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Abstract Widespread interest has arisen in the use of dynamic geometry software as a 
constructivist leaming tool. However, the software has been accused of 
contributing to an empirical, data-collecting approach to geometry, where 
students have little or no understanding of deductive reasoning. Mechanical 
linkages which occur in many common household items, as weil as in 
'mathematical machines' from the past, offer a wealth of geometry appropriate 
for secondazy school mathematics. Dynamic geometry models of these 
linkages form an interface between the concrete and the theoretical, and create 
a visually rieb environment for students to explore, conjecture and construct 
geometric proofs. 

1. INTRODUCTION 

The unique design features of the class of software known as dynamic 
geometry, for example, Cabri Geometry™ and Geometer's Sketchpad™, 
have created widespread interest in the software as a constructivist leaming 
tool. Screen drawings in this software can be purely visual or they can be 
constructed using in-built tools based on Euclidean geometry, such as 
parallel or perpendicular lines, angle bisectors or perpendicular bisectors. 
Segments or angles can be constructed precisely, accurate measurements can 
be made and the loci of points traced. The 'drag' facility distinguishes 
dynamic geometry software from other computer drawing software, since 
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only those features based on appropriate geometric constructions, such as 
parallel or perpendicular lines, will remain invariant when a screen drawing 
is dragged. 

Recent decades have seen a general decline in Euclidean geometry in 
school mathematics curricula, with the geometry which remains becoming 
largely empirical and students having little idea of the significance of proof. 
With the facility to measure angles and distances, and the ability to obtain 
multiple screen images by dragging, dynamic geometry software has been 
accused of contributing to a 'data-gathering' empirical approach and the 
removal of students' need for geometric proof as verification. Noss and 
Hoyles ( 1996) express concem that in the UK there is little evidence of the 
powernll new ways of approaching geometry offered by dynamic geometry 
software. Instead, geometry is being reduced to pattem-spotting by dragging 
screen drawings, with little or no emphasis on theoretical geometry or 
deductive reasoning. Healy and Hoyles (1999), reporting on the project, 
Justifying and Proving in School Mathematics, note that the National 
Curriculum in the UK 

" ... prescribes an approach to proving ... in which the introduction of 
formal proofs is reserved for 'exceptional performance', and thus delayed 
until after students have progressed through early stages of reasoning 
empirically and explaining their conjectures. Most of the requirements to 
explain and justify take place within investigations driven by numerical 
data." 

De Villiers (1998) has criticised the emphasis on the verification aspect 
of proof in school mathematics, arguing that in a traditional approach to the 
teaching of proofs, illustrations of pattem failure, optical illusions and false 
conclusions are used to create doubt in the minds of students in order to 
justify and motivate the need for proof. He asserts that in a dynamic 
geometry environment, the focus should move to proof as explanation rather 
than verification. While some students may have a cognitive need for proof 
as conviction, many see little point in proving something which they already 
'know' to be true. Hofstadter (1997) argues that the certainty given by 
dragging a dynamic geometry construction is more convincing for him than 
a proof: 'it's not a proof, of course, but in some sense, I would argue, this 
kind of direct contact with the phenomenon is even more convincing than a 
proof, because you really see it all happening right before your eyes'. 

Reflecting the revival of interest in proof in school mathematics, much of 
the recent dynamic geometry research has focused on the role of the 
software as an environment for conjecturing and deductive reasoning. 
Hoyles (1998) cautions against the assumption that the computer will "help 
to build bridges between the empirical and the deductive", noting that "there 
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remains the question of how to develop a 'need for proof "0 She asserts that 
links between empirical verification and deductive proof should be 
developed at each Ievel of school mathematics to establish 'a culture of 
proving': 

"o 0 oowe need to design new leaming contexts which require the use of 
clearly formulated Statements and definitions and agreed procedures of 
deduction but which also allow opportunities for their connection with 
empirical justification and the conviction this engenderso" 

The question, then, is how to exploit the rieb visual environment of 
dynamic geometry software to engage students in deductive reasoning and 
proofo Healy (2000) and Arzarello, Micheletti, Olivero, Robutti and Paola 
(1998) describe teaching experiments involving geometry problem-solving, 
where the loci obtained by purposeful dragging provided the data for 
students' conjecturing and proof constructiono Scher (1999) asserts that the 
software can influence the style of experimentation and reasoning so that 
'the boundary between deductive reasoning and dynamic geometry becomes 
blurred: the software finds its way into the proof process' 0 He notes, 
however, the frequent situation where, 'having used the software to convince 
themselves of a theorem's plausibility, mathematics classes turn to the 
traditional paper-and-pencil medium to ponder a proofo In the process, they 
create a boundary between the computer and deductive reasoning' 0 Scher 
uses the example of the modeHing of the pantograph of Sylvester to illustrate 
how feedback from dragging the screen construction can contribute to the 
conjecturing and proof processeso Through an interplay between 
experimentation and deductive reasoning, 'dynamic geometry can provide 
not only data to feed a conjecture, but tools to jump-start ideas and feed a 
proofo 

2. MODELLING MECHANICAL LINKAGES 

Mechanical linkages, or systems of hinged bars (Cundy and Rollett 1981, 
Bolt 1991 ), are found in many common household items as well as in 
'mathematical machines' from the past, and offer a wealth of geometry 
appropriate for secondary school mathematicso Many of these linkages are 
based on the simple geometry of similar figures, isosceles triangles, 
parallelograms or kites, providing a motivating environment in which to 
introduce students to conjecturing and proofo With the emphasis on the 
underlying geometry, dynamic geometry software models of linkages which 
simulate the action of the actual linkages form an interface between the 
concrete and the theoretical, enabling students to visualise the linkages as 
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geometric figures. In this visually rich environment students can explore, 
conjecture and construct geometric proofs: Why does the cage of an elevated 
work platform remain vertical when it is raised or lowered? Why are 
rhombus linkages so widely used? How is a pantograph designed to produce 
an image with a particular enlargement factor? The accurate measurements, 
animation and tracing of loci which are possible with the software contribute 
to a conjecturing environment where proof assumes the multiple roles of 
verification, for example, that apparent invariants are in fact invariant, 
understanding of geometric relationships, and explanation, that is, giving an 
insight into why the linkage works the way it does. 

In the simple linkage of a folding table (Figure I), for example, why does 
the top stay parallel to the floor as the table is raised or lowered? The proof, 
based on two similar, isosceles triangles, draws on familiar geometry and 
provides an appropriate introduction to formal proof construction. Could the 
requirement that the top remains parallel to the floor be achieved if the legs 
AB and CD were of unequal lengths? Under what circumstances are 
triangles APC and BPD congruent? 

Aoor Drog polntC 

A c 

Figure 1. Polding table linkage 

The elevated work-platform, commonly known as a 'cherry-picker' 
(Figure 2), contains two paralidogram linkages, ACED and EFGH. A 
dynamic geometry model of the linkages demonstrates clearly how the rigid 
structures ABC and DEF ensure that GH remains perpendicular to AB and 
hence that the cage remains in a vertical position. The relationship between 
LBAC and LDEF is shown in Figure 2b. Similar linkages are to be found in 
wall-mounting brackets for equipment such as medical instruments, desk 
lights and computer monitors. 
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Figure 2. ModeHing the parallelogram linkages of a 'cherry picker' 

The expanding toolbox (Figure 3) has two parallelogram linkages, ABDC 
and EFHG. BD and FH are attached along a straight line parallel to the base 
to ensure that the trays remain parallel to the base as they move. The loci of 
AC and EG demoostrate the significance of the parallelogram linkages to the 
design of the toolbox. W ould the toolbox still function if the links were 
attached so that ABDC and EFHG were rectangles when the toolbox was in 
its closed position? What would happen if the links formed trapezia rather 
than parallelograms? 

011 A 

A G 

B D H 

Figure 3. Parallelogram linkages of an expanding toolbox 

Rhombus linkages are widely used in the elevated work platforms known 
as 'scissor Iifts', as weil as in expanding trellises and barriers, riveting tools 
and corkscrews. Figure 4a shows the application of the rhombus linkage in a 
car jack. Why is the locus of B perpendicular to AP? What is the 
significance of this for the operation of the jack? An alternative design of car 
jack (Figure 4b) is based on an isosceles triangle where the arm PB is 
extended by an equal amount BC, so that AB = PB = BC. The conjecture, 
that LCAP is a right angle, can be proved readily by students using the 
properties of isosceles triangles. How would the locus of C be influenced if 
the extension BC were not equal to PB? Could this different linkage design 
have any useful applications? 



428 Jill Vincent 

A 

(a) 

c 

I 
I 
I 
I 

Loeu• ot C: 
I B 

(b) 

Figure 4. Rhombus and extended isosceles triangle linkages 

Dr•t polnt P 

Pascal's angle trisector (Figure 5) is based on two isosceles triangles, 
with AB = BC = CD. As the rod AF is rotated, D slides along AF and C 
slides along AE. Measurement of angles in the dynamic geometry 
construction and observation of the changes as AF is rotated should Iead 
students to the conjecture that the measure of LDCE is three times that of 
LF AE. Can students prove their conjecture? What if further links are added? 
What determines how many more links are possible? What is the 
relationship to LF AE each time another link is added to create a new angle? 

Measure angles FAE and DCE. 
What ronjecture can you make? 
Can you prove your conjecture? 

A 

c 

Figure 5. Pascal's angle trisector 

E 

The flourishing of mechanical invention which occurred as a result of the 
industrial revolution led to the development of a number of linkages for 
converting circular motion into linear motion. Tchebycheffs linkage (Figure 
6), for example, provides an opportunity to introduce students to the need for 
proof. The linkage consists of a crossed quadrilateral ABCD where A and B 
are fixed, AB = 4 units, CD = 2 units and AC = BD = 5 units. It can be 
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shown that P is exactly 4 units above the line AB when CD is horizontal or 
in either of its two vertical positions. 

p 

A A A 

Figure 6. Tchebychefrs linkage 
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In other configurations, it may appear at first that the locus of P is linear 
(Figure 7a). However, further tracing of the locus of P and measuring the 
distance of P from AB with the maximum number of decimal places (Figure 
7b) soon reveals that the locus ofP is a good approximation oflinear motion. 
The linkage provides an opportunity for introducing the need for proof as 
verification and also the role of counter-examples. 

D D 

locus of P locus of P 

cm 

A X B A X B 

(a) (b) 

Figure 7. Tracing the locus of P in Tchebychefrs linkage 

Many of the linkages for converting circular to rectilinear motion are 
based on kites or parallelograms, and their computer models provide a rich 
source of geometry for students to explore, conjecture and construct proofs. 
Sylvester's linkage (Figure 8) is based on two similar kites, AEDC and 
DCBF, with 0 and F fixed so that OABF is a parallelogram. As point B is 
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dragged, the locus of E appears to be a straight line through F, while 
measurement of angles suggests that LOFE is a right-angle. The challenge 
for students is to prove the conjecture that E moves along a linear path 
perpendicular to OF. 

A 

0 and F are flxed polnts 

4x 

Jx 
··. 

8 
Drag polnt 8 

c 

Figure 8. Dynamic geometry model of Sylvester's linkage 

0. 

Pantographs, mechanical devices originally used for copying or enlarging 
drawings, are another source of interesting geometry. Although pantographs 
are no Ionger used as drawing tools, computer-controlled versions are now 
used as precision cutting tools. The pantograph of Sylvester (Figure 9) 
consists of a parallelogram OABC and two links, AP and CP', where AP = 

CP' = OC and LBAP = LBCP' = a, a fixed angle. 

c 

Figure 9. Pantograph of Sylvester 

Tracing the paths of P and P' as P is dragged, demonstrates to students 
that P' traces out a rotated image of the path of P. Feedback from dragging 
the dynamic geometry model and measurement of OP, OP' and LPOP' 



Dynamic Geometry Software and Mechanical Linkages 431 

should Iead students to the conjectures that OP = OP' and LPOP' = a. Proof 
of these conjectures, based on congruent triangles OAP and OBP', then 
confirms why the movement of P' is an image of the movement of P, rotated 
through an angle equal to a. The geometry of the linkage poses many 
questions: Do the lengths of the links AP and CP' influence the image? Are 
the lengths of the parallelogram links significant? What if OABC were a 
rhombus? 

The pantograph shown in Figure 10, in which ABDC is a parallelogram, 
points 0, C and E are collinear and 0 is fixed, can be used for enlarging or 
reducing. By tracing the locus of points C and E students can compare the 
sizes of the loci and construct a proof based on the conjecture that ~OAC, 
~OBE and ~CDE are similar. How would you design a pantograph with a 
given enlargement factor? 

0 
--- .... _ ... ... .. 

........ ,. ... ---

B 

........ c 

Locus ol E 

·R _ _I ". 
....... E 

Figure 10. Enlarging or reducing pantograph 

As a consequence of the hierarchical dependence of points in dynamic 
geometry software, it is not always possible to construct linkages which can 
operate by dragging more than one point. An actual pantograph, for 
example, may be operated by fixing either of two points and moving the 
other, whereas the computer model may allow movement of only one point. 
It is important, however, to note the emphasis here is on the geometry of the 
linkages. While there are certain restrictions imposed on modelling with 
dynamic geometry software and constructions of many linkages may prove 
too difficult for the majority of students, these limitations do not diminish 
the usefulness of the computer models in exploring geometric properties and 
relationships. Whether the students construct the computer models of the 
linkages themselves or are provided with constructions, the unique features 
of dynamic geometry software and the curiosity aroused by the operation of 
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the linkages create a visually rich and motivating environment for students to 
explore, conjecture and construct geometric proofs. 
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