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1. Introduction 
The problem and its motivation. In this paper, we study the parameterized 
INDEPENDENT SET problem on disk graphs, which takes as an input a set V 
of disks in the plane and an integer k and the task is to determine whether 
there are k mutually disjoint disks in V. The problem is motivated by various 
applications, among which we want to mention the area of frequency assignment 
problems in cellular networks. 

Previous work. It is known [4] that the problem is N P-hard even for unit 
disk graphs. A way to cope with this hardness was proposed by approximation 
theory [8, 10]. Very recently, Erlebach et al. [8] gave a PTAS for INDEPENDENT 
SET on disk graphs. In this paper, however, we are interested in exact solutions 
for the given problem. We want to briefly summarize various results on the 
parameterized and classical complexity of the INDEPENDENT SET problem for 
general graphs and for planar graphs (the latter are equivalent to the class of 
coin graphs [12], i.e., disk graphs where disks are not allowed to overlap). 

In parameterized complexity theory, it is known [5] that INDEPENDENT SET is 
complete for the class W[l], which captures intractable parameterized problems 
(see [6] for details). However, restricted to planar graphs, INDEPENDENT SET is 
fixed parameter tractable, i.e., in the class FPT (see [6] for a precise definition). 
For the (asymptotically) best known algorithm we get running time O(c.,lk +n) 
being sublinear in k (see [2]). Moreover, very recently, Cai and Juedes [3] 
showed that this is best possible, in the sense that a running time of the form 
O(co(v'k)n°(1)) cannot be achieved unless 3SATE DTIME(2o(n)), which is 
considered to be very unlikely. 

In the classical (one-dimensional) complexity study, the best known algo
rithm running in time 2e(n) with e(n) = 0.276n is due to Robson [15]. More
over, e(n) E o(n) is impossible unless 3SATE DTIME(2o(n)) (see [11]). If 
restricted to planar graphs, Lipton and Tarjan applied their well-known pla
nar separator theorem [13] to get an algorithm with e(n) = 0( vfn). This is 
the best possible asymptotic behavior for e one can hope for, since otherwise 
an algorithm with e(n) E o(vfn) in combination with a known linear problem 
kernel would lead to an algorithm for the parameterized problem better than 
the relative lower bound shown by Cai and Juedes. 

Main results and methods used. In this paper, for the case of disk graphs, 
we pursue the strategy of combining a geometric version of reduction to problem 
kernel with a divide-and-conquer approach based on an appropriate separator 
theorem. However, for disk graphs, so far such separator theorems are known 
only for so-called intersection graphs of r-neighborhood systems [7, 14], which 
are closely related to (unit) disk graphs with ..\-precision, where all centers are 
at mutual distance of at least ..\ > 0. With respect to general unit disk graphs, 
we quote from the introduction of Hunt et al. [10]: 

"The [ ... } drawback is that problems such as maximum independent set 
[ ... ) cannot be solved at all by the separator approach. This is because 
an arbitrary (unit} disk graph of n vertices can have a clique of size n." 
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Table 1. Relating our results on INDEPENDENT SET on disk graphs to known results 
for general graphs and for planar graphs. (Lower bounds are under the assumption 
that 3SAT ¢ DTIME(2o(n>).) 

graph class (classical) complexity parameterized complexity 

general graphs 
20.276 n [15] 

W[l]-complete [5] lower bound: 2n(n) [11] 

disk graphs DGu 
20(vlfilog(n)) 2°(v'klog(n)) [Thm.15], 

[Rem.16] open: FPT or W[l]-h ? 

disk graphs DGu,>. 20(vlfi) 0(2°(v'klog(k)) + n) [Cor.17], 
(with ..\-precision) [Rem.12] hence: FPT 

planar graphs 
2°(Vn) [13] 0(2°(v'k) + n)[2], 

lower bound: 2°< viii) [3] hence: FPT 

The key result in this paper is to show a way out of this dilemma by proving 
a new type of "geometric separator theorem" which holds even for the more 
general class of disk graphs with bounded radius ratio. Our geometric separator 
theorem can be seen as a generalization of (classical) separator theorems, where 
the guarantee is not on the size of the separator in terms of its number of 
vertices, but in terms of the space occupied by its disks. 

This result is used to optimally solve the parameterized INDEPENDENT SET 

problem on disk graphs of bounded radius ratio in time n°(Vk) which is-to 
our knowledge-the first algorithm for this problem with running time bounded 
by a function with an exponent sublinear in k. In the worst case (i.e., when 
k = n) this turns into an algorithm of running time 2e(n) with the sublinear 
term e(n) = y'nlog(n); a running time which cannot be achieved for general 
graphs (unless 3SAT E DTIME(2o(nl)) [11]. 

In addition, in the case of disk graphs with ..\-precision, we can show that the 
INDEPENDENT SET problem is in FPT. The results are summarized in Table 1. 

Various proofs are omitted in this version due to space restrictions. 

2. Preliminaries and Notation 
If S = {81 , ••• , Sn}, Sis;; IR2 is a collection of geometric objects, we denote 

by US = U~=l Si the union of S. For a collection S, let G s = (Vs, Es) 
denote the intersection graph of S, i.e., Vs = {vt,··. ,vn} andEs= {(vi,v;) I 
SinSi =f. 0}. The collectionS is called the representation of Gs. Moreover, for 
a subset S' s;; S, we denote by Vs• s;; Vs the subset of vertices induced by S', 
i.e., Vs· ={vi I si E S'}. In this setting Gs· = Gs[Vs•] is the subgraph of Gs 
induced by the set of vertices Vs•. 
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Disk graphs. A disk D ~ JR2 is specified by a triple (r, x, y) E JR3 , where 
( x, y) are coordinates of the center of the disk in the Euclidean plane and r is 
its radius. The class of disk graphs, denoted by DG, is the set of all graphs G, 
for which we find a collection of disks V = { D1, ... , Dn} such that G = Gv. 
Note that for a collection V, the graph Gv has a natural embedding in the 
plane, where v; sits in the position of the center of D;. 

The class of disk graphs of bounded radius ratio a is the subclass DG17 C DG 
of all graphs G E DG which admit a representation V = {D1 , ••• ,Dn}, such 
that (maxi=l, ... n r;)/(min;=1, ... n r;) ~a, where r; denotes the radius of disk D;. 
The parameter a is called radius ratio. By a rescaling argument, for a graph 
G E DG17 with representation V, we can always achieve, that the smallest disk 
in V has radius one and, hence, all radii being upper bounded by a. 

Finally, a collection V is said to have >.-precision if all centers of disks are 
pairwise at least >.apart (see [10, Definition 3.2]). By a rescaling argument, all 
disk graphs have a representation with >.-precision, however only some graphs 
of DG17 , allow a representation with radii in [I, a] and precision>.. We denote 
this class of graphs by DGu,J..· 

Throughout the paper, we assume that a disk graph G is given together 
with its representation witnessing its membership in DG, DG17 , or DG17 ,>., 
respectively. 

Grid graphs. Fix an arbitrary constant 8 > 0, and consider the infinite grid of 
span 8 as the planar graph H 6 = (W6 , E6 ) with vertices W 6 = { w;,; I i, j E Z} 
and edges E 6 = {(w;,j,Wk,l) IIi- il + lk -ll = 1}. The canonical (straight
line) embedding of H 6 in the plane is given by putting vertex w;,j at the 
coordinates (ic5,jc5). The set of faces :F6 of H 6 contains all closed squares 
F;~j = [i8, (i + 1)8] x [jc5, (j + l)c5] ~ JR2 • For a grid vertex w E W 6 , we define 
t~e face neighborhf!od N ( w) := { F E :F6 I w E F}. Similarly for W' ~ W 6 , 

N(W') = UwEW' N(w). 

Definition 1 For a collection of disks V = { D1, ... , Dn}, we define H4, to 
be the smallest subgraph of the infinite grid H 6 induced by a set of grid points 
which completely covers all disks in V. We call H 6 the covering grid (of span c5) 
for V. In other words, if we define the set of faces hit by V as :F4, = {FE :F6 I 
F n U V :/= 0}, and if W~ is the set of all grid points of :F4,, then the covering 
grid H4, is the subgraph of H 0 induced by W~. 

An example which illustrates the construction of H4, is given in Figure 1. 
Finally, for a collection V of disks and a set S ~ JR2 (e.g., a set of grid 

vertices or a set of faces), we call V[S] :={DE VI D n S :f. 0} the set of disks 
induced by S. 

Measures. We use the standard Lebesgue measure p, in JR2 as follows: For 
a Lebesgue measurable setS~ JR2 , p,(S) denotes the size of S, i.e., the space 
in JR2 occupied by S. In particular, for a collection of disks V = {D1, ••• , Dn} 
let p,(V) = p,(U V) be the space covered by the union of disks D1 , ... , Dn. 
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Figure 1. Constructing the grid graph H#, induced by a collection of disks V. 

Definition 2 Let G be a graph class closed under taking subgraphs. A function 
e : G ~ JR+, that is monotonous with respect to the subgraph ordering, i.e., 
e(G) $ e(G') if G ~ G', and for which e((0, 0)) = 0, is called a graph measure. 

Example 3 We specify two graph measures which play a decisive role through
out the paper. 

1 The usual counting measure I ·I which assigns to any graph G the size of 
its vertex set IVai is clearly a graph measure. 

2 The Lebesgue measure p.( ·) assigning to a disk graph Gv with represen
tation V the value p.(Gv) = p.(V) is a graph measure for DG, when we 
restrict the subgraph ordering to Gv ~ Gv• {::} V ~ V'. 

3. A Geometric Problem Kernelization 
Reduction to problem kernel is a core technique in the design of fixed para

meter algorithms. 
Definition 4 Let C. be a parameterized problem, i.e., C. consists of pairs (I, k), 
where problem instance I has a solution of size k {the parameter). Reduction 
to problem kernel, then, means to replace problem (I, k) by a "reduced" problem 
(I', k') (called problem kernel) such that 

k' ~ c · k, II' I ~ p(k), and (I, k) E C. iff (I', k') E C., (1) 

where c is a constant. Furthermore, we require that the reduction from (I, k) 
to (I', k') is computable in time TK(III, k), which is a polynomial. 

It is well-known that a parameterized problem is fixed parameter tractable if 
and only if it admits a reduction to a problem kernel. 

For disk graphs, we can prove a geometric version of a problem kernel , where 
the size of the reduced instance is upper bounded by O(k), when measured by 
the (Lebesgue) measure p.(·) instead of the counting measure 1·1· 
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kernelize (disk graph Gv, integer k) 
o scale V such that the smallest disk has unit radius. 
o set :F. = ;::• = 0, 15 = fa 
o for each D E V do 

:F.:= F. u {FE F 6 IF~ D} 
:F-:=:F-U{FE:F6 1FnD=f.0} 

o if IF.I62 > 91fa2 k then return "YES" 
else ifi:F.I62 < 1rk then return "NO" 
else return (Gv, k) 

Figure 2. Geometric problem kernel reduction. 

Proposition 5 For the parameterized INDEPENDENT SET (IS) problem on 
DG 17 there exists a "geometric" problem kernel, i.e., there is a procedure , that 
transforms an instance (Gv,k) to an instance (Gv,,k), such that (Gv,k) E IS 
iff (Gv', k) E IS and 

Proof. By our assumptions all disks in V have radius in the range (1, a]. 
Observe first, that p,(Gv) > 97ra2 k implies that (Gv, k) E IS. We use the 

fact that p,(V[N(v)]) ::; (3a)2 7r for any vertex v E V, i.e., that the neighbor
hood of any vertex may occupy the space at most 91fl72 • And, secondly, if 
p,(Gv) < 1rk, then (Gv, k) ¢ IS, since the representation of any independent 
set of k vertices needs space at least 1rk. The procedure which in linear time 
transforms (Gv,k) to (Gv,,k) with p,(Gv') ::; 91fa2k is given in Figure 2. 0 

Note that this is not a problem kernel according to Definition 4, since the 
size of Gv is measured by the (Lebesgue) measure p,(·), which, in general, is 
not related to the (input) size of G. For disk graphs with A-precision, however, 
we can prove an upper bound the counting measure by the Lebesgue measure. 

Lemma 6 Let Gv = (V, E) E DGa,>. be a graph with and representation V. 
Then, lVI ::; 47r-1A-2p,(Gv). 

Corollary 7 The parameterized INDEPENDENT SET problem on disk graphs 
DGa,>. (with >..-precision) admits a linear problem kernel (in terms of the count
ing measure) of size c = 36(f)2k, which can be computed in linear time. 

4. A Geometric Separator Theorem 
In the following, we prove our key result-a geometric yt:"-separator theorem

that makes our divide-and-conquer strategy work. 

4.1. Classical 0-separator theorems 
We start with a somewhat generalized notion of separator theorems. 
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Definition 8 Let G = (V, E) be an undirected groph. A separator Vs ~ V 
of G partitions V into two parts VA and VB such that 

• VAUVsUVB = V, and 

• no edge joins a vertex of VA to VB. 

The triple {VA, Vs, VB) is also called a separation of G. 

In order to provide a quantitative approach to separators, we need the notion 
of "measure" as introduced in Section 2. 

Definition 9 Let~ be a graph measure. An /(·)-separator theorem for the 
measure { (and constants a:< 1, {3 > 0) on a class of grophs G which is closed 
under taking subgrophs is a theorem of the following form: 
For any G E G there exists a separotion (VA, Vs, VB) ofG such that 

1 {(G[Vs]) :5 {3 ·/({(G)) 

JJ ~(G[VA]), ~(G[VB]) :5 a:· ~(G) 

yf."-separator theorems on planar graphs. In this framework, the planar 
separator theorem due to Lipton and Tarjan [13] can be formulated as follows. 

Theorem 10 On the class of planar grophs, there exists a yf."-separotor the
orem for the counting measure I · I with constants a: = 2/3 and {3 = 2.,/2. 
Moreover, the separotion can be found in linear time. 

yf."-separator theorems on disk graphs with A-precision. In terms of geo
metric graphs, a yf."-separator theorem for the counting measure was proven on 
the class of intersection graphs of so-called T-neighborhood systems (see [10]). 
Here, a T-neighborhood system is a collection 8 = { Bt, ... , Bn} of balls in a 
space of arbitrary fixed dimension, such that the intersection of any (T + 1) 
distinct balls in B is empty. It can be verified that every unit disk graph with 
A-precision is an intersection graph of a T-neighborhood system ( T depend
ing on A) and, vice versa, every intersection graph of aT-neighborhood system 
in IR2 is A-precision disk graph (A being the minimum distance between the cen
ters of any two disks), see [10]. In the two-dimensional case the corresponding 
separator theorem reads as follows (see [14, Theorem 2.5] and [7, Theorem 5.1]): 

Theorem 11 On the class of intersection grophs ofT-neighborhood systems, 
there exists a yf."-separotor theorem for the measure 1·1 with constants a:= 3/4 
and {3 = O(v'X). Moreover, the separation can be found in linear time. 

Remark 12 As exhibited, e.g., in {1, Section 4.1], a divide-and-conquer ap
proach yields that INDEPENDENT SET on intersection grophs ofT-neighborhood 
systems, and hence, on unit disk grophs with A-precision as well as for gmphs 
from DGu,>. 1 can be solved in time 2°<Vnl. 
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4.2. A new geometric V.-separator theorem 
In this subsection, we prove an analogue to the classical V.-separator the

orems for the class DGu of disk graphs with bounded radius ratio. Note that 
graphs in DGu may contain arbitrary large cliques, which means that a V.
separator theorem does not hold for the counting measure. Using the Lebesgue 
measure instead, we get the following result. 

Theorem 13 On the class DGu of disk graphs with bounded radius ratio, there 
exists a V. -separator theorem for the Lebesgue graph measure IJ( ·). 

More precisely there exist constants a < 1 and {3 such that, for every graph 
Gv E DGu with representation V, we find three sets VA, Vs, VB £";; V, such 
that (Vv A, Vv5 , Vv8 ) is a separation for Gv, satisfying 

1 ~J(Vs) '5. u2{3v'Ji(V), 

2 IJ(VA),IJ(VB) $. a~J(V). 

Moreover, this separation can be found in time linear in lVI. 

The idea for the proof of Theorem 13 is to construct the covering grid Hf, 
(of suitable span) for a given collection V of disks. Then, in a second step, one 
applies a planar V.-separator theorem on Hf, from which, in a suitable manner, 
the three sets VA, Vs, VB £";; V will be constructed. We need the following key 
result interrelating the space covered by V with the size of the covering grid. 

Proposition 14 For any e there exists a 8 such that for any set V of disks of 
radius at least one, we have IWv I '5. (1 +e) 8-21-!(V). 

Proof. (of Theorem 13) The sets Vs, VA and VB will be determined 
according to the procedure given in Figure 3. We now prove that, indeed 
(VvA, Vv5 , Vv8 ) is a separation of G and that properties (1.) and (2.) of the 
theorem hold for the computed sets Vs, VA, and VB: 

(Vv A, Vv5 , Vv8 ) is a separation of G: Showing that (Vv A, Vv5 , Vv8 ) is a sep
aration of Gv is equivalent to proving that U VA n U VB = 0. Recall that 
(W A, W s, W B) is the separation of the covering grid Hf, obtained by the algo
rithm of Lipton and Tarjan. First of all we claim that 

To see this, note that U VA n W s = 0, since if there is a disk D E VA 
containing a point wE Ws-by construction of Vs-we had D E Vs. Suppose 
now that there is a vertex w B E W B which lies in a disk D E VA. By definition 
of the set VA, we find a vertex WA E WA inside D as well. Then, there exists 
a path Pin Hf, which connects WA and WB and which is completely located 
inside the disk D. Since (WA, Ws, WB) is a separation of Hf,, there exists 
a vertex of Ws on P contradicting U VA n Ws = 0. This also implies that 
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geometric ...separator( disk graph Gv) 
o scale V such that the smallest disk has unit radius. 
o fix any e < ~ and select 6 according to Proposition 14 
o run the algorithm of Lipton and Tarjan (see Theorem 10) 

on H~ to obtain a separation (WA, Ws, Ws) with 

IWsl $ 2V2IW/,I and 

IWAI, IWsl $ ~IW/,1, 
o return the three sets 

Vs := V[N(Ws)], VA:= V[WA] \ Vs, Vs := V[Ws] \ Vs. 

Figure 9. Separator algorithm corresponding to Theorem 13. 

UVAnWs = 0. Since W/, = WAUWsUWs, we get UVAnW/, ~ WA. The 
property U Vs n W/, ~ W B follows similarly. 

Assume now, for contradiction that vertices VA E VvA and vs E Vv8 form 
an edge of Ev, that means there exists some point z in D A n DB. Let Fz. E :F6 

be any of the (at most four) squares containing z, and let Wz. be the four grid 
vertices adjacent to Fz. in H~. 

We first consider the case when DB does not intersect Wz.. Then it intersects 
one side of Fz., and since 6 « 1 it contains two grid points of the square sharing 
this side. Note that we use equation (2) in the sense that all grid points 
intersected by DB belong to W B. Then as D A must contain at least one point 
of Wz. (if not, either there is no possible place for z or WAn Ws =f. 0). 

In this case, or when we symmetrically exchange subscripts A and B, and 
also when both D A and DB intersect Wz, there are two grid points w A E D A, 
ws E Ds, that are in H~ at distance at most two. Since WA and ws must 
be separated by Ws, and at the same time they belong to N(Ws), that is in 
contradiction with the definition of sets VA and VB. 
ad property (1.): Consider a vertex w E Ws and the neighborhood N(w). All 
disks in V which intersect N(w) must lie inside a cycle of radius (2u + v'26) 
centered at iv. This is clear, since disks in V have radius bounded by u and 
since the grid has span 6. More formally, we get 

Moreover, this implies that 

1-'(Vs) = 1-'(V[N(Ws)]) = 1-'( U V[N(w)J) (3) 
wEWs 

:5 E 1-'('D[N(w)]) :5 (C2u + v'26)211') IWsl :5 5u211'1Wsl· 
wEWs 

Since, by our choice, e < ~ we may use in the last step .;26 < j $ f· Using 
property (a) of step (3.) of the algorithm in Figure 3 and Proposition 14, we 
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have IWsl ~ tJ'JiWvi ~ 11'V!:J:!-p,(V) which together with the estimate (3) 
establishes 

(4) 

ad property (2.): First of all, observe that the set U VA is completely covered 
by the square faces of the subgraph Ht[WA], induced by the vertices of WA. 
To see this, suppose there is a point z E D (for some D E VA) which lies 
in some square F. E F 6 of Ht but not of Ht[WA]· As above, if the four 
vertices adjacent to F. host a vertex of WB or Ws, we get D n N(Ws) =f. 0, a 
contradiction. By this observation and by the fact that IWAI ~ a'IWvl, we get 

f.£(VA) ~ f.£(Ht[WA]} ~ o2 !WAI ~ o2a'!Wtl ~ a'(1+e)f.£(V}, 

where Proposition 14 was used in the last step. 
Similarly, one proves f.£(VB) ~ a'(1 +e) f.£(V). D 

We note here that by our choice of e = t, we get a= a'(1 +e)= ~;but a 
can be arbitrarily close to a' by a sufficiently small choice of e. Then, however, 
we have to consider the tradeoff of getting a small (3 according to Equation ( 4} 
on the one hand, and enlarging IWtl on the other hand. 

5. The Algorithm and its Analysis 
We use the geometric kernelization of Section 3 and a divide-and-conquer 

approach based on the geometric separator theorem from Section 4.2 to derive 
an algorithm for the INDEPENDENT SET problem on disk graphs DGu. 

Theorem 15 Let V be a collection of n disks with Gv E DGu. Then, there is 
an algorithm running in time n°(Vk) which decides if Gv admits an indepen
dent set of size at least k, and if so constructs one. 

Proof. On input instance ( Gv, k), in a first step, perform the geometric ker
nelization explained in Section 3. After this step, without loss of generality, we 
may assume that f.£(V) ~ ck for the constant c given in Proposition 5. In a 
second step, the divide-and-conquer procedure indep_set shown in Figure 4 is 
applied to the instance ('D, ck). 

Denote by T(n, s) the time needed to execute indep_set('D,s) on a collection 
of n disks 'D with f.£('D) ~ s. Let p(IVI) be the polynomial time needed to 
compute the sets Vs, VA, and VB according to Theorem 13, and q(jVI) be the 
polynomial time needed to perform constructions of VA and V8. Note that 
in Vs at most l !!{!-J many disks can be independent, since f.£(Vs) ~ (J.jS and 
every disk has radius at least one. Hence, the total number of independent sets 
in Gv5 is upper bounded by 

l¥J L n()i < nBv'B, 
i=O 
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disks indep..set(disks V, spaces) 
o if (V = 0) then return 0; else 
o compute Vs, VA, and VB according to Theorem 13 
o for all independent sets VIs of G'Ds do 

V'A :=VA\ {De VA I 3D' e V(VIs]: DnD' ::/; 0} 
v~ :=VB\ {De VB I 3D' e V(VIs]: D n D' ::/; 0} 
rstVis :=VIs U indep..set(VA_,as) U indep..set(V~,as) 

o return rsty180 , for which I rstv180 I = min{l rstv18 I} 

Figure 4. Divide-and-conquer algorithm for INDEPENDENT SET on disk graphs of 
bounded radius ratio based on our geometric separator theorem. 

where fj is some constant. Then, the recursion we have to solve in order to 
compute an upper bound on T(n,s) reads as follows: 

T(n, s) :5 p(n) + nPV. · q(n) · 2 T(n, as). 

Hence, for n large enough, and a suitable constant p we have 

T(n,s) :5 nP,fi. T(n, as) 
Jogl/a(s) 

:5 II n'PVQfS · T(n, 1) 
i=O 

= 
_l_,E_ 

n t=Ta · T(n, 1). 

Note that T(n, 1) is constant, since p(V) :51 implies V = 0, because for every 
disk D we have p(D) ;::: 1r. By plugging in the values n = lVI and s = ck, we 
obtain the running time as we have claimed. D 

Remark 16 In the worst case k = n, we have an 0(2°(vnlog(nll)-algorithm, 
a running time with a sublinear exponent that cannot be achieved for geneml 
gmphs (unless 3SATE DTIME(2o(nl)) {11}. 

Corollary 17 By Corollary 7, it follows that the pammeterized INDEPENDENT 

SET problem on disk gmphs DGtr,>. (with >-.-precision) can be solved in time 
O(k0 (Vk) + n), hence, the problem is fixed pammeter tmctable. 

We leave it as an open problem, whether INDEPENDENT SET on disk graphs 
is in FPT or complete for the classes W(1] or W(2], respectively. We want to 
emphasize, that we are not aware of a (non-artificial) W[1]-hard problem which 
can be solved in time bounded by an exponential with a sublinear exponent. 
Similarly, its W(1 ]-hardness would expose the first example of a fixed parameter 
intractable problem that simultaneously allows a PTAS. 
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