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Abstract A spanning tree T of a graph G is said to be a tree t-spanner if the 
distance between any two vertices in T is at most t times their distance 
in G. A graph that has a tree t-spanner is called a tree t-spanner 
admissible graph. The complexity of recognizing tree 3-spanner ad
missible graphs is still unknown." In this paper, a characterization of 
tree 3-spanner admissible 2-trees is presented. Linear time algorithms 
for recognizing tree 3-spanner admissible 2-trees and for constructing 
tree 3-spanners in such 2-trees are also proposed. 
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1. Introduction 
A spanning subgraph H of a graph G is called a t-spanner if the distance 

between every pair of vertices in H is at most t times their distance in G. 
For at-spanner H of G, tis called the stretch factor and IE(H)I, the num
ber of edges in H, is called the size of the spanner. A t-spanner H of G 
is called a tree t-spanner if H is a tree. The notion of t-spanner was intro-
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cation networks, message routing, data analysis, motion planning, computa
tional geometry, image processing, network design, and phylogenetic analysis 
(see [1,2,3,9,10,13,17-21]). The study of graph spanners has attracted many 
researchers and is currently an active area of research (see (4-9,12,15,19,22]). 

The goal behind the notion of spanners is to find a sparse spanner H of a 
given graph G such that the distance between every pair of vertices in H is rel
atively close to the corresponding distance in the original graph G. Therefore, 
one of the fundamental problems in the study of spanners is to find a minimum 
t-spanner, i.e., at-spanner having minimum number of edges, for every fixed i 
integer t ;::: 1. Unfortunately, the problem of finding a minimum t-spanner is 
NP-Hard for t = 2 [18] and for t ;::: 3 [8]. For a minimum t-spanner H of G, 
IE(H}I ;::: IV(G)I- 1 with equality holding if and only if His a tree t-spanner, 
where IV(G)I is the number of vertices of G. The problem of determining 
whether an arbitrary graph admits a tree t-spanner has been studied in detail. 

Cai and Corneil [9] have shown that for a given graph G, the problem of 
deciding whether G has tree t-spanner is NP-Complete for any fixed t;::: 4 and 
is linearly solvable for t = 1, 2. The status of the case t = 3 is still open for 
arbitrary graphs. They have also observed that split graphs, co-graphs, and 
complement of bipartite graphs always have tree 3-spanner. Madanlal et al. [14] 
have shown that interval graphs and permutation graphs admit tree 3-spanner 
which can be constructed in linear time. They have also characterized regular 
bipartite graphs which admit tree 3-spanner. Recently, Brandstadt et al. [4] 
have shown that strongly chordal graphs and dually chordal graphs admit tree 
4-spanner which can be computed in linear time. 

Let G[SJ,S ~ V, be the induced subgraph of G = (V,E} on S. A subset 
C ~Vis said to be a clique if G[CJ is a maximal complete subgraph of G. A 
clique Cis called a k-clique if ICI = k. A 3-clique is called a triangle. A graph 
G is called a k-tree if it can be obtained by the following recursive rules. 

• Start with any k-clique as the basis graph. A k-clique is a k-tree. 

• To any k-tree H add a new vertex and make it adjacent to a k-clique of 
H, to form a (k +I)-clique. 

Note that a tree is nothing but a 1-tree. A 2-tree is a k-tree for k = 2. 
In this paper, we, first, observe that 2-trees in general do not admit tree 

3-spanner. We, then, characterize those 2-trees that admit tree 3-spanner. We 
also present a linear time algorithm for recongnizing a tree 3-spanner admissible 
2-tree and for constructing a tree 3-spanner of a tree 3-spanner admissible 2-
tree. 

The main idea behind our characterization of tree 3-spanner admissible 2-
tree is the identification of forced edges, i.e, edges that will appear in any tree 
3-spanner. We show that a 2-tree G admits a tree 3-spanner if and only if it 
does not contain any triangle containing all three forced edges. We show that 
this characterization and the technique for identifying forced edges enable us 
to recognize tree 3-spanner admissible 2-trees in linear time. A 2-tree G, as 
seen from the definition, consists of IV(G)I- 2 triangles. We show that every 



294 

triangle of a 2-tree G contributes at least one edge to every tree 3-spanner of G. 
Given a tree 3-spanner admissible 2-tree G, we employ aD-search ( a search 
similar to the classical BFS but differs from BFS in that the next element to 
explore is the element most recently added to the list of unexplored elements) 
to search the triangles of G. Using this search, we explore all the triangles and 
keep on adding some edges of the triangles using certain rules to construct a 
spanning tree of G. We show that this tree is indeed a tree 3-spanner of G. 

The rest of the paper is organized as follows. Section 2 presents some per
tinent definitions and results. Section 3 presents the characterization of tree 
3-spanner admissible 2-trees. Section 4 presents the recognition algorithms of 
tree 3-spanner admissible 2-trees and an algorithm for constructing a tree 3-
spanner of a tree 3-spanner admissible 2-tree. The proof of correctness of these 
algorithms are presented in this section. Section 5 presents the complexity 
analysis of these algorithms. Finally, section 6 concludes the paper. 

2. Preliminaries 
ForagraphG = (V,E), letNa{v)= {wE V lvw E E} bethesetofneighbors 

of v. If G[Na(v)] is a complete subgraph of G, then v is called a simplicial 
vertex of G. An ordering a = ( v1 , v2 , ••• , Vn) is called a perfect elimination 
ordering (PEO) of G if Vi is a simplicial vertex of G[ {Vi, Vi+ 1, ... , Vn}] for all 
i, 1 ~ i ~ n. Let da(v) denote the degree of v in G. Let da(u,v) denote the 
distance from u to v in G. Unless otherwise stated the graph G is assumed 
to be connected. A triangle {a, b, c} is said to be simplicial triangle if one of 
its vertices is simplicial. An edge of a simplicial triangle is called simplicial 
if it is incident on a simplicial vertex of the triangle. A triangle is said to be 
interior if all of its edges are shared by at least two triangles. A triangle is 
said to be double interior if the triangle is interior and two of its adjacent 
triangles on different edges are interior. A triangle is said to be triple interior 
if the triangle is interior and its adjacent triangles on each of the three edges 
are also interior. 

A graph is said to be chordal if every cycle of length at least four has a 
chord. k-trees are a subclass of chordal graphs. So, every k-tree has a PEO. 
A 2-tree is said to be a minimal triple interior ( respectively, double or 
single interior ) 2-tree if it contains a triple interior (respectively, double 
or single interior ) triangle but none of its proper subgraph contains a triple 
interior (respectively, double interior or interior) triangle. 

Let Tr be a triangle of a minimal triple interior 2-tree. Tr is called an outer 
triangle if it contains a simplicial vertex. Tr is called an innermost triangle if it 
is triple interior. Tr is called inner triangle if it is neither innermost nor outer 
triangle. The multiplicity M{e) of an edge e is defined to be the number of 
triangle containing e. Let Tr be a triangle and e1, e2, es be the three edges of 
Tr. Tr is said to be one sided developing with respect to e1 if either M(e2) = 1 
and M(es) > 1 or M(es) = 1 and M(e2) > 1. Suppose M(e2) = 1 and 
M(e3) > 1. In this case, e3 is said to be a developing edge of Tr with respect 
to e1. Tr is said to be double side developing with respect to e1 if M(e2) > 1 
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and M(e3) > 1. In this case, e2 and e3 are said to be developing edges of Tr 
with respect to e1. 

If G - C is disconnected for a clique C with components H; =(~, E; }, 
1 :$ i :$ r, r:::: 2, then Cis said to be a separating clique and G; = G[(~ U C)], 
is called a separated graph of G with respect to C, 1 ~ i ~ r, and r:::: 2. Let 
W(G;) = {v E Cj there is awE v; with vw E E(G)}. Cliques of G other than 
C which intersect C are called relevant cliques of G with respect to C. A 
relevant clique C; of G; for which (C;nC)=W(G;) is called a principal clique 
ofG;. 

The existence of a principal clique of every separated graph of a chordal 
graph is guaranteed by the following result due to Panda et al (16). 
Lemma 2.1 (16): Every separated graph 

G; of a chordal graph has a principal clique. 
Let H be a spanning subgraph of G. Since the dn(x,y) ~ t x da(x,y) for 

every x, y E V(G) if and only if dn(x, y) :$ t for every edge xy E E(G), we 
have the following useful lemma. 
Lemma 2.2 A spanning subgraph H of G is at-spanner if and only if dn (x, y) ~ 
t for every edge xy E E(G). 

In view of Lemma 2.2, in the rest of the paper we assume that a span
ning subgraph H (a spanning tree T) of G is a t-spanner ( tree t-spanner) if 
dn(x, y) ~ t ( dr(x, y) ~ t) for every edge xy E E(G). 

3. Characterization of Tree 3-spanner 
Admissible 2-trees 

In this section, we present a characterization of tree 3-spanner admissible 
2-tree. We do this by identifying the forced edges, i.e., edges which will appear 
in every tree 3-spanner. 
Proposition 3.1: Let G be a tree 3-spanner admissible 2-tree having at least 
3 vertices. Then G- v is a tree 3-spanner admissible 2-tree for every simplicial 
vertex v of G. 
Proof: LetT be a tree 3-spanner of G. Let v be any simplicial vertex of G. If 
dr(v} = 1, then T-v is a tree 3-spanner for G- v. Suppose dr(v) = 2. Let 
Na(v) = {x,y}. Then vx,vy E E(T) but xy ¢ E(T). Let T1 = T-{xv}U{xy}. 
Then, T1 is a tree 3-spanner of G- v. 0 

The following proposition, whose proof is omitted, follows from the above 
proposition. 
Proposition 3.2: Let G be a tree 3-spanner admissible 2-tree with at least 3 
vertices and let o:=(v1,v2, ... ,vn) be a PEO of G. Then G[{v;,vi+1, ... ,vn}] 
is a tree 3-spanner admissible 2-tree for all i, 1 :$ i :$ n- 2. 

Note that every induced sub 2-tree of a 2-tree can be obtained by successively 
deleting simplicial vertices. Therefore, we have the following. 
Proposition 3.3: Every induced sub 2-tree of a tree 3-spanner admissible 
2-tree is tree 3-spanner admissible. 

The following lemma implies that if a triangle in G satisfies certain proper
ties, then two out of its three edges are present in every tree 3-spanner of G. 
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The proof of the following lemma, which uses the method of contradiction, can 
be found in the appendix. 
Lemma 3.4: Let G be a tree 3-spanner admissible 2-tree. If G has an induced 
interior triangle, say {a,b,c}, then exactly two out of the three edges ab,be, 
and ca are present in every tree 3-spanner T of G. 

Let G be a tree 3-spanner admissible 2-tree. Below, we show that every 
triangle Tr of G contributes at least one edge to every tree 3-spanner T of G. 
Lemma 3.5: LetT be a tree 3-spanner of a 2-tree G. Then, T contains at 
least one edge of every triangle {a, b, c} of G. 
Proof: (By contradiction) If {a, b, c} is an interior triangle, then by Lemma 
3.4, T contains two edges of {a, b, c}. If {a, b, c} is a simplicial triangle, then 
T must contain one of the simplicial edges of {a, b, c}. If {a, b, c} is neither a 
simplicial triangle nor an interior triangle, then, wig, M(ab) > 1 and M(ac) > 
1. Since, M(be) = 1, b, a, cis the only path of length 2 in G from b to c. Since, 
T does not contain be, T contains a path of length at most 3 from b to c. Since, 
the only path of length 2 from b to c is b, a, c, T has no path of length 2 from 
b to c as T does not contain ab and ac. But, every path of length 3 from b to 
c contains either ab or ac. So, there is no path of length at most 3 from b to c 
in T. This is a contradiction to the fact that T is a tree 3-spanner of G. So, T 
must contain one of the edges ab, be, and ac. 0 

Let G be a tree 3-spanner admissible 2-tree. An edge e of G is said to be 
a forced edge if it belongs to every tree 3-spanner of G. An edge which is 
common to two interior triangle is called a strong edge. Strong edges are 
forced edges as shown below. 
Lemma 3.6: Every strong edge of a tree 3-spanner admissible 2-tree is a forced 
edge. 
Proof: Let be be a strong edge. So, be is common to two interior triangles, say 
{a,b,c}, and {b,c,d} of a tree 3-spanner admissible 2-tree G. LetT be a tree 
3-spanner of G. If possible, T does not contain be. By Lemma 3.4, two of the 
three edges ab, be, and ca are present in T and two of the three edges be, cd, 
and bd are also present in T. Since, T does not contain be, T contains the edges 
ab,ac, cd, and bd. Now, a,b,d,c,a is a cycle in T. Hence a contradiction. So, 
T contains be. Hence, be is a forced edge. 0 

Since, all the three edges of a triple interior triangles are strong edges, and 
hence forced edges by Lemma 3.6, we have the following corollary. 
Corollary 3. 7: Let G be a 2-tree containing a triple interior triangle. Then 

G can not have a tree 3-spanner. 
A triangle having two forced edges is called a semi-forced triangle. Let 

{a, b, c} be a semi-forced triangle having forced edges ab and be. A triangle 
{x,a,c} is said to be dependent on the triangle {a,b,c} if either M(xa) > 1 
or M(xc) > 1. Suppose {x,a,c} is dependent on the triangle {a,b,c} and 
M(xc) > 1. Then, the edge xc of the dependent triangle is called a semi
strong edge. The motivation behind introducing the concept of semi-strong 
edge is that semi-strong edges are also forced edges. 
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A fon;:ed Trlanale havlna three I>Cml-atronaed edaes. 

A 2-tree in which the thic:k edacs are forced edaea. 

Figure 1. A 2-Tree without any triple interior triangle that has a triangle containing 
forced edges. 

The following lemma whose proof can be found in the appendix, proves that 
semi-strong edges are forced edges. 
Lemma 3.8: Every semi-strong edge of a tree 3-spanner admissible 2-tree G 
is a forced edge. 

We have seen earlier that if a 2-tree G has a triple interior triangle, then 
it can not have a tree 3-spanner. A 2-tree may contain triangle consisting of 
forced edges that is not an interior triangle. Figure 1 contains a 2-tree which 
does not have any triple interior triangle but it has a triangle consisting of 
semi-strong edges. So, the graph does not have any tree 3-spanner. 

The characterization theorem (Theorem 3.11) for tree 3-spanner admissible 
2-trees is proved using induction principle and the following lemma is a key in 
achieving that. The proof of the following lemma can be found in the appendix. 
Lemma 3.9: Let G be a tree 3-spanner admissible 2-tree. Let {a,b,c} be 
an interior triangle of G and H;, 1 :5 i :5 3, be the connected components of 
G- {a,b,c}. Let V(H2) = {e} and V(Hs) ={/}.Let dE V(Hl) be such that 
{d,a,b} is a triangle in G1=G[V(Hl) U {a,b,c}]. 
(a) If { d, a, b} is an interior triangle in G 1, then G 1 contains two tree 3-spanners 
T1 and T2 such that T1 contains the edges ab and ac, and T2 contains the edges 
ab and be. 
({3) If { d, a, b} is not an interior triangle of G1 and ab is not a semi-strong edge, 
then G1 has a tree 3-spanner T3 containing any two edges of the three edges 
ab, be, and ac. 

The following lemma shows that a 2-tree, that does not have any interior 
triangle, admits a tree 3-spanner. The proof of the lemma indeed constructs a 
tree 3-spanner of a 2-tree that does not have any interior triangle. The proof 
of the following lemma can be found in the appendix. 
Lemma 3.10: If a 2-tree is free from induced interior triangle, then it admits 
a tree 3-spanner. 

Figure 2 contains a 2-tree which does not contain any interior triangle. So, 
by Lemma 3.10, it has a tree 3-spanner. The method which is employed in the 
proof of Lemma 3.10 is illustrated for the 2-tree G of figure 2. The edges which 
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G 
The thick edges form a tree 3-spanner. 

Figure 2. Construction of a tree 3-spanner of a 2-tree with out having any interior 
triangle 

are selected by the methods are the thick edges of G and are numbered in the 
order they are selected. We employ a similar kind of method, which is more 
involved, to construct a tree 3-spanner of a tree 3-spanner admissible 2-tree. 

A triangle of a 2-tree G is said to be a strong triangle if each of its edges 
is either a strong edge or a semi-strong edge. 

We are now in a position to characterize tree 3-spanner admissible 2-tree. 
The theorem is proved using induction principle and the proof is given in the 
appendix. 
Theorem 3.11 (Characterization Theorem): A 2-tree G admits a tree 
3-spanner if and only if it does not contain a strong triangle as an induced 
subgraph. 

4. Algorithms ~nd Proof of Correctness 
In this section, we first present a recognition algorithm for tree 3-spanner 

admissible 2-trees. Given a tree 3-spanner admissible 2-tree G, we next present 
an algorithm to find a tree 3-spanner of G. We also present the proof of 
correctness of these algorithms. 

Algorithm Tree 3-spanner Recognition 
Input: A 2-tree G; 
Output: H G admits a tree 3-spanner then output "G admits a 

tree 3-spanner" and E, the set of forced edges 
else output "G has no tree 3-spanner". 

{ 
1. Find all the triangles of G. E = tf> 
2. For each strong edge e 

Mark e as forced edge. 
E='EU{e}; 

3. Find all semi-strong edges, mark them as forced edges, and add 
them to E. 

4. H G has a triangle containing all three edges in E, 
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then output "G has no tree spanner" else 
output "G is a tree 3-spanner admissible 2-tree", and E. 

} 

Since, Algorithm tree 3-spanner Recognition checks for a strong tri
angle and declares that the 2-tree without having any strong triangle is tree 
3-spanner admissible 2-tree, the proof of correctness follows from Theorem 3.11. 

In view of the above, we have the following theorem. 
Theorem 4.1: Algorithm tree 3-spanner recognition correctly recognize 
whether a 2-tree T is tree 3-spanner admissible. 

Next, we present an algorithm to construct a tree 3-spanner of a tree 3-
spanner admissible 2-tree T. We, then, prove the correctness of this algorithm. 

The algorithm maintains a stack of edges, the current edge and a triangle 
containing the current edge as the current triangle. In every iteration, the stack 
is popped and the popped edge is made the current edge, and an unmarked 
triangle containing the current edge is made the current triangle. Based on the 
current edge and the current triangle, the algorithm pushes one or more edges 
to the stack. The algorithm also maintains two arrays, namely CUR and NUM 
to maintain the information of the triangles of G. CU R[Tr] = 1 if the triangle 
Tr is made current triangle at some iteration of the algorithm. Otherwise, 
CUR[Tr] = 0. NUM[Tr] represents the number when the triangle Tr was 
marked. The information stored in these arrays will be used for the proof of 
correctness of the algorithm. The exact rules for pushing the edges into the 
stack are given in the following algorithm. 

Algorithm Tree 3-Spanner Construction 
Input: A tree 3-spanner admissible 2-tree G. 
Output: A tree T which is a tree 3-spanner of G. 

{ 
1. Find all the triangles of G. 
2. Q = <P; 

T = </J; 
CU R[Tr] = NU M[Tr] = 0 for all triangles of G; 
count=1; 
Let ab be a simplicial edge of G; 
Push(Q,ab}; 

3. while ( Q :f. <P) I* start of while loop 1 *I 
{ 
CE=Pop(S); T = T U { C E}; 
while(there is any unmarked triangle, say Tr, containing CE) 
I* start of while loop 2 *I 

{ 
CT=Tr; CUR[Tr]=l; NUM[Tr]=count++; Mark CT; 
Let the edges of Tr be CE,e and/; 
Case 1: if (CT is one side developing w.r.t. CE) 

Let CT be developing on e; 
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and g are 
if ( there is a unmarked triangle Tr' = { e, I, g} such that I 

forced edges ) 

else 

{ T = TU {g,h}; Push(Q,g); Push(Q,h}; 
Mark Tr'; CUR[Tr')=O; 

NUM[Tr']=count++; 
COVER(CT,e}; } 

{ T = T U { e }; Push(Q,e);} 
Case II: if ( CT is double side developing on e and I 

w.r.t. CE) 

} 

if ( either e or I is a forced edge ) 
{ Wlg, let e be a forced edge; 
T = T U { e }; Push(Q,e); 
COVER(CT,I);} 

else 
{ T = TU {e}; 
Push(Q,e); 
COVER(CT,/); } 

Case III: if CT is zero-side developing 
T = TU {e}; 
Push(Q,e}; 
} /* end of while loop 2 *I 
} I* end of while loop 1 *I 

Procedure COVER(CT,e) 

{ 
for each one-side developing triangle Tr =/: CT containing e 
{ Let the edges of the triangle be e, x, andy such that 

Tr is developing on x; 

} 

T = T U { x }; Push(Q,x); Mark Tr; 
CUR[Tr]=O; NUM[Tr]=count++;} 
for each zero-side developing triangle Tr =/: CT containing e 

{ Let the edges of the triangle be e, x, and y; 
T = TU {x}; Push(Q,x); Mark Tr; 

CUR[Tr]=O; NUM[Tr]=count++;} 

Next, we prove that Algorithm Tree 3-spanner Construction correctly 
constructs a tree 3-spanner of a tree 3-spanner admissible 2-tree. We do this 
by first showing that T, which is constructed by this algorithm, is a spanning 
tree of G, and then show that it is indeed a tree 3-spanner of G. 
Theorem 4.2: Algorithm tree 3-spanner Construction produces a spanning 
tree T of G. 
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Proof: Note that Algorithm tree 3-spanner Construction consists of 
several iterations. In each iteration, a triangle is made current triangle, and 
based on whether it is one side developing, two side developing or zero side 
developing, certain triangles are marked. Let Ti be the graph formed by the 
set of edges selected on or before ith iteration, and S; be the set of vertices 
spanned by the triangles which are marked on or before ith iteration. 
Claim: Ti is a spanning tree of G[S;] for each i. 
Proof of Claim: Assume that the set of edges included in T by the end 
of ( i - 1 )th iteration is a spanning tree of the set of vertices spanned by the 
set of triangles which are marked on or before (i- l)th iteration. Let CT = 
{CE,e,!}, and CE be the current triangle, and current edge in ith iteration, 
respectively. Edges are added to T based on whether CT is zero side, one side 
or two side developing. 
Case 1: CT is zero-side developing. 

In this case, only one edge e is added to T. So, it is easy to see that our 
claim is true in this case. 
Case II: CT is developing one-side on e. 

In this case, only one edge e is added if there is no triangle { e, g, h} containing 
two strong edges g and h. In this case, our claim is easily seen to be true. 
Suppose, there is a triangle { e, g, h }, where g and hare strong edges. In such a 
situation, g and hare added toT and CT and { e, g, h} are marked. Moreover, 
for all one side developing triangles { e, x, y} on x, the edge x is added and 
{ e, x, y} is marked and for all zero-side developing triangles { e, x1, yt}, x1 is 
added to T and { e, x1, y!} is marked. So, Ti forms a spanning tree on G[S;] in 
this case. 
Case III: CT is two-side developing. 

Assume one of the edges e and f is a forced edge. Wig, e is a forced edge. In 
this case, e is added toT and CT is marked. Also for all one-side developing 
triangles {!, g, h} on g and for all zero-side developing triangles {!, g, h} the 
edge g is added toT, and all such triangles are marked. So, Ti is a spanning 
tree of G[S;] in this case. 

Now, assume that neither e nor f is a forced edge. In this case as well, e 
is added to T and for all one-side developing triangles {!, 9, h} on 9, the edge 
g is added and { e, j, g} is marked, and for all zero-side developing triangles 
{!, 91 , h1 } the edge 91 is added toT, and all such triangles are marked. So, Ti 
is a spanning tree of G[S;] in this case. 

So, our claim is true. Hence, Tis a spanning tree of G. 0 
Next, we show that Tis a tree 3-spanner of G. 

Theorem 4.3: Let G be a tree 3-spanner admissible 2-tree. Then algorithm 
tree 3-spanner construction successfully constructs a tree 3-spanner of G. 
Proof: By Theorem 4.2, the graph T produced by the algorithm is a spanning 
tree of G. 

Let e E E(G) and e = xy. If e E T, then dT(x,y) = 1. So, assume that 
e ¢ T. Let Tr be the triangle containing e such that NU M[Tr] is minimum. 
Case 1: CU R[Tr] = 1. 
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Let Tr = {CE,e,f}. Since, e ~ T, e '::f:. CE. If Tr is zero-sided developing, 
then I is added toT. So, dT(z,y) = 2. HTr is one-side developing, then either 
I is added or g and hare added toT, where either {e,g,h} or {f,g,h} is a 
triangle containing two forced edges g and h. In this case, dT(z, y) :5 3. If Tr 
is two-side developing, then dT(z,y) = 2 as I is added toT in this case. So, 
dT(z, y) :53 if OUR[Tr) = 1. 
Case II: OU R[Tr) = 0. 

Let Trl be the current triangle when Tr was marked. So, Trl was either 
one-side developing or two-side developing. In either case, it can be seen using 
the arguments employed above that dT(z,y) :53. 

So, T is tree 3-spanner of G. 0 
So, by Theorem 4.2 and Theorem 4.3, we have the following result. 

Theorem 4.4: Algorithm tree 3-spanner construction correctly constructs a 
tree 3-spanner of a tree 3-spanner admissible 2-tree. 

5. Complexity Analysis 
In this section, we show that Algorithm Tree 3-spanner Recognition 

and Algorithm Tree 3-spanner Construction can be implemented in 
O(n + m) time, where, nand m are the number of vertices, and number of 
edges of the input 2-tree. 

Assume that the input graph G which is a 2-tree is given in adjacency list 
representation. First we do some preprocessing and compute certain informa
tion which will make the implementation of the above mentioned algorithms 
easy. 

First, find all the triangles of G. Since, cliques in chordal graphs can be 
found in O(n+m) time [11), and cliques in 2-tree (which is a chordal graph) are 
triangles, all the triangles can be found in O(n + m) time. Scan the adjacency 
lists and find a numbering of the edges of G. Modify the adjacency list of G 
such that for each v e V, L(v), the adjacency list of v, contains an adjacent 
vertex, say, w, edge number of the edge vw as obtained in the previous step, 
and a pointer to the next cell. This step takes O(n+m) time. Next, number all 
the triangles and construct an array TN of pointers such that T N[i) contains 
the list of edges of the triangle having number i. This takes O(n + m) time. 
Construct an array A of pointers such that A[i) contains the list of triangle 
containing the edge having number i. This can be done as follows. From the 
list of all triangles, construct a list of order pair by replacing a triangle, say 
Tr, by (e,Tr), (f,Tr), and (g,Tr), where e, I, and g are the edges of Tr. Now, 
sort this list in non-decreasing order on the first component. All the triangles 
containing an edge appear consecutively on this list. Since each edge has a 
unique number, bucket sort can be used to sort the above list. So, this takes 
O(n + m) time. Now, from this sorted list, the array A can be constructed in 
O(n + m) time. Now, from the lists TN and A, we can construct an array N 
such that N[i) = 1 if the triangle having number i is interior, else N[i] = 0. 
This takes O(n + m) time. Using the list N, it is easy to find all the strong 
edges ofG in O(n+m) time. 
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We, now, describe the implementation of Algorithm tree 3-spanner recog
nition. As discussed above, step 1 takes O(n + m). Implementation of step 2 
is straightforward once the list of interior triangles is given. Let 8;, 0 S i s 3, 
be the set of triangles having i strong edges. Recall that, for each edge e, M(e) 
is the number of triangles containing e. Then, step 3 can be implemented as 
follows: 

while ( 82 f:. ¢) 
{ 
Let Tr E S2; 

82 = 82- Tr; 
Let e, I, and 9 be the edges of Tr and e and I be 
the forced edges; 

for each Tr' f:. Tr containing 9 
{ 

Let 9, 91 , 92 be the edges of Tr'; 
if (M(g1) > 1) then 

{ mark 91 as forced edge; E' = E' U {g!}; 
delete Tr' from 8; and insert Tr' into S;+l;} 

if (M(g2) > 1) then 
{mark 02 as forced edge;E' = E' U {g2}; 

delete Tr' from S; and insert Tr' into S;Hi} 
} 

} 

It is easy to see that this takes O(n + m) time. Since, S3 f:. ¢if and only if 
the 2-tree G has a triangle consisting of three forced edges, implementation of 
step 4 is easy. 

Since, 2-trees can be recognized in linear time [11], in view of the above and 
by Theorem 4.1, we have the following theorem. 
Theorem 5.1: Tree 3-spanner admissible 2-trees can be recognized in linear 
time. 

Next, we show that Algorithm tree 3-spanner Construction can also 
be implemented in O(n + m) time. 

Algorithm tree 3-spanner starts by selecting a simplicial edge. This can be 
done by selecting an edge e with A[e] = 1. This takes O(n + m) time. Next, 
the algorithm marks the triangle containing the edge e. Whether the current 
triangle develops in one direction of two direction can be tested by checking 
the array A for the edges of the triangle. The edge number of the edges can 
be found out by scanning the appropriate list of the modified adjacency list 
of G obtained above. Again, whether a triangle is two-side developing, one
side developing or zero-side developing can be tested in O(n + m) time for. 
all triangles. Now it is easy to see that other operations of Algorithm tree 
3-spanner construction can be implemented in O(n + m) time. So, algorithm 
tree 3-spanner construction takes O(n + m) time. In view of the above and by 
Theorem 4.3, we have the following theorem. 
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Theorem 5.2: Tree 3-spanner in a tree 3-spanner admissible 2-tree can be 
constructed in linear time. 

6. Conclusion 
In this paper, we have observed that 2-trees in general do not admit tree 

3-spanner. We characterize those 2-trees that admit tree 3-spanner. We have 
also presented linear time algorithms for recognizing tree 3-spanner admissible 
2-tree and for constructing a tree 3-spanner in a tree 3-spanner admissible 2-
tree. It would be interesting to study the tree 3-spanner problem on chordal 
graphs and in particular on k-trees fork;::: 3. 
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Appendix 

Proof of Lemma 3.4: 
Proof:( By contradiction) Let {a, b, c, d, e,!} be the vertices of an interior 
triangle {a, b, c} such that d is adjacent to a and b, e is adjacent to b and c, 
and f is adjacent to a and c. 
Case 1: None of the edges ab, be and ca is present in T. 

So, dT(a, b)~ 2 and dT(b, c)~ 2. Let P(a,b) and P(b,c) be the paths in 
T from a to b and b to c, respectively. If P(a, b) and P(b, c) have no edges in 
common, then clearly dT(a,c) > 3, a contradiction to the fact that Tis a tree 
3-spanner of G. So, assume that P(a, b) has an edge in common with P(b, c). 
If dT(a,b) = dT(b,c) = 2 and xb is the common edge, then {a, b, c, x} is a K4, 
a complete graph on four vertices, which is a contradiction to the fact that G 
is a 2-tree. So, either dT(a,b) > 2 or dT(b,c) > 2. If possible dT(a,b) = 3 
and dT(b,c) = 2. Let P(a,b) = a,x,y,b and P(b,c) = b,y,c. Now a, x, y, b, a 
is a cycle of length 4. So, either ay E E(G) or bx E E(G). If ay E E(G), 
then {a,y,b,c} is a K4 , which is a contradiction to the fact that G is a 2-tree. 
If possible, xb E E(G). Now, a,x,y,c,a is a cycle of length 4. So, either 
xc E E(G) or ayE E(G). As we have seen ayE E(G) leads to a contradiction, 
so xc E E( G). Now {a, b, c, x} is a K 4 . Hence a contradiction. 

So dT(a,b) = 3 and dT(b,c) = 3. Let P(a,b) = a,x,y,b. Suppose P(b,c) 
has exactly one edge in common with P(a, b). Since, ab and bx can not be 
present in T, P(b,c) will be of the form b,y,z,c. Now, dT(a,c) > 3, which is a 
contradiction to the fact that Tis a tree 3-spanner of G. So, assume that P(b, c) 
has two edges in common with P(a,b). Let P(b,c) = b,y,x,c. Now, b,y,x,c,b 
is a cycle of length 4. So, either xb E E(G) or cy E E(G). If bx E E(G), then 
{a, b, c, x} is a K4, which is a contradiction to the fact that G is a 2-tree. So, 
cy E E(G). Again, a, x, y, b, a is a cycle of length 4. Since, bx is not an edge of 
G, ay E E( G). Now, {a, b, c, y} is a K4, which is a contradiction. 
Case 2: Exactly one of the edges ab, be and ca is present in T. 

Wlg, ab E E(T). Now dT(b, c) 2: 2. Suppose dT(b, c) = 2. Let P(b, c) = 
b, x, c. Now, dT(f, a) ~ 3. If dT(f, a) = 1, then dT(f, c) > 3, which is a 
contradiction. Suppose dT(f,a) = 2. If P(f,a), the path from f to a in T, 
contains the edge ab, then P(f, a) will be of the form j, b,a. Now, {a, b, c,!} 
is a K 4 , which is a contradiction. If P(f, a) does not contain the edge ab, then 
dT(f, c) ~ 4, which is a contradiction. So, assume that dT(f, a) = 3. If P(f, a) 
has no edge in common with P(b, c) and it does not contain the edge ab, then 
dT(f, c) > 3, which is a contradiction. So, assume that P(a, f) = j, x, b, a. 
Now, j,x,b,a is a cycle of length 4. So, either axE E(G) orfb E E(G). If 
fb E E(G), then {a, b, c,!} is a K4 , which is a contradiction. If axE E(G), then 
{a,b,c,x} is a K4 , which is a contradiction. Next, assume that dT(b,c) = 3. 
So, either P(b,c) = b,x,y,c or P(b,c) = b,a,x,c. If P(b,c) = b,x,y,c, then 
dT(a, c) = 4, which is a contradiction. So, P(b, c) = b, a,x, c. Now, dT(a, c)= 2 
and abE E(T). So, we are in the same situation. (i.e, dT(b, c)= 2, abE E(T)). 
So, using the similar arguments, it can be shown that this situation is not 
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possible. Since, T can not contain all the three edges ab, be and ca, exactly two 
out of these three edges are present in T. 0 

Proof of Lemma 3.8 

Proof: Let xc be a semi-strong edge of a tree 3-spanner admissible 2-tree of G. 
So, there exists a triangle {x, a,c} which is dependent on a semi-forced triangle 
{a, b, c} having forced edges ab and be. Let T be a tree 3-spanner of G. H 
possible, xc is not an edge ofT. Since, by Lemma 3.5, T contains at least one 
edge of {a,c,x}, T contains ax as T can not contain ac. Since, M(xc) > 1, 
there is a triangle {x,c,d}. Now, T contains an edge of {x,c,d}. Since, xc is 
not in T, wlg, cd E T. Now, x, a, b, c, dis the unique path in T from x to d. So, 
there is no path in T of length at most 3 from x to d. This is a contradiction to 
the fact that Tis tree 3-spanner. So, T must contain xc. Hence, semi-strong 
edges are forced edges. 0 
Proof of Lemma 3.9 
Proof: Since G is a tree 3-spanner admissible 2-tree, G1 is also tree 3-spanner 
admissible 2-tree. Since {a, b, c} is an interior triangle of G, by lemma 2.4, G 
has a tree 3-spanner T* containing two of the three edges ab, be, and ca. Let 
T=T* - { e, !}. Then, T is a tree 3-spanner of H1 containing two of the three 
edges ab, be and ca. 
Part (a) Assume that {a,b,d} is an interior triangle in G1 . 

Case 1: T contains ab and ac. 
Let T1=T and T2=(T-{ac})U{bc}. Then clearly, T1 and T2 are the required 

trees. 
Case II: T contains ab and be. 

Let T2=T and T1=(T- {bc})U{ac}. Then clearly T1 and T2 are the required 
trees. 
Case III: T contains ac and be. 

Since, {a, b, d} is an interior triangle, by lemma 2.4, T will contain two of 
the three edges ab, ad and bd. Since T contains ac and be, T can not contain 
ab. So T has to contain ab and bd. Then a, c, b, d, a is a cycle in T. This is a 
contradiction to the fact that T is a tree. Hence, T can not contain ac and be 
simultaneously. 

So, Lemma 3.9 part (a) is proved. Next, we prove part ({J). 
Part ({J) Now {a, b, d} is not an interior triangle of G1 and ab is not a semi
strong edge. 
case 1: T contains ab and ac. 

Now, Tt=(T- {ac}) U {be} is a tree 3-spanner of G1 containing ab and be. 
So, G1 has a tree 3-spanner containing ab and be. Next, we show that T has a 
tree 3-spanner containing ac and be. Since, {a, b, d} is not an interior triangle, 
either ad or bd is not developing. Wig, bd is not developing. H T contains bd, 
then it can not contain ad as it also contains ab. So, if T contains bd, consider 
the tree obtained from T by deleting bd and adding ad. Clearly, this tree is a 
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tree 3-spanner of G. So, wig, assume that T does not contain bd. If possible, let 
T do not contain da. Since, ab is not a semi-strong edge, none of the interior 
triangle containing ad contains two strong edges. So, if there is an interior 
triangle containing da, then there will be a tree 3-spanner of G1 containing da. 
So, if possible, assume that there is no interior triangle containing da. Since, 
bd is not an edge in T, T contains two of the edges of some triangle containing 
da. Let T contain az and zd of the triangle {a, z, d}. Since, none of the triangle 
containing da is an interior triangle, either az or dz is not a developing edge. 
Wig, az is not a developing edge. Now, (T- {az}) U {da} is a tree 3-spanner 
containing the edge da. So, wig, assume that T contains da. Consider T3= 
i(T- {ab}) U {be}. Now we claim that T3 is tree 3-spanner of G1. Let xy 
be an edge of G1. Let P(x,y) be the path from x toy in T. Since Tis a 
tree 3-spanner of G1, length(P(x, y)) < 4. If P(x, y) does not contain ab, then 
P(x, y) is also a path in T3 of length at most 3. So assume that P(x, y) contains 
ab. Let L be the length of P(x, y). If L = 1, then wig, x = a and y = b. Now 
P'(x,y) = x,c,y is a path of length 2 in T3. If L = 2, then wig, y =b. Let 
P'(x,y) = x,a,c,y. Then P'(x,y) is a path of length 3 in T3. Assume that 
L = 3. Since bz is not an edge in T for every z E V(Gl)- {a, c, d}, ether x = b 
or y = b orx,y E {e,c}. If either x = b or y = b then the other vertex has to 
be one of a, d, or c. Since, b, a, d is a path of length 2 in T3, { x, y} :/; { b, d}. If 
x = b and y = c, then it is easy to see that T3 contains a path of length at most 
3 from x toy. Hence, T3 is a tree 3-spanner of Gt containing ac and be. So, if 
G1 has a tree containing ab and ac, then it has also tree 3-spanners containing 
ab and be, and it has a tree 3-spanner containing ac and be. 
case II: T contains ab and be. 

Now, T1=(T-{bc}) U {ac} is a tree 3-spanner of G1 containing ab and ac. 
So, by case I of (b) above, G1 will have a tree 3-spanner containing ac and be. 
case III: T contains ac and be. 

Let T1 =(T-{bc}) U { ab }. It is easy to check that T1 is a tree 3-spanner of 
Gt. 

Hence, G1 contains a tree 3-spanner containing any two of the three edges 
~~~~ D 

Proof of Lemma 3.10: We propose a method to construct a tree 3-spanner 
T. Let T = ¢. Start with some simplicial edge, say ab. Include ab to T. Let 
{a, b, e} be the triangle containing ab. Since, G has no interior triangle, either 
ae or be is not developing. If G has more than 3 vertices, then either ae or be 
is a developing edge with respect to the current edge ab and current triangle 
{a, b, e}. Wig, be is developing. Then add be toT. Now make be as the current 
edge and consider all the triangles which are not considered. Let {b, e, d} be any 
triangle containing be. If this is a simplicial triangle, then either add bd or add 
cd to T. If { b, c, d} is not a simplicial triangle, then add the developing edge 
of { b, c, d} to T. Continue this process till all the triangles are considered. We 
claim that the tree T so obtained is a tree 3-spanner of G. Let xy be an edge 



308 

of G. Let {x,y,z} be the triangle which was considered earlier by the above 
method than any other triangle containing xy. If { x, y, z} is simplicial, then 
two of the edges of the triangle {x,y,z} are included in T. Then dr(x,y) < 3. 
Suppose, {x,y,z} is not a simplicial triangle. If xy is included in T, then 
dr(x,y) = 1. If it is not included, wig, yz was the current edge when {x,y,z} 
was considered by the algorithm. Then, xz is a developing edges and so is 
included in T. So, dr(x, y) < 3. So, Tis a tree 3-spanner of G. 0 
Proof of Theorem 3.11: 
Proof: Necessity: Necessity follows from Lemma 3.6 and Lemma 3.8. 
Sufficiency: We will prove it by induction. Let n be the number of vertices of 
G. For n = 4, 5, G has at most three triangles. So, G has no interior triangles. 
Hence, by Lemma 3.10, G contains a tree 3-spanner. Assume that every 2-
tree having n or fewer vertices without containing a strong triangle has a tree 
3-spanner. 

Let G be a 2-tree having n + 1 vertices and does not have any induced 
strong triangle. If G has no interior triangle, then by Lemma 3.10, G has a tree 
3-spanner. A Assume that G has an interior triangle, say {a, b, c}. 

Let G 1 , G2, ... , G r, r ~ 3 be the separated graphs of G with respect to 
{a,b,c}. Let S1 = {G;jW(G;) = {a,b}}, S2={G;jW(G;) = {a,c}}, and Sa= 
{G;jW(G;) = {b,c}}. Note that none of the S; is empty. Since, G does not 
contain any strong triangle, one of the edges ab, be, and ca is neither a strong 
edge nor a semi-strong edge. Wig, ab is neither a strong edge nor a semi-strong 
edge. So, for all j , 1 ~ j ~ r , G; E S1 implies the principal clique of G;, 
which is a triangle, is not interior. Let { b, c,!} and {a, c, e} be the principal 
cliques of G1 and G2, where G1 E 82 and G2 E Sa. 
Case 1: Either j8;j;::: 2 for some i, 1 ~ i :53 or jV(G;)- {a,b,c}l 2::21 for 
some i, 1 ~ i :5 r, where G; belongs to 8j, j = 2,3. 

Now, for each G; E 81, G' = G[{ e,!} U V(G;)] is a 2- tree without strong 
triangle with fewer vertices than G. So, by induction hypothesis, G' is tree 3-
spanner admissible 2-tree. Now, the set of separated graphs of G' with respect 
to {a,b,c} is {G;,G~,G2}, where G~ = G[{a,b,c,e}] and G2 = G[{a,b,c,f}]. 
So, by Lemma 3.9, each G; E 81 has a tree 3-spanner containing the edges 
ac and be. By similar arguments and by Lemma 3.9, each G; E 82 and each 
Gj E 83 has a tree 3-spanner containing the edges ac and be. The union of 
these trees is a tree. This tree is the tree 3-spanner of G. Hence, by induction 
principle, every 2-tree which does not contain any strong triangle as an induced 
subgraph admits a tree 3-spanner. 
Case II: Each S;, 1 :5 i :53 is singleton and jV(Gj)- {a,b,c}i = 1 for each Gj 
inS;, i = 2,3. 

Consider G' = G[{e,!} U V(GI}], G1 E 81. Note that, G' = G. Let 
G" = G- {e}. Since, G" is a 2-tree having n vertices without containing a 
strong triangle, G" is a tree 3-spanner admissible by induction hypothesis. Let 
T be a tree 3-spanner of G". Let P(a,c) be the path from a to c in T. Now, 
length of P(a, c) ~ 3. If possible, length of P(a, c)= 3. Then, P(a, c) =a, b, j,c 
or P(a, c) =a, d, j, c. If P(a, c) =a, b, j, c, then T' = (T- {bf}) U {be} is a tree 
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3-spanner of G11 and length of the path P(a, c) in T1 is 2. Suppose, P(a, c) = 
a, d, b, c . Since, {a, d, b} is not an interior triangle, either bd or ad is not a 
developing edge. Wig, bd is not a developing edge. Then, T 1 = T- {bd} U { ab} 
is a tree 3-spanner of G11 such that there is a path of length 2 from a to c in T 1• 

So, wlg, T has a path P( a, c) from a to c of length one or two. Now T U { ae} is 
a tree 3-spanner of Ql. So, by induction principle, every 2-tree which does not 
contain a strong triangle as an induced subgraph admits a tree 3-spanner. 0 


