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Abstract In this paper we define a probabilistic testing semantics which can be 
used to alternatively characterize fair testing. The key idea is to define 
a probabilistic semantics in such a way that two non-probabilistic pro
cesses are fair equivalent iff any probabilistic version of both processes 
are equivalent in our probabilistic testing semantics. In order to get this 
result we define a simple probabilistic must semantics by saying that a 
probabilistic process must pass a test iff the probability with which the 
process passes the test equals 1. Finally, we present an algorithm for 
deciding whether the probability with which a finite-state process passes 
a finite-state test equals 1. Alternatively, this algorithm can be used for 
computing whether a finite-state process fairly passes a finite-state test. 

Keywords: Testing semantics, fair testing, probabilistic processes. 

1. INTRODUCTION 
Formal models of concurrency have been proved to be very useful to 

properly specify concurrent and distributed systems. In order to verify 
the properties held by these specifications some kind of semantics must 
be given to these syntactic processes. Several semantic models have been 
proposed in the literature, for example, failures model, bisimulations, 
testing semantics, axiomatic semantics, etc. 

In our opinion, among the previously cited semantic models, the clos
est to reality is testing. Testing semantics was defined and thoroughly 
studied in [de Nicola and Hennessy, 1984, Hennessy, 1988], and this will 
be the approach considered here. In their model tests are just processes 
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but they may contain a special action indicating the successful termi
nation of the testing procedure. Then, two testing interpretations are 
defined: a process may pass a test if the composition of process and test 
has a successful computation; a process must pass a test if every compu
tation of the composition is successful. From these interpretations three 
testing semantics can be defined: a process is greater in the may (resp. 
must) sense than another one if every test that the latter process may 
(resp. must) pass is also may (resp. must) passed by the former. Be
sides, a may-must interpretation can be defined, but given the fact that 
for non-divergent processes must equivalence and may-must equivalence 
coincide, this interpretation does not add too much information. While 
may semantics identifies too much processes, because it takes into ac
count only the possible traces of processes, must semantics distinguishes 
enough processes to be considered a useful relation: it is stronger than 
may semantics, weaker than weak bisimulation, and equivalent to fail
ures semantics (actually, failures semantics and bisimulation have been 
characterized in terms of tests [Milner, 1981, Brookes et al., 1984]). Al
though must semantics is very suitable for giving meaning to processes, 
further research has shown some weakness in the original definition. For 
example, there are problems dealing with conformance and fairness (see 
[Tretmans, 1996, Francez, 1986] for good overviews on the subjects). 

Intuitively, under a conformance assumption, a process is considered 
better than another (or implements another) if the former can execute 
more sequences of actions than the latter, while presenting less nonde
terminism. For example, using a CCS notation, a + b should be better 
than a, since the former process can execute both a and b determin
istically, while the latter cannot execute b. But this does not hold in 
the must testing semantics: these processes are not related at all. The 
extension of [Hennessy, 1988] to deal with conformance has been treated 
in [de Frutos-Escrig et al., 1997, de Frutos-Escrig et al., 1998]. 

The lack of fairness in the classical testing theory is the main purpose 
of this paper. A usual justification for fairness is that unfair behavior is 
unlikely. We will illustrate this problem by showing two simple examples. 
Consider the processes Po and P1 depicted in Figure 1.1. In the must 
testing semantics these processes are not equivalent: Po may execute an 
infinite sequence of internal actions r, so it is considered to be divergent 
(i.e. somehow catastrophic). On the contrary, we can observe that the 
action a is offered infinitely often (actually, it is offered continuously), 
so it is reasonable to think that this action should be finally executed, 
or in other words, that Po should pass To (this insight was presented 
in [Koomen, 1985] and treated formally in [Baeten et al., 1987]). Thus, 
Po and P1 should be considered equivalent under a fairness assumption. 
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Figure 1.1 Examples of processes and tests. 

Consider now the processes P2 and P3. Even though P3 could execute 
the sequence a; b, this sequence might not be executed. But considering 
a fair interpretation, P3 presents the capability of executing the sequence 
a ; b, and so, if this sequence is infinitely often offered, P3 should be able 
to execute it, while P2 is not. For instance, P3 should pass T1 while P2 
should not. 

In the previous decade, there were several proposals for including 
different kinds of fairness into process algebras (e.g. [Hennessy, 1987, 
Bergstra et al., 1987, Costa and Stirling, 1987, Brinksma, 1988]). Almost 
simultaneously, two groups of authors [Natarajan and Cleaveland, 1995, 
Brinksma et al., 1995] have come up with what is called fair testing. 
They proposed two equivalent testing semantics with the property of 
abstracting from certain divergences, like weak bisimulation, in contrast 
to the classical must testing. The idea is to modify the classical definition 
in order to consider as successful those computations such that, under a 
fairness assumption, success can always be reached. Both papers present 
alternative characterizations of the new fair testing semantics. In a later 
work [Brinksma et al., 1996], the framework described in [Brinksma 
et al., 1995] is extended with a set of sound axioms and more examples 
showing the usefulness of this fair testing semantics. 

In this paper we probabilistically characterize fair testing by showing 
the connection between probabilities and fairness. This point has been 
motivated by Koomen's Fair Abstraction Rule (KFAR) [Koomen, 1985], 
that has been intuitively explained with probabilistic arguments in the 
sense of "No matter how small the probability of success, if you try 
often enough you will eventually succeed". Taking into account that fair 
testing is fully abstract with respect to this rule, it must be possible 
to justify fair testing in probabilistic terms. This is exactly what w~ 
will do in the present paper. As the probabilistic intuitions motivating 
KFAR have never been formalized before, this paper consolidates these 
intuitions. 

Let us consider the previous examples. When composing the process 
P3 and the test T1 we would like that the process must pass the test 
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because the sequence a; b is available an infinite number of times. Let us 
add a probability for choosing between both actions a in the process P3 . 

So, let 1r be the probability of executing the left hand side a transition 
(leading to the initial state), and let 1-7r the probability associated with 
the other a transition {leading to a state where only b is available). It is 
clear that the probability of executing the trace (a, b), by the composition 
of process and test, equals 1 - 1r; the probability of executing (a, a, b) 
equals 1r • ( 1 - 1r), etcetera; in general, the probability of executing the 
trace (an, b) equals 7rn-l · {1- 1r). These traces lead to a successful state 
of the test, and the sum of these probabilities is given by: 

00 . 00 . 1 
L{7rz-l . (1 - 7r)) = (1- 7r) . L 7rz-l = (1- 7r). - = 1 
i=l i=l 1- 7r 

This example illustrates our technique. We consider non-probabilistic 
processes and non-probabilistic tests. Then, we assign arbitrary (ran
domly) probabilities within every choice of the process and the test, and 
if the probability with which the process passes the test equals 1, then we 
say that the test is passed, otherwise we say that it is not passed. This 
final answer is returned for the composition of the (non-probabilistic) 
process and test. If we consider finite-state processes and tests, as in the 
previous example, the probability of passing the test can be computed 
by solving a linear equations system, which is built from the states of 
the interaction system. Even though there could be more efficient algo
rithms for checking fair testing (by directly checking the induced graph) 
this algorithm can be used in more general probabilistic testing seman
tics (e.g. [Christoff, 1990, Cleaveland et al., 1992, Nunez and de Frutos, 
1995]). 

It could be thought that we add too much complexity to afford the 
definition of this semantics but we claim that this is not the case. The 
definitions of processes, tests, interaction systems, and probabilistic test
ing are standard. Moreover, tests could be described without any prob
abilistic information because in our setting probabilities do not add any 
discriminatory power to tests. Nevertheless, in order to keep compati
bility with the classical framework (both in the probabilistic and non
probabilistic cases) we consider that tests are like processes (i.e. proba
bilistic). Note that in general probabilistic frameworks, probabilities add 
distinguishing power to tests (see, for example, [Christoff, 1990, Nunez 
and de Frutos, 1995) where different probabilistic semantics are defined 
according to different sets of tests). 

There are also previous papers relating probabilistic and classical test
ing. For instance, [Cleaveland et al., 1992] compares in some settings 
satisfaction with probability 1 to ordinary must testing. In [Nunez and 
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de Frutos, 1995], failing a test with probability 0 is related to the classical 
must testing. In [Kumar et al., 1998] some notions of non-probabilistic 
and probabilistic testing are related. Regarding fair testing, our pro
posal extends the last one given the fact that we deal with infinite and 
divergent processes and our characterization of fair testing works in both 
ways, that is, from our probabilistic must testing semantics to fair testing 
and back. 

The rest of the paper is structured as follows. In Section 2 we present 
the probabilistic model: probabilistic processes and tests, interaction 
systems and the definition of the probabilistic must testing semantics. 
In this semantics we consider that a process must pass a test if the test 
is passed with a probability 1. In Section 3 we probabilistically char
acterize fair testing. We compare fair satisfaction to satisfaction with 
probability 1. We recover the fair testing passing of tests (and so the fair 
testing preorder) from our probabilistic must semantics. In Section 4, 
we give an algorithm which effectively computes the probability with 
which a finite-state process passes a finite-state test (or equivalently, it 
decides whether a process fairly passes a test). Finally, in Section 5 we 
present our conclusions and some lines for future work. 

The results of this paper are an extension of those appearing in the 
second author's Master Thesis [Ruperez, 1997], where only finite-state 
processes were considered. 

2. THE PROBABILISTIC MODEL 
In this section, we present the probabilistic model. Probabilistic pro

cesses will be modeled by using probabilistic labeled transitions systems, 
which are an extension of usual labeled transition systems by labeling 
the arcs by an action and a probability. Later, we will define the notion 
of probabilistic test. Then, we will give a notion of a process passing a 
test with a certain probability, as well as the definition of the probabilistic 
must testing semantics. 

We suppose that we are working with a fixed and finite set of actions 
Act, and we assume the existence of a special action T fl. Act, which 
represents an internal action. We denote by ActT the set Act U { T}; a 
will denote a generic action in Act, while e will denote a generic action 
in ActT. 

Definition 1 A probabilistic process P is a triple (S, p., so) where S is 
a (possibly infinite) set of states, ranged over so, s1, ... ; so E S is the 
initial state, and J.L : S x ActT x S --+ [0, 1] is the transition probability 
distribution function, which satisfies that for all s E S, :Ee s' p.(s, e, s') 
equals 1, or 0 (blocked state). ' 0 
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We will use the following conventions: 

• s ~P s' stands for J.L(s, e, s') = p. 

• s ~ s' stands for J.L(s, e, s') > 0. 

• s ---7 if 3e E Actn s' E S : s ~ s'. 

• s f---+ if ,tle E Actn s' E S: s ~ s'. 

• J.L(s, e) = Ls' J.L(s, e, s'). 

In the following definition, we present some process algebraic oper
ators. These operators will be used in the last section of this paper. 
Specifically, a prefix operator a; P, a CCS-like probabilistic choice op
erator P +11' Q and a stop operator. 

Definition 2 Let P = (S, J.L, so) be a probabilistic process and e0 E 
Act7 . We define the prefixing of P by eo, denoted by eo; P, as the prob
abilistic process P' = (S U { s~}, J.L1 , s~) where s~ ~ S, and the function 
J.L 1 is defined as 

{ 
J.L(s,e,s') 

J.L1(s, e, s') = ~ 
if s, s' E S 
if s = s~ 1\ s' = so 1\ e = eo 
otherwise 

Given n probabilistic processes Pi = (Si, J.Li, si) such that if i =1- j 
then sin Sj = 0, and Pl.P2 •...• Pn > 0 such that LPi = l,·we define 
the probabilistic choice of Pi with associated probabilities Pi, denoted by 

n 

L[pi]Pi, as the process p = (usi u {so}, J.L, so) where so ~ usi, and 
i==l 
the function J.L is defined as: 

{ 
J.Li(s,e,s') 

J.L(s, e, s') = ~;·J.I;(~,e,s') 
if s,s' E Si 
if s = so 1\ s' E Si 1\ R =/- 0 
otherwise 

where R = 2:i==IPi · 6i, 6i being equal to 1 if Si---t, and 0 otherwise. 
We consider stop as the probabilistic process without transitions, that 

is, the probabilistic process ({s},J.L,s) such that J.L(s,e,s) = 0 for any 
e E Act7 • 0 

In the definition of 2:[pi]Pi we use the factor R in order to avoid 
sub-stochastic processes in the case that some of the Pi's are deadlocked 
(i.e. equivalent to stop). Also note that we keep the transitions from the 
initial states of the original processes for keeping the possible loops of 
the former processes. 
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A probabilistic test is just a probabilistic process (pits) extended with 
a set of successful states. As in [Cleaveland et al., 1992, Yuen et al., 
1994] we slightly differ from the standard formulation of tests given in 
[Hennessy, 1988] because successful states, instead of a distinguished 
acceptance event, are used to denote the (successful) passing of tests. 
Anyway, these successful states can be easily simulated by adding a new 
action ok to the set of actions. 

Definition 3 A probabilistic test is a 4-tuple (8,J.1,, so, Sue) such that 
(8, J.l., so) is a probabilistic process and Sue ~ S is the set of successful 
states. 

We consider ok as the probabilistic test without transitions, and with 
a unique successful state, that is, the probabilistic test ( { t}, J.l., t, { t}) 
such that J.l.(t, e, t) = 0 for any e E Act7 • D 

As we commented in the introduction of this paper, in order to define 
our probabilistic must semantics the probabilities appearing in the tests 
are completely irrelevant, so we could be working with non-probabilistic 
tests. We have preferred to keep probabilities in tests in order to follow 
the classical testing theory where processes and tests are (almost) the 
same. In the rest of this section, we usually omit the adjective "proba
bilistic" when referring to probabilistic processes (or probabilistic tests) 
and no confusion arises. 

Now we will follow the process used, for example, in [Cleaveland et al., 
1996]. First, we define the total probability of the successful computa
tions of a test. Afterwards, we define the composition of a process and 
a test, resulting into a test. Then, in order to compute the probabil
ity with which a process passes a test we just study the corresponding 
composition as a test. 

Definition 4 Let T = (8, J.l., s0 , Sue) be a test, and let s1 E 8. We call 
computations from s1 the (possibly infinite) sequences of transitions: 

We say that the computation C is successful if there exists n such that 
Sn E Sue and such that \;/ 1 ::; i < n : Si rf. Sue. We will denote by C81 

the set of successful computations from s1. 

We say that the state Si E 8 is non-successful in C, denoted by 
ns(si, C), if there does not exist any successful computation extend
ing the partial computation c1 = S} ~ S2 ~ ... Si· In this case, we 
say that C1 is a Non-Successful Partial computation, in short NSP, if 
we have that ns(si, C) holds, ns(sj, C) does not hold for any j < i, and 
s1, s2, ... , Si rf. Sue. 
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Successful and NSP computations are defined as the maximal compu
tations. For finite computations we say that length( C) = n- 1. Given 
a finite computation C, we define the probability of executing C as: 

length(C) 

Pr(C) = II J.t(Si,ei,Si+I) 
i=l 

Finally, we define the probability of reaching a successful state from s1, 

denoted by Pr(T, s1), as EcEc.1 Pr(C). 0 

Note that what we call maximal computations are always finite. Let us 
remark that finite computations have positive probability, while infinite 
computations may have zero probability. We will see later that the 
composition of processes and tests will produce tests such that no further 
action can be executed from a successful state. Thus, the condition 
imposing that no previous state in the computation belongs to Sue in 
the definition of successful computations would be redundant. 

Next we define the way a process and a test interact by using inter
action systems. Intuitively, an interaction system will have a transition 
labeled by a visible action from a state iff the corresponding states of 
process and test have a transition labeled by this visible action. 

Definition 5 Let P = (S, J.tp, so) be a process and T = (S', J.tT, s~, Sue) 
be a test. The interaction system for P and T, denoted P I T, is a 
test I= (S x S',J.ti,(so,s~),S x Sue). In order to define J.ti, we need 
a normalization function VJ. This function computes the sum of the 
probabilities associated with the actions that the interaction system can 
execute, and is formally defined as: 

VJ(s, s') = L (J.tp(s, a)· J.tr(s', a)) + J.tp(s, r) + J.tr(s', r) 
aEAct 

The function J.ti is defined as: 

JLp(st ,e,s2) 
IIJ(St,S11) 

~tr(s~ ,e,s~) 
IIJ(Sl,S~) 

JLp(st ,e,s2)·~tr(s) ,e,s~) 
vr(s1 ,sD 

0 

l"f I _ I (\ _ s1 - s2 e- r 
1\ s~ ~Sue 

if S1 = 82 1\ e = T 

1\ s~ ~Sue 

if e i= r 1\ s~ ~ Sue 
otherwise 

In the first three cases of the definition of J.ti we assume VJ(sl, sl) > 0 
(otherwise the result is 0). We say that P passes T with a probability p 
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if Pr(I, (so, s~)) = p, that is, if the probability of reaching a successful 
state from the initial state (so, s~) equals p. 0 

A normalization function VJ is used in most probabilistic models having 
a notion of parallel composition (i.e. a parallel operator, or the parallel 
composition of a process and a test; e.g. [Christoff, 1990, Cleaveland 
et al., 1992, Nuiiez and de Frutos, 1995, D'Argenio et al., 1999, Nuiiez, 
1999]). Given that we do not allow the synchronization in r, our nor
malization factor is similar to that in [Nuiiez and de Frutos, 1995]. Let 
us comment that our definition of interaction systems is slightly differ
ent from that in classical testing. Following [N atarajan and Cleaveland, 
1995] we avoid useless computations after the interaction system has 
reached a successful state {that is why the clause s1 ~ Sue appears in 
the definition of J..LI ). Thus, once the test reaches a successful state, no 
more transitions are possible. Note that this decision does not change 
the rest of the semantic treatment. Finally, we define the desired relation 
between processes. 

Definition 6 Let P = (S, J..Lp, so) be a process and T = (S', J.lT, s0, Sue) 
be a test. We say p must T if Pr(I, (so, so)) = 1, where I = pIT. 
Moreover, given two processes P, P' we write P ~must P' if for any test 
T we have P must T implies P' must T. 0 

Next we give two results about the computations of interaction sys
tems. They will be used in order to prove that the previously defined 
testing semantics characterizes, in a way that we will specify later, fair 
testing. Whereas the results hold for finite-state systems, they are not 
correct for general infinite-state systems. In the latter case we have 
to add two regularity conditions which will ensure that the considered 
infinite-state systems do not have strange behaviors. 

Definition 7 Let P be a process, T be a test, and consider P I T = 
( S, J.l, so, Sue). We say the composition of P and T is regular if the two 
following conditions hold: 

• There exists a non-zero probability 1Tm such that for any s, s' E S, 
e E Act we have J..L(s, e, s') > 0 implies J..L(s, e, s') > 1Tm· 

• Let us consider the digraph induced by Sand J..L where probabilities 
are discarded. There exists a value M > 0, such that for any s E S, 
if there exists a path from s to a successful state then there exists 
s' E Sue such that a path from s to s' has length less than M. 

0 

From now on we will assume that the considered compositions are al
ways regular. Let us note that finite-state systems are trivially regular. 
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Also note that the first condition implies that systems are finite branch
ing (any state has, at most, 11"~ transitions). Finally, let us remark that 
regularity conditions could have been defined on probabilistic transitions 
systems, instead of using our formulation on interaction systems. 

The first condition indicates that the probabilities appearing in in
teraction systems have a lower bound, or equivalently that probabilities 
less than one have an upper bound. This condition is necessary in or
der to avoid strange successions of probabilities. By strange we mean 
an infinite succession of probabilities such that all of its members are 
different from one, but the product of the components is different from 
zero. For example, in the succession an = ( ~) ;h we have n~=O an = ( ~ y. 
This is formalized in the following lemma which states that if an infinite 
computation is executed with a probability greater than zero then there 
exists a point in the computation such that from this point on all the 
probabilities associated with the transitions are equal to 1, and so, a 
prefix of the computation is already a NSP computation. The proof is 
not difficult and follows from the existence of the previously commented 
lower bound. 

Lemma 1 Let P = (S,J.Lp,so) be a process, T = (S',J.Lr,s~) be a test, 
and I = P I T be the corresponding interaction system. If I is regular 
and there exists an infinite computation of I 

[Pr(C) >OJ 

then there exists no such that J.L((sn-l,s~_d,en,(sn,s~)) = 1 for all 
n > n0 . 

The second regularity condition is necessary in order to ensure that we 
cannot get a set of infinite computations having positive measure, and 
such that they do not have NSP prefixes. Note that we need this con
dition because the first regularity condition ensures that there will not 
be what we called strange computations (previous lemma) but dealing 
with infinite systems we can define a set of computations behaving like 
one of this undesirable computations that we want to avoid. In particu
lar, this extra condition allows us to formulate the following result. The 
proof is highly technical and it is based on the idea that from prefixes 
of non-NSP computations we can always find a successful state whose 
associated probability is not arbitrarily small. 

Lemma 2 Let P be a process and T be a test T such that PIT is regular. 
We have that the sum of the probabilities of the maximal computations 
(successful and NSP computations) of PIT is equal to 1. 
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3. COMPARING FAIR AND 
PROBABILISTIC TESTING 

In this section we probabilistically characterize the fair testing seman
tics given in [Natarajan and Cleaveland, 1995] by comparing fair satis
faction to satisfaction with probability 1. First, we formally define the 
concept made from, that is, we obtain a probabilistic process by putting 
arbitrary nonzero probabilities on the transitions of a non-probabilistic 
process. Then, we show that the specific probabilities associated with 
a process do not change its probabilistic must semantics. We will as
sume again that all the interaction systems appearing in this section are 
regular. 

Definition 8 A non-probabilistic process P is a triple (S, -+,so) where 
S is a set of states, so is the initial state, and -+~ S x Actr x S is the 
transition relation. We say that the probabilistic process P1r = (S', J.t, s~) 
is made from P if there exists a bijection f : S --+ S' s.t. f(so) = s~ 

and 'Vs1,s2 E S,e E Actr: (s1,e,s2) E-+ iff J.t{J(si),e,f(s2)) > 0. D 

Let us note that P1r is a probabilistic process, so for any s' E S' we have 
L:e,s" J.t(s', e, s") equals 1, or 0 if no transitions are possible. The key of 
the proof of the following results relays on the equivalence: P1 I T has a 
NSF-computation iff P2l T has one. 

Proposition 1 Let P1, P2 be two probabilistic processes made from a 
non-probabilistic process P and let T be a probabilistic test. We have 
P1 must Tiff P2 must T. 

Proposition 2 Let P be a probabilistic process and T1 , T2 be two prob
abilistic tests made from a non-probabilistic test T. We have P must T1 

iff P must T2. 

These results allow us to define a testing semantics for non-probabilistic 
processes, just by assigning whatever positive probabilities to the tran
sitions of the labeled transition system (with the restriction that the 
sum of these probabilities equals one for any state having transitions) 
and getting its probabilistic must semantics, which by Propositions 1 
and 2 does not depend on the assigned probabilities. That is, in order 
to decide if a process passes a test (both non-probabilistic), we assign 
positive probabilities to process and test, and check whether the associ
ated probabilistic process passes the test. This reasoning leads us to the 
next definition. 

Definition 9 Let P, T be a process and a test, both non-probabilistic. 
Let P1r1 be a probabilistic process made from P, and let T1r2 be a prob
abilistic test made from T. We write P must* Tiff P1r1 must T1r2 • D 
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Now we will relate our testing equivalence with fair testing as de
scribed in [Natarajan and Cleaveland, 1995]. 

Definition 10 Let P, T be a process and a test, both non-probabilistic, 
and let us consider I = P IT. We say that a state of I is potentially 
successful if there exists a path leading to a successful state. A com
putation is potentially successful if all the states along the computation 
are potentially successful. A test is passed by a process, denoted by 
P mustNc T, if all the computations of PIT are potentially successful. 
Given two processes P, P' we write P ~mustNc P' if for all the tests we 
have P mustNc T implies P' mustNc T 0 

Now, we can formally give the result we were looking for: The recov
ering of fair testing from our non-probabilistic must semantics. 

Theorem 1 Let P, T be a process and a test, both non-probabilistic. 
We have P must* T iff P mustNc T. 
Proof: For the right to left implication, suppose P must* T does not 
hold. Then, by Lemma 2, there exists a maximal computation C of 
P I T being NSP. If C is NSP then every computation that extends C is 
not potentially successful, soP mustNc T does not hold. 

For the left to right implication, suppose P must* T does hold. Then, 
the successful computations of P I T sum up 1. So, again by Lemma 2, 
there does not exist any NSP computation. Let us consider an arbitrary 
computation of P I T, C = s1 ~ 82 ~ · · · 8n ~ · · ·. Suppose 
that C is not potentially successful and we get a contradiction. If C 
were not potentially successful then there would exist a state 8i in the 
computation such that there is no path from 8i leading to a successful 
state. Then, there exists j ::; i such that C' = 81 --=-4 82 ~ · · · 8j is a 
NSP computation, which it is a contradiction. 0 

Corollary 1 Let P, Q be non-probabilistic processes and let P1r1 , Q1r2 

be probabilistic processes made from P and Q, respectively. Then, 
p ~mustNc Q iff p7rl ~must Q7r2' 

4. COMPUTING MUST TESTING FOR 
FINITE-STATE PROCESSES 

In this section, we restrict our study to finite-state processes. We 
present an algorithm to decide whether a finite-state process passes a 
finite-state test in our must semantics, or equivalently if a finite-state 
process fairly passes a finite-state test. Finally, we show some examples 
about how this algorithm works. 

In order to compute passing of tests we give an algorithm for com
puting the probability which a process passes a test with. This algo-
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rithm is given by solving a linear equations system. Note that we will 
have a finite number of equations because in this section we work with 
finite-state processes. Specifically, given a process P and a test T, let 
I= PIT be the associated interaction system I= (S, J.L, so, Sue), where 
S = {so, s1, ... , sn}· We denote by Qi the probability with which P 
passes T from Si {i.e. Pr(I,si)) and by aij the sum LeJ.L(si,e,sj)· The 
probability with which a process passes a test is calculated by solving 
the next linear equations system consisting of n + 1 equations: 

n 

Vi = O .. n : Qi = L aij · Qj 
j=O 

We also have the following restrictions: 

n 

Qi = 1 if Si E Succ 1\ Vi = O .. n : L aij E {0, 1} 
j=O 

which are imposed by the definition of passing tests (meaning that a 
successful state has been reached) and by the restriction that the sum of 
the probabilities associated with the transitions from one state is either 
1 or 0 (the last case corresponds to a blocked state). Once the system 
is solved (for instance, by using Gauss method) we can obtain relations 
over the variables with an infinite number of solutions, that is, relations 
of the form 

Qi = L (aA: · Qk) + 1r 

kEK~{O .. n} 

In this case, we assign 0 to all the values in K, and so Qi = 1r, given 
the fact that such a relation indicates that no successful state can be 
reached from the states in K. 

Finally, in order to decide whether a process passes a test in the 
probabilistic must semantics, it is enough to check if q0 is 1. Due to 
Theorem 1 this method can be applied to decide if a non-probabilistic 
process passes a test in the fair sense. 

Let us remark that this algorithm can be trivially adapted for check
ing properties about ongoing execution behavior. For instance to check 
if a process will execute an action {for example the action a in the pro
cess Po in Figure 1.1) or a sequence of actions {for example the process 
P3 in Figure 1.1), etcetera, with a probability greater than 1r, just by 
controlling the value of qo. 

Example 1 Let Po = (r; Po) +1r a and P1 = a. Consider the test 
To = a ; ok and the interaction system I = Po I To. The associated 
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system has got 2 equations (I has 2 states), and it is: 

{ qo = 1r · qo + ( 1 - 1r) · q1 
ql = 1 

where I81 =stop I ok, so s1 E Sue. In order to solve the system we just 
have the equation qo = 1r · qo + (1 - 1r), that is, q0 • (1 - 1r) = (1- 1r). 
Given that 0 < 1r < 1, the only solution is qo = 1. So, Po must T0 . 

Consider the interaction system I = P1 I To. The associated system 
of 2 equations is: 

where I81 =stop I ok, so s1 E Sue. We have qo = 1, and so P1 must To. 

Example 2 Let P2 =a; P2 and P3 = (a; P3) +71" (a; b). Consider the 
test T1 =(a; TI) +71"' (b; ok) and the interaction system I= P3l T1. The 
associated equations system is: 

where I81 = b I T1 and I82 = stop I ok, so s2 E Sue. In order to solve 
the system we get the same equation of the previous example, q0 = 
1r · qo + (1- 1r), and so P3 must T1. 

Consider the interaction system I = P2 I T1. The associated equations 
system has got only one equation qo = 1· qo, where qo ¢ Sue , so qo = 0, 
that is, P2 must T1 does not hold. 

5. CONCLUSIONS AND FUTURE WORK 
In this paper we have studied fair testing by using an intermediate 

probabilistic semantics. We have defined a probabilistic must testing se
mantics, and we have shown that two probabilistic processes are related 
by our probabilistic semantics iff the corresponding non-probabilistic 
processes are equivalent under fair testing. Finally, we have given an al
gorithm that computes whether a finite-state probabilistic process must 
pass a finite-state probabilistic test. 

As future work we plan to define a denotational characterization of fair 
testing based on a probabilistic model (e.g. [Nunez et al., 1995, Gregorio 
and Nunez, 1999]). We also would like to study the extension of fair 
testing to timed models. Following a probabilistic testing approach, we 
will use a probabilistic-timed model like those given in [Cleaveland et al., 
1996, Gregorio and Nunez, 1996, Gregorio et al., 1997]. Finally, it would 
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be interesting to study how the framework could be adapted to deal with 
other notions of fairness. 
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