
will be shown by induction that a), b), c) are fulfilled for every 1 2:: o. 
To this end assume that a), b), c) are fulfilled for the first 1 - 1 terms 
of the sequences defined by (17) and (18). By direct computation one 
obtains that if X(t) is a bounded solution of the inequality (8) which 
verifies (9) then 

ttX(t, i) + [Ao(t, i) + Bo(t, i)Fl-1 (t, i) r X(t, i) 

+X(t, i)(Ao(t, i) + Bo(t, i)Fl_1(t, i)) 
+ 2:k=l [Ak(t, i) + Bk(t, i)Fl-1 (t, i)]* X(t, i) [Ak(t, i) + Bk(t, i)Fl-1 (t, i)] 
+ 2:1=1,j#i qijX(t, j) + M(t, i) + L(t, i)Fl-1 (t, i) + Ft-1 (t, i)L*(t, i) 
+Ft_1(t,i)R(t,i)Fl-1(t,i) - M(t,i) - (F(t,i) - Fl_1(t,i))*Ri(t,X(t)) 
x(F(t,i) - Fl-1(t,i)) = 0, 

M(t, i), F(t, i) being defined in (10) and (12) respectively. 
Using (17) with I replaced by 1 - lone gets 

(19) 

fit [Xl(t, i) - X(t, i)] + [Ao(t, i) + Bo(t, i)Fl-l(t, i)] * [Xl(t, i) - X(t, i)] 

+[Xl(t, i) - X(t, i)] [Ao(t, i) + Bo(t, i)Fl-1(t, i)] + In + /}.l(t, i) = 0 
(20) 

where 
r 

/}.l(t, i)= L[Ak(t, i) + Bk(t, i)Fl-1(t, i)]*[Xl-l(t, i) - X(t, i)] 
k=l 

d 

X[Ak(t,i) + Bk(t,i)Fl_1(t,i)]+ L %(Xl_1(t,j)-X(t,j)) 
j=l,j#i 

+M(t, i) + (F(t, i) - Fl-l (t, i) )*Ri(t, X(t)) (F(t, i) - Fl- 1 (t, i)). 
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Since Xl-1 (t, i) - X(t, i) 2:: /-Ll-1In we get i) 2:: O. Taking into 
account that 10 (t, i) + Bo (t, i)F'z-l (t, i) generates an exponentially stable 
evolution we may conclude that the equation (20) has a unique bounded 
solution which is uniform positive definite. Hence there exists /-Ll > 0, 
such that Xz(t, i) - X(t, i) 2:: /-LZIn and thus a) is fulfilled. Further it 
follows that 'Ri(t, Xl(t)) 2:: vlIm > O. 

Using (18) one may write 

:ftXl(t, i) + [Ao(t, i) + Bo(t, i)Fl(t, i)]* Xz(t, i) + Xl(t, i) [Ao(t, i) 
+Bo(t, i)Fl(t, i)] + 2:k=l[Ak(t, i) + Bk(t, i)Fz(t, i)]* Xl-1(t, i) [Ak(t, i) 
+Bk(t, i)F'z(t, i)] + 2:1=1,#i %Xl- 1(t,j) + M(t, i) + In 
+L(t, i)Fl(t, i) + Fz*(t, i)L*(t, i) + Ft(t, i)R(t, i)Fl(t, i) + [Fl(t, i) 
-Fl-1(t,i)]*'Ri(t,Xl-1(t))[Fl(t,i) - F'z-l(t,i)] = O. 

It is easy to see that t ---+ X (t, i) verifies: 

(21) 

-9:tX(t, i) + (Ao(t, i) + Bo(t, i)Fl(t, i))* X(t, i) + X(t, i)(Ao(t, i) 
+Bo(t, i)F'z(t, i)) + 2:k=l (Ak(t, i) + Bk(t, i)Fl(t, i))* X(t, i)(Ak(t, i) 
+Bk(t, i)Fl(t, i)) + 2:1=1,#i %X(t, j) + M(t, i) + Ft(t, i)L*(t, i) 
+L(t, i)Fl(t, i) + Ft(t, i)R(t, i)Fl(t, i) - M(t, i) 
-(F(t, i) - Fl(t, i))'Ri(t, X(t))(F(t, i) - Fl(t, i)) = O. 

(22) 
Thus it results that for each iEV, t ---+ Xl(t, i)-X(t, i) is a bounded and 
uniformly positive definite solution of the linear differential inequality: 

:ftY(t, i) + [Ao(t, i) + Bo(t, i)Fl(t, i)]*Y(t, i) 
+Y(t, i)[Ao(t, i) + Bo(t, i)Fl(t, i)] + < 0 

which allows to conclude that the zero state equilibrium of the linear 
differential equation 

d -
dt x(t) = (Ao(t, i) + Bo(t, i)Fz(t, i))x(t) (23) 

is exponentially stable and b) is fulfilled. 
Subtracting (17) from (21) one gets that t ---+ Xl (t, i) - Xl+l (t, i) is a 

bounded solution of the equation 

-9:t(Xl(t, i) - Xl+1 (t, i))+ (Ao(t, i)+ Bo(t, i)Fz (t, i) )*(Xl(t, i) - X l+1 (t, i)) 
+(Xl(t, i) - Xl+1(t, i))(Ao(t, i) + Bo(t, i)Fl(t, i)) + iil(t, i) = 0 

(24) 
where 
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Az(t,i) = (Z+1)c(l+2/n + [Fz(t,i) - FZ-I(t,i)]*Ri(t,XZ-I(t)) 
x [Fz(t, i) - FZ-I (t, i)] + 2:LdAk(t, i) + Bk(t, i)Fz(t, i)]* 
x (Xz-I(t, i) - Xz(t, i))[Ak(t, i) + Bk(t, i)Fz(t, i)] 
+ 2:1=1,#i%(XZ-I(t,j) - Xz(t,j)), 

for 1 ;:: 1 and 
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(25) 

Az(t, i) ;:: + (Fo(t, i) - Fo(t, i))*Ri(t, Xo(t)) (Fo(t, i) - Fo(t, i)) 

for 1 = o. 
Since Ao(t, i) ;:: 0 and the zero state equilibrium of (23) for 1 = 0 is ex

ponentially stable it follows from (24) for 1 = 0 that Xo(t, i)-Xl (t, i);::O 
and further by induction one obtains that Az ;:: 0 for 1 ;:: 1 which leads 
to Xz (t, i) - Xz+ I (t, i) ;:: 0 and c) is fulfilled. 

From a) and c) one concludes that the sequences {Xz(t, i E D 
are convergent. More precisely we have: 

Theorem 1 Assume that system (A, B; Q) is stochastically stabilizable 
and that the differential inequality (8) has a bounded with bounded deriva
tive solution X(t) which satisfies (9). Then for any choice of a stabiliz
ing feedback gain Fo(t) = (Fo(t, 1), Fo(t, 2), ... Fo(t, d)), the sequences 
{Xz(t,i)}z2:o,i E D, constructed as solutions of (17) (the first terms 
Xo(t, i) obtained by solving (6)) are convergent. If 

X(t, i) = lim Xz(t, i), (t, i) E I x D 
1--->00 

(26) 

then X(t) = (X(t,I), X(t, 2) ... X(t, d)) is the stabilizing bounded solu
tion of the system (1) verifying (9). 

Remark 1. a) Excepting the first step, when to obtain Xo(t, i) one 
needs to solve a system of linear inequalities of higher dimension, namely 
(6), further to obtain the next terms of the sequences {Xz(t, i)}I2:I, i E D, 
one needs to solve a system of d uncoupled Lyapunov equations. Note 
that to compute the gains Fz(t, i) in (18) we need both the value of 
X z (t, i) and the value of XZ-I (t, i). 

b) Based on the uniqueness of the bounded solution of a Lyapunov 
equation, it follows that when the system (2) and the cost function 
(3) are in the time invariant case, then the matrices Xl and Fz do not 
depend upon t and they are obtained as solutions of algebraic Lyapunov 
equations. 

c) Also from the uniqueness of the bounded solution of a Lyapunov 
equation we deduce that if the coefficients of the system (1) are B
periodic functions defined on R, then the bounded solution of (17) are 
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O-periodic function too. Hence it is sufficient to compute the values of 
Xl(t, i), Fl(t, i) on the interval [0,0]. At each step l, the initial condition 
XI(O, i) is obtained by solving the linear equation 

XI(O, i) = <f>l,i(O, O)XI(O, i) <f>l,i (0, 0) + foB <f>r,i(S, O)MI(S, i)<f>I,i(S, O)ds 

<f>l,i(t, s) being the fundamental matrix solution of (23). For the first step 
Xo(t, i) is choosen as a periodic solution of the Lyapunov type equation 
on Sn 

:t Xo(t) + .cPo (t)Xo(t) + Mo(t) = 0 

where Mo(t) = (Mo(t, 1), Mo(t, 2), ... Mo(t, d)), 

Mo(t, i) = M(t, i) + cIn + L(t, i)Fo(t, i) + Fo(t, i)L*(t, i) 
+Fo(t,i)ll(t, i)Fo(t,i). 

If To(t, to) is the linear evolution operator defined by the linear diffe
rential equation on 

(27) 

then the initial condition Xo(O) = (Xo(O,l), Xo(O, 2), ... Xo(O, d)) is 
given by 

Xo(O) = [J - To(O, 0)]-1 foB To(s, O)Mo(s)ds 

where J is the identity operator on J - To(O, 0) is invertible due 
to the exponential stability of the evolution defined by the differential 
equation (27). 

3. Numerical examples 

The above iterative numerical procedures will be illustrated conside
ring the linear time-invariant stochastic system of order n = 2, subjected 
to both multiplicative noise and Markovian jumps with r = 1 and V = 
{1,2} having: 

[ -1 
Ao (1) = 1 [ -1 

Ao (2) = 0 

[ -1 
Ad1) = 0 [ -2 

Ad2) = 1 
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Bo (1) = [ _ i ] , 
Lo (1) = [ _ i ] , 
Mo (1) = [i ;], 
R(l) = 1, 

Bo (2) = [ i ] , 
Lo (2) = [ ; ] , 

Mo (2) = [i !], 
R(2) = 2. 
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The purpose is to solve the system (1) correspondind to the above nu
merical values using the iterative procedure indicated in the statement of 
Theorem 1. Three dinstinct cases have been considered: the case when 
the system is subjected only to Markov jumps, the case when the system 
is subjected only to multiplicative white noise, and the case when the 
system is perturbed with both multiplicative white noise and Markovian 
jumps. 
Case a). The Markovian jumping case: 
Al (i) = 0, BI (i) = 0, i E V. For the stabilizing gains 

Fo (1) = [0.5923 - 0.7004], Fo (2) = [-0.0330 0.0653], 

solving (6) one obtains: 

X (1) = 103 [ 1.5519 -0.0524] X (2) = 103 [1.1139 0.2680] 
o -0.0524 1. 7776 ,0 0.2680 1.3970 . 

The solution of (1) for this case was determined solving iteratively (17). 
For an imposed level of accuracy IIXl+l (i) - Xl (i)11 < 10-6 we obtained 
after 69 iterations: 

X (1) = [30.7868 24.3960] X (2) = [ 21.5504 -11.7226] 
24.3960 26.2218 ' -11.7226 19.2254 . 

Case b). The multiplicative white noise perturbations case: V = {I}, 
Ai = Ai (1) ; Bi = Bi (1), i = 0, 1. 

In this case one obtains the initial values: 

[292.8945 163.9337] 
Fo = [-0.4094 0.8482], Xo = 163.9337 140.9240 

and, after 202 iterations, the solution of (1): 

X = [1.0782 1.0307] 
1.0307 0.5878 . 

Case c). The case when the system is subjected to both Markovian jumps 
and multiplicative white noise. 
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In this situation the following initial values are obtained: 

F'o (1) = [-0.3852 0.8594], Fo (2) = [-0.9000 0.5763], 

X (1) - 108 [ 5.8005 
o - -4.5733 

-4.5733 ] 
-3.7733 ' 

X (2) = 108 [ -0.7123 
o 0.5110 

-0.5110 
-4.8453 ] . 

The solution of (1) was obtained after 133 iterations solving (17); thus 
it results: 

X (1) = [ 2.1893 
2.0159 
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