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Abstract 
In this paper we describe the simulator FASTNR (FAST Newton-Raphson) 

where an efficient methodology for solving the faulty circuit equations, called 
FAult RUBber Stamps (FARUBS), is implemented. Its application to single 
fault simulation in linear and nonlinear circuits is reported. The efficient fault 
simulation in nonlinear DC circuits is due both to the development of original 
linearized Newton-Raphson models for electronic devices and to the simulation 
of fault values in a "continuation" stream. Fault simulation in linear cascades 
with up to 5000 nodes has shown an improvement of four orders of magnitude 
in simulation time, when compared to that of the nominal circuit. In nonlinear 
circuits, the time efficiency is sometimes better than two orders of magnitude. 

Keywords: Efficient Analog Fault Simulation; Solution of Linear and Nonlinear Circuits; 
Analog Test and Diagnosis. 

1. INTRODUCTION 
Efficient fault simulation is an important issue when Simulation-Before-Test 

(SBT) dictionary-based techniques are used in fault diagnosis of electronic 
circuits. A survey of efficient fault simulation in analog circuits is given in 
[1, 2, 3]. In this paper, we describe some results of single fault simulation 
with the FASTNR simulator [4], built around the modified Newton-Raphson 
(NR) algorithm, that implements a methodology calledfault rubber stamps for 
inserting faults in the circuit equations [3]. After a very concise (due to space 
limitations) survey of the literature on efficient fault simulation, we present 
the FARUBS methodology applied to linear circuits, and then we extend it to 
efficient fault simulation in nonlinear circuits. Several examples, including 
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large circuits, are given in order to validate the approach. It isn't made any 
comparison with previous results since the works on the subject previously 
reported are focused on the methodology instead of on simulation times. 

The Householder or Sherman-Morrison formula [5, 6] has been used for 
simulating efficiently faults in linear circuits by Temes and other authors [1, 7]. 
This rank one modification formula states that if M -1 is known, then the inverse 
of M + 8VWT, where v and ware vectors and 8 is a scalar, is (M + 8 vwT ) -1 = 
M-1(I - a-1vw™-1), with a-1 = (8-1 + w™-1v)-1. Since v and w 
are sparse, the amount of operations involved in the application of this formula 
is rather small when compared with the full inversion of the modified matrix. 
There are variants ofthat formula that apply to the Land U factors ofM instead 
ofto the inverse (see [8]), and other methods for updating triangular factors are 
given in [9] and its references. 

Efficient fault simulation in nonlinear DC circuits was reported by Lin [10] 
and by Prasad [11]. In the former, it is used the piecewise linear modeling of the 
nonlinear devices and then ideal diodes are the only nonlinear elements. These 
elements load the ports of a multiport comprising the linear elements, and the 
circuit equations are formulated as a linear complementarity problem. In the 
latter work, the overall circuit is modeled as a linear multiport terminated by 
nonlinearelements and the equations of the faulty circuit are written by applying 
the modification formula to a matrix depending only on linear elements. The 
solution of the reduced nonlinear circuit equations is not discussed, as weIl as 
the potential efficiency that can be achieved. 

Recently, other approaches [3] have been tried in this area: the simulation 
of faults in parallel on several distributed processors (or computers); the hier
archization of circuits in several description levels and the use of simulation 
tools capable of simulating these levels; and the preliminary development of 
simulators in the time domain capable of simulating faults in parallel. 

In the present work, faults are simulated in linear circuits by increasing 
the nominal triangular LU factors by one line and one column: the nominal 
factors remain unchanged. In nonlinear circuits this same strategy is applied 
jointly with specially developed Newton-Raphson companion models for the 
electronic devices [5], what allows for a special structure in the NR matrix 
where only a small matrix block is updated in each NR iteration. 

2. FAULT RUBBER STAMPS IN LINEAR CIRCUITS 
The modified nodal analysis (MNA) equations can be assembled with "rub

ber stamps" on an element by element basis, by inserting the respective contri
butions in the circuit matrix [5, 12]. We extended that concept to rubber stamps 
in faulty elements and called this fault insertion and simulation methodology 
fault rubber stamps. This methodology is based on reusing the Land U fac-
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tors of the nominal circuit matrix, obtained with the Crout algorithm [5, 6], to 
simulate a fault. We described this methodology for linear circuits in [4] and 
here we extend it to nonlinear circuits. 

Consider the MNA equations of a linear circuit 

Mx=b (1.1) 

where M is the n x n circuit matrix, x is the vector of circuit variables and b is 
the vector ofindependent sources. In circuit simulators, 1.1 is usually solved 
through the LU factorization of M, that is, by calculating a lower triangular 
matrix L and an upper tri angular matrix U with 1 's in the diagonal such that 
M = LU. The solution of (1.1) is obtained by solving for z the lower triangular 
system Lz = band by solving for x the upper triangular system Ux = z 

The LU factorization with the Crout algorithm calculates the elements lij 
and Uij from left to right and from up to down. This means that if an element 
in M changes - say mab -, the lij and Uij values with i < a or j < b remain 
unchanged and don 't need to be calculated when obtaining the new Land U 
factors of the modified M matrix. If the modification in the system, due to the 
existence of a fault, occurs in the lowest rightmost part of the matrix, then most 
of the nominal L and U factors can be reused. 

The method developed in order to push the modifications in the equations 
due to the fault to the lowest rightmost part of M, consists in joining to (1.1) 
one more variable cp and one more equation related to the fault, what leads to 
the following system of equations for the faulty circuit 

(1.2) 

where VI. and v c are n-vectors filled with zeros, except in 2 positions at most, 
and y is the faulty circuit solution. The factors La and U a of the matrix M a 
lead to two triangular systems that are solved in sequence to simulate the fault 

(1.3) 

and comparing these triangular factors with M a we conclude that 

M = LU, V C = Lu, VI. = UTI, _8-1 = IT u +r. (1.4) 

L and U and are calculated only once when solving the nominal circuit. To 
calculate the vectors 1 and u it is necessary to solve two n x n triangular systems 
of linear equations and to calculate r the dot product IT u must be carried out. 
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The intermediate vector z is the nominal one, already calculated. After 
doing some algebra with (1.4) and with the lower triangular system in (1.3) we 
also ca1culate 

(1.5) 

and the faulty circuit solution y is obtained from the system 

Uy = z - 4Ju. (1.6) 

To exemplify afault rubber stamp we consider an admittance between nodes 
j and j' with nominal value Y. The MNA stamp of this element in the circuit 
matrix is [12, 5] 

j 
j' 

Vj Vj' 

[ +Y -Y] 
-Y +Y 

where the left labels j and j' indicate the correspondence with the Kirchhoff's 
Current Law (KCL) in those nodes. 

Let's suppose Y is faulty and its value changes to Y + 8. We introduce a 
fault variable 4J, the current from node j to node j' in the faulty admittance 8 
in parallel with Y (see figure 1). Thefault rubber stamp ofY plus 8 is 

Vj Vj' 4J 

J, I ] 
+1 -1 1-0-1 

(1.7) 

where the equation Vj - Vj' - # 0 = 0 of the faulty admittance, called the fault 
element equation, was joined to the nominal rubber stamp increasing by 1 the 
dimension of the system. We remark that the fault element equation (variable) 
is always located in the last row (column) of the faulty circuit matrix and that 
the lowest rightmost element is always -0-1 . 

We summarize the fault rubber stamps of admittances, impedances and 
VCCSs. Other stamps of linear elements are given in [3]. The fault variable is 
4J and 0 is the fault value, that is, the deviation from nominal of the parameter 
that characterizes the element. 

In figure 1 a) is shown a faulty admittance whose stamp was given in 
(1.7). In figure 1 b) and c) are shown a faulty impedance Z + 8 and a faulty 
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j ..... 
+ 

Y v 

t t 
j' j' ..... Figure 1 Faulty a) ad-

mittance (Y), b) impedance 
a) b) c) (Z), c) VCCS (g). 

transconductance 9 + 6 whose stamps are, respectively, 

V· Vj' 4> J 

I I 
Vj Vj' 4> 

J k [+9 -9 I +1 ] 
., 

J k' -g +g -1 
Zeq. I +1 -1 I -Z I -1 I f +1 -1!-6-1 

! +1 !-6-1 

Suppose we are dealing with full matrices and vectors. The computational 
cost of LU factorization is '" n3 while the computational cost of solving a 
tri angular system is only '" n2. Thus, we can simulate afaultwith a complexity 
of'" n2 after the nominal circuit has been solved. When, as is usually the case 
in circuit simulation, the matrices and vectors are sparse, the real asymptotes are 
lower than those above, but there are still substantial savings in fault simulation 
with FARUBS. The most dramatic efficiency is achieved when simulating 
several deviations 6 for the same fault parameter: in this case we only need to 
calculate the new T, 4>, and then solve the upper triangular system in (1.3). 

Ri*=l Ohm; Rf*=lOO KOhm; gm*=l S 
Figure 2 Cascade of n 
amplifiers. 

The performance of the simulator was evaluated in the cascade of n amplifiers 
shown in figure 2 for values of n between 200 and 5000. The CPU simulation 
times are collected in figure 3. 

This figure displays the experimental evidence of the efficiency of fault 
simulation in the above cascade of amplifiers. We compare the nominal circuit 
simulation time (0), the factorization time of the last row and column for each 
faulty element (+), and the estimated time of fault simulation for each fault 
value (i. e., the computation of T and solution of the upper triangular system 
(1.3) with backward substitutions) (0). This one grows linearly with n, what 
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10000 
Figure 3 CPU simula
tion times of faults in the 
cascade of n amplifiers. 

means that the simulation of several values of a given faulty parameter is very 
cheap, even in large circuits. 

The simulation time of the nominal cascade (0) and the factorization time 
of the last row and column for each faulty element (+) follow approximately 
an n 2 1aw. Although both present the same polynomial complexity, simulating 
one faulty element is about two orders of magnitude faster than simulating the 
nominal circuit, as is seen by comparing the (0) with the (+) points in figure 
3. We must say, however, that the nominal matrix is assembled and factorized 
with dynamic data structures that allow the exploitation of sparsity, while the 
fault line and column are written in memory and factorized as full vectors what 
doesn 't allow us to take advantage of their sparsity. 

3. SIMULATION OF FAULTS IN NONLINEAR 
CIRCUITS 

Consider the simulation of a nonlinear circuit with the Newton-Raphson 
(NR) algorithm [5]. The electrical characteristics of nonlinear elements are 
linearized and in each iteration 1/ it must be solved a linear system of equations 
(departing from an initial guess xo) 

1/ = 0,1, ... (1.8) 

To calculate xV+l with LU factorization, the factors LV and UV such that 
MV = LVUv must be obtained and two triangular systems must be solved. 
Since MV == M(xV ) changes from iteration to iteration, the triangular factors 
must be re-calculated in each iteration, and there is no advantage in simulating 
a fault p + 8 by solving the augmented system 

(1.9) 
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This picture changes if we can find a way ofbounding the iteration dependent 
part of MII to a lower-right block. To simulate efficiently faults in nonlinear 
circuits we developed new Newton-Raphson models for the electronic devices. 
We expose the motivation behind the approach using the diode as an example. 

Ra [IJ !i1 

__ __ Rz 
Figure 4 Nonlinear cir
cuit with two nonlinear 
devices (diodes) between 
nodes 1 and n and ground. 

The circuit in figure 4 has only two diodes, D a between node 1 and ground 
and Db between node n and ground. Their v-i characteristic is i = f(v), 
whose derivative is g( v) = In each NR iteration the diode current is 
approximated by a first order Taylor series i ll+1 ill + g(VIl )(VIl+1 - VII). 
Thus, we have the following NR system of equations for this circuit in the 
presence of a fault, if no reordering of the matrix is performed 

... .. . V Il+1 bt 
1 

Vc 

gi: V Il+1 
n bll n 

v T 
l 1-0- 1 ifJlI+1 0 

where gll - g(vll ) bll = gllvll - i ll gll = g(vll ) and bll = gllvll - i ll Since a - l' 1 a 1 a' b n 1 b n b· 
both changes in each iteration, all the matrix must be re-factorized and the 
advantage of the FARUBS methodology is lost. 

If, however, Da didn't exist in the circuit, the only matrix element changing 
in each NR iteration would be gi:. In this case, the change in L II and UII from 
iteration to iteration would be located on their lower-right 2 x 2 blocks. 

The obvious conclusion is: if the NR iteration-dependent elements of the 
matrix are pushed to the lowest rightmost block, only this block is re-factorized 
in each iteration. This allows for achieving some efficiency in simulating faults 
with the FARUBS methodology, even in nonlinear circuits. 

Our approach to implementing the above reasoning consists in modeling the 
diode as a current-controlled element and introducing its current i as a new 
circuit variable. The diode (for instance Da) is described by v = h(i), where 

hO == f- 10 is the inverse function of fO, with derivative r(i) = The 
Taylor series approximation is now vr+1 vt + r( - and we have 
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the NR iteration 

1 V"+1 
1 

Vc 

= 
1 0 '11+1 eil t a a 

v T 
l 0 1-0-1 4J"+l 

0 

where = and = vr - It is obvious that in the matrix only 
changes in each iteration and the only part of the Land U factors that must be 
updated corresponds to the lower right 2 x 2 block of M. 

Generalizing the approach to any nonlinear circuit, the NR system will be 
written as 

[ I 1 [ ] = [ 1 
vf OT I -8-1 4J"+1 0 

where the sub-matrix M22 and the RHS vector e2 are the only that change in 
each iteration, and the L and U factors of the above matrix will be 

where is dear that only the lower-right sub-matrix of both triangular factors 
changes in each iteration. 

The smaller the number of nonlinear devices in the circuit, the smaller the 
dimension of the iteration-dependent blocks of L and U: thus, this approach is 
extremely suitable for circuits with only a few nonlinear devices. 

The aforementioned approach was applied also to bipolar transistors de
scribed by the Ebers-Moll model, to MOSFETs described by the quadratic 
model and to OPAMPs described with a "tanh" equation that models satura
tion at the output. The models are less precise than those in standard simulation 
tools, but its pur pose is fault simulation not detailed design verification. Precise 
models would increase the dimension of the iteration-dependent block. Those 
models are detailed in [3]. 

SIMULATION WITH AN ORDERED FAULT LIST 
A further efficiency improvement in FASTNR is achieved by simulating the 

fault values of each faulty element within a "continuation" philosophy. Suppose 
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the faultvalues in a parameterp to be simulated are ordered by increasing values 
as PlI, P 12, P 13, ... The NR system of equations when simulating the first value 
PlI can be written as: 

(1.10) 

and its solution XII stricdy satisfies the equality 

(1.11) 

(that is, xv+! = XV + f after convergence is achieved, with f 0.) To simulate 
the next fault value P12, which is just after PlI in the ordered list, we use for 
the initial guess xO the solution just obtained: we make xO f- XII and begin 
the NR iteration for fault P 12 with the solution of 

(1.12) 

after the actualization and factorization of the matrix and RHS vector. The 
limit of this iteration will be the solution x 12 of the circuit with the parameter 
P presenting a fault P12. The reason behind the success of this continuation 
procedure is that, often, the solution XII of the previous fault value lies inside 
the domain of quadratic convergence to the solution x 12 of the the NR algorithm 
and, thus, is a good initial guess. When this happens, usually not more than 
3 or 4 iterations are needed to get a solution. This depends, of course, on 
the "distance" between XII and X/2: when, for example, one or more devices 
change their operating region with the new fault value (e.g. a bipolar transistor 
goes from the active region into saturation) the convergence is not so fast. 

When switching from one faulty element to another, the solution of the 
nominal circuit is reloaded since the first PI simulated fault value is small 
(remember that PI == 0 is the deviationfrom the nominal value) and thus the 
nominal solution is a good guess for starting the NR iterations. 

EXAMPLES WITH NONLINEAR CIRCUITS 
We present some results from fault simulations in nonlinear circuits. The 

video amplifier in figure 5 a) has tw 0 bipolar transistors and is an example 
where most of the elements are linear. The dimension of the circuit matrix is 
n = 23, including the extra line and column to handle faults. The sub-matrix 

is only 4 x 4, which means that a 5 x 5 matrix must be updated and 
factorized in each NR iteration when simulating faults. 40 and 80 fault values 
were simulated for each of the 9 resistances in the amplifier and the results are 
tabulated in figure 7. The speed-up achieved is around 18 when considering 
total time; however, when estimating the time of simulation of a single fault 
value, the speed-up is 192. 
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+8 V 

Figure 5 a) Video amplifier. b)Two-stage CMOS OPAMP. 

b) 

Figure 6 a) Nonlinear 
ladder with two diodes pe
riodically inserted in the 
stages. 

The circuit in figure 6 is an-stage nonlinear R R 2 ladder with 2n + 1 
resistors, where R = 1 n, and has, periodically, two diodes in parallel with 
the resistors in the stage. We simulated 500-stage, 1000-stage and 2000-stage 
ladders. The speed-up achieved in the larger ladder is 44. The simulation 
results are summarized in the table in figure 7. 

We finish this section with the presentation of results from a circuit consisting 
almost entirely of nonlinear devices, the CMOS two-stage OPAMP in figure 
5 b), mounted as an inverting amplifier with voltage gain Gv = -10. The 
fault simulated in this circuit is quite common in CMOS processes: it is a Gate
Oxide-Short (GOS) fault in transistor M5. The simulation command in the 
circuit file ordered the simulation of 100 values of RSOUT below the nominal 
(1 TO). This resistance was introduced for fault simulation purposes only. The 
fault simulation results in this example are also tabulated in figure 7. 

The dimension of the NR equations was 29 (including the fault line and 
column) and the dimension of the iteration dependent block was 16 x 16. 
Despite being an almost nonlinear circuit, a speed-up of 31 was observed when 
simulating each value of RSOUT. 

It must be stressed that the time overhead resulting from reading the circuit 
file and assembling the internal data structures only penalizes the simulation of 
the nominal circuit. 
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11 CIRCUIT 11 f el 1 #f 1 Dirn 1 %fi 1 its. 1 spu. 1 nom./fa. 11 

CMOS - - 28 42 40 - 31 
OPAMP 3 40 29 46 431 14.7 -

3 200 " " 1266 25.3 -
video - - 22 25 9 - 192 
amp. 9 40 23 32 820 17.5 -

9 80 " " 1591 18.3 -
nonl. lad. - - 1201 0.8 10 - 49 
(1000110) 8 20 1202 1.0 488 42 -

8 40 " " 1178 45 -
nonl. lad. - - 2801 0.8 7 - 44 
(2000/5) 2 10 2802 0.8 101 9 -

8 10 " " 408 14 -

Figure 7 Results of fault simulation in nonlinear circuits. LEGEND: fi is the number of 
faulty elements, # f is the number of fault values for each element, Dim is the dimension of 
the system, %fi is the percentage of tills in the LU factors, its. is the total number of NR 
iterations, spu. is the overall speed-up and nom.1 fa. is the ratio between the simulation times 
of the nominal circuit and of eachfault value. The number offaults is fel x # f. 

4. CONCLUSIONS 

In this paper we described the FARUBS methodology dedicated to the ef
ficient simulation of faults in linear and in nonlinear circuits, and we also 
described the FASTNR simulator where it was implemented. 

The strategies developed in order to achieve the above goal, consisted in 
reusing the nominal circuit equations and solution, and in simulating several 
fault values in the same circuit element in an ordered sequence. This allows 
for good NR starting points in the NR iteration when simulating those faults. 

The observed efficiency reached four orders of magnitude in large linear 
cascades with 5000 nodes. In nonlinear circuits it was between one and two 
orders of magnitude. Even in an almost completely nonlinear circuit, a CMOS 
OPAMP, it was observed a speed-up of 31 when simulating a GOS fault. 

It was shown that FARUBS is well suited for efficient fault simulation 
in linear DC circuits and in nonlinear DC circuits with a small number of 
nonlinear elements. The simulation of faults in nonlinear devices, as well as 
fault simulation in the AC domain, are still not implemented. 
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