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Abstract: Presented in the paper is a new approach to tool-path generation for sculptured 
surface machining. In the proposed C-space approach, the geometric data 
describing the design-surface, stock-surface and tool shape are transformed 
into C-space elements, and then, all the tool-path generation decisions are 
made in the configuration space (C-space). The C-space approach provides a 
number of distinctive features suitable for sculptured surface machining, 
including: I) gouge-free tool-paths; 2) uncut handling; 3) balanced cutting
load; 4) smooth cutter movement; 5) collision-free tool-path. 

1. INTRODUCTION 

Sculptured surface machining (SSM) is an important technology in 
modem manufacturing industry, especially for automotive and consumer
electronics industries, as many products are designed with sculptured surface 
to enhance their aesthetic appeal as well as to meet functional requirements. 
Following five items are considered to be critical factors for a successful 
SSM. 
( 1) Gouge-free tool path: Gouge refers to the over-cutting of the workpiece 

during the cutting mode (GOl mode). A concave-gouge may occur at a 
CL-point in a concave region (Figure 1-a), while a convex-gouge may 
occur on a CL-line in a convex region (Figure 1-b). 

(2) Uncut handling: The term uncut refers to the under-cutting of the 
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workpiece: a concave-uncut occurs at a concave region when the cutter is 
too large to fit into the concave region without a concave-gouge (Figure 
1-c); a convex-uncut, which is better known as a cusp, occurs between 
adjacent CL-paths. 

(3) Balanced cutting-load: There would be no time to adjust for an abrupt 
jump in the chip-load, resulting in cutter breakage. The fluctuations in 
chip-loads should be estimated a priori so that feedrate be adjusted 
adaptively to maintain a smooth cutting-load (to avoid chatter). 

( 4) Smooth cutter movement: Sharp turns in cutter motion would push the 
cutter off the course, leaving tool-marks on the machined surface and 
resulting in out-of-tolerance areas. 

(5) Collision-free tool path: Collision may be categorized either "rapid
move" or "cutting-move" type. The former refers to accidental contacts 
between tool elements and work-piece during the traverse mode (GOO 
mode), while the latter refers to contacts between non-cutting tool
elements (dead-center, shank, holder) and work-piece during cutting 

Concave-gouge 

(a) Concave-gouge (b) Convex-gouge (c) Concave-uncut 

mode (GOI/G02 mode). 
Figure I Gouging and Uncut 

According to how CL-points are obtained, tool-path generation 
methods may be categorized either as CC-point approach or as direct 
positioning approach. These conventional approaches are suitable for gouge
free tool path generation, but the rest of the requirements can hardly be 
achieved by these approaches [20]. In this paper we present a new approach 
to SSM, called C-space approach, in which the geometric data describing the 
design-surface and stock-surface as well as tool shape are transformed into 
C-space elements, and then, all the tool-path generation decisions are made 
in the configuration space (C-space). The C-space approach provides a 
number of distinctive features suitable for SSM. 

This paper is arranged as follows: the next section contains a 
description of the C-space approach to 3-axis machining, and C-space for S
axis machining is given in the third section. Some implementation issues and 
preliminary results are presented in the fourth section. Finally concluding 
remarks and future research directions are given in the fifth section. 
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2. C-SPACE APPROACH TO 3-AXIS MACHINING 

The concept of C-space has long been applied to a range of spatial 
planning problems in connection with the automatic planning of manipulator 
transfer movements [ 14, 15]. The C-space idea is easily applied to the (3-
axis) tool-path planning problem if the cutting tool is treated as the moving 
object and the work-piece plays the role of the obstacle. 

2.1 C-space for 3-axis machining 

The configuration of a 3-axis NC machine system is specified by a 3D 
position vector (denoting the positions of the x-, y-, arid z-axis ), while its C
space is given by the volume (V Nc) in a Cartesian space within the reach of 
the cutting tool. For SSM, we need to have two types of safe C-space: 1) 
Free C-space denoting the free-of-collision space; 2) Machining C-space 
denoting the machining space. Now lets consider the two CL-surfaces, one 
for the design surface and the other for the stock surface, as depicted in 
Figure 2: 

(1)S0 =design CL-surface (CL-surface for the design surface). 
(2) Ss = stock CL-surface (CL-surface for the stock surface). 

Then, as shown in Figure 2, the two CL-surfaces would divide the entire C
space of the NC machine into three disjoint C-spaces as follows: 
1. VF =free C-space (space above Ss exclusive); 
2. VM =machining C-space (space between Ss and S0 inclusive); 
3. V G = gouging C-space (space below S0 exclusive). 

Ss 
.---------=-+---------+- Raw-Stock 

Surface J 
VF I ................... .... .............. 

~ ............. . 

· .......... . 

Figure 2 Construction of C-space for 3-axis Machining 

In die & mold machining, we are given a set of geometric information 
regarding the design-surface of the die, its stock-surface, uncut-allowance, 
cutter shape, etc. Then, C-space Elements = { Ss, S0 , V F, V M, V G} are 
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obtained such that the volume-type elements satisfy V NC = V F u V M u V G 

with 0 = V F n V M n V G· In other words, the overall procedure for 
obtaining the C-space elements is as follows: 

(I) Stock CL-surface (Ss) is obtained from the stock surface .. 
(2) Design CL-surface (So) is obtained from the design surface taking 

into account the uncut-allowance. 
(3) The C-space volume elements (V F, V M, V G) are obtained from the CL

surfaces. 
The above C-space elements contain all the geometric information 

necessary for generating tool-paths. Furthermore, the C-space approach 
possesses the following properties [20]. 
I. There always exists a unique CL-surface for a 3-axis endmill. 
2. The CL-surface for a 3-axis endmill is equivalent to the inverse tool

offset (ITO) surface (Figure 3). 

Figure 3 Inverse Tool-offset Surface (ITO-surface) 

Property 1 asserts that the C-space approach will always produce a unique 
and valid CL-surface, while Property 2 provides a robust method for 
generating the CL-surface. The ITO-surface is defined as the envelope ofthe 
cutter swept volumes obtained by sweeping the inverse cutter over the entire 
surface with its reference point kept on the surface [ 1 0]. The inverse offset is 
exactly the same as the 'Minkowski sum' of the surface and the inverse cutter 
[21 ]. 

2.2 Characteristics of the 3-axis C-space 

Recall that the requirements for successful SSM are gouge-free, uncut 
handling, balanced cutting-load, smooth cutter movement and collision-free. 
Given in the following are brief descriptions of how the requirements might 
be handled, at least partially, with the C-space method: 
( 1) Gouge-free machining: There will be no gouging if all the cutting

moves are kept out of the gouging C-space V G· 

(2) Uncut handling: Ifthe ball-endmill CL-surface S0 is Gl-continuous[21], 
there will be no concave-uncuts when the part is machined with the NC-
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data obtained from the CL-surface. Otherwise, clean-up cutting 
operations may be needed along the sharp edges of the CL-surface. 

(3) Balanced cutting-load: In ball-endmilling, the chip-loads can be 
estimated from the differential properties of the design CL-surface (So) 
when the cutting-depth is uniform: Chip-loads are high in concave 
regions and low in convex regions. So cutting-loads may be smoothed 
out by adjusting feedrates (increased at convex regions and decreased at 
concave regions) according to the radii of curvature of S0 . 

(4) Smooth cutter movement: It is always possible to generate smooth tool
paths by tracing out smooth curves on the CL-surface S0 . 

(5) Collision avoidance: The C-space method allows a straightforward 
mechanism for preventing collisions (cutting-move collision and rapid
move collision). This point will be elaborated further in the next 
subsections. 

2.3 Cutting-move collision avoidance 

As shown in Figure 4-a, an endmill assembly consists of four 
elements: cutting-edge, dead-center, shank and holder. Actual cutting actions 
take place only at the cutting-edge. The dead-center is the center region of 
the endmill-bottom which has no cutting capability. If a non-cutting element 
is in contact with the workpiece during a machining operation, we have a 
cutting-move collision. Thus, there are three types of cutting-move collision: 
dead-center collision, shank-collision and holder-collision. 

It should be observed that a dead-center collision may occur 
during a downward-milling only, while a shank-collision may occur during 
a upward-milling. On the other hand, a holder collision can occur in both 
downward milling and upward milling. Now, as depicted in Figure 4-b, 
define an "inverse" tool (IT) for each element of the endmill-assembly: 
cutting-edge IT, dead center IT, shank IT and holder IT. Note that we use the 
same reference-point C in all the inverse-tools. The next step is to generate 
ITO (inverse tool offset) surfaces as follows: 

(!)Cutting-edge ITO-surface: design CL-surface (So) for the cutting-edge 
IT. 

(2)Dead-center ITO-surface: stock CL-surface (Ss) for the dead center IT. 
(3) Shank ITO-surface: stock CL-surface (Ss) for the shank IT. 
(4)Holder ITO-surface: stock CL-surface (Ss) for the holder IT. 

Then, a necessary condition for a holder-collision may be expressed as 
"there exists a region where the holder ITO-surface is higher than the 
cutting-edge ITO-surface", as indicated in Figure 4-c. Similarly, a necessary 
condition for a shank-collision (dead-center collision) may be expressed as 
"there exists a region where the shank ITO-surface (dead-center ITO-
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surface) is higher than the cutting-edge ITO-surface when the endmill ts 
moving upward (downward)". 

Reference point 

Cutting-edge 

Dead-center Cutting-edge Dead-center Shank Holder 
(a) Endmill-assembly (b) Inverse-tool 

Cutting-edge ITO( So) 

', / 
r=--"~:--r------....... :.:/ Holder ITO(SP) 

··.~ Preform-surface 

Design-surface 

(c) Holder-collision check 

Figure 4 Collision detection 

2.4 Rapid-move collision avoidance 

Rapid-move collisions can be avoided by preventing rapid-moves 
from entering the machining C-space volume VM. This is equivalent to 
confining the rapid-moves above the stock CL-surface Ss. 

3. C-SPACE APPROACH TO S-AXIS MACHINING 

Discussed in this section are methods of applying the C-space 
concept to the gouging- and collision-avoidance problems in 5-axis 
machining. The usefulness of the C-space method is rather limited in 5-axis 
machining, but there are certain cases where the C-space concept can be 
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used quite successfully. The C-space methods described in earlier sections 
are easily adaptable to the 5-axis cases of ball-endmilling and side-milling. 
In particular, the offset surfaces can be generated by inverse tool-offset 
method. The problem then becomes one of making sure that the center-line 
of the tool does not interfere with the offset surface. Unfortunately, however, 
the C-space method is not easily applied to 5-axis machining with a flat or 
round-endmill cutter mainly because the concept of CL-surface is not clearly 
defined in this case. Thus, for 5-axis machining, we introduce the concepts 
of "position" C-space and "orientation" C-space. 

3.1 Position C-space methods for 5-axis machining 

For a given part surface Sp, the position C-space of a 5-axis round
endmill is constructed as follows. First, construct two offset surfaces of Sp 
for a round-endmill of cutter-radius p and comer-radius x as follows (See 
Figure 5-a): 
• so= p-offset surface: Sp is offset with an offset distance of p. 
• .5; = x-offset surface: Sp is offset with an offset distance of X· 

Second, the CL volume v CL bounded by the two offset surfaces s; 
and S~ is defined as shown in Figure 5-a. Note that S~ = Sp for a flat
endmill and S~ = s; for a ball-endmill or a side-milling cutter. Third, the 
cutting tool is shrunk to a line segment called a "tool-axis line" as depicted in 
Figure 5-b. 

(a) 

so 
p 

Figure 5 Position C-space Construction 

(b) 

The equation A.(c,a) of the tool-axis line is given by: A.(c,a): r(t) = c 
+ t·a for 0 :::; t :::; L, where L is the length of the tool. With the position C
space as given in Figure 5, the following statements can be made concerning 
the validity of the CL-data CL = (c, a): 
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( 1) The CL-point of an endmill is confined within the CL volume, namely, c 
E VeL 

(2)There should be one and only one "intersection" between A.(c,a) and s;. 
The first statement is related to do with gouging avoidance but could not 
guarantee it, while cutter-collisions are avoided by the second statement in 
which "intersection" includes a tangential contact as well as a point contact. 
For both ball-endmilling and side-milling, the CL-volume reduces to the p
offset surface. Thus, for ball-endmilling, the above statements have to be 
changed to: 
(1) The CL-point should be on the p-offset surface, namely, c E s; . 
(2) The tool-axis line A.( c,a) makes a single point contact with s; . 

///··----::::::, 
Side-milling cutter 

//:' :L Ball-endmill 

/' c // ~XJffset surface 

' : / 

/ /r··----------------------------------------1 

y : c 

, _______ -------------

(a) (b) 

Figure 6 Position C-space method 

These restrictions now guarantee gouging avoidance in ball-endmilling. For 
side-milling, on the other hand, the above statements reduce to the following 
statement: 
(l)The tool-axis line A.(c,a) makes a tangential contact with s;. 
As shown in Figure 6, the tool-axis line of a ball-endmill makes a point 
contact with the p-offset surface, while the tool-axis line of a side-milling 
cutter makes a tangential contact with the p-offset surface. 

3.2 Orientation C-space methods for S-axis machining 

For a given CC-data, its CL-data CL = (c, a) is uniquely determined 
once its orientation 0 = (a, 13) is fixed. Thus, the C-space concept can be 
applied to the cutter orientation 0 instead of to the tool-axis vector a (It is 
not easy to define a C-space for a). For a given CC-path {pj}, we can 
construct a feasible orientation area <I> for each CC-point Pi on the al3-plane 
as shown in Figure 7. lfthe cutter-orientation angles are within the feasible 

92 



orientation area, i.e. (a,j3)E<l>, then the CL-data is free from "errors" (such as 
gouging, collision and joint limit-over). 

Let y denote the arc-length of the CC-path and compute the feasible 
orientation area for each value of y, which may be denoted as <l>(y). Then we 
can define a "feasible orientation volume" from <l>(y) in the 3D-coordinate 
system formed by a,l3 and y. The feasible orientation volume in the aj3y
coordinate system defines an orientation C-space which may be used in 
finding an optimal trajectory of ( a,l3) along the CC-path. 

Figure 7 Orientation C-space Construction 

4. IMPLEMENTATION ISSUES 

The potential benefits of the C-space approach can only be realized 
through a reliable and efficient implementation scheme. For a successful 
implementation, we need a compact scheme for representing the C-space 
elements, an efficient method for computing the C-space elements, and 
algorithms for generating tool-paths in C-space. In this section, the above 
implementation issues will be examined for the design CL-surface. 

The design CL-surface (So) is the most important C-space element 
because most of the geometric information needed for tool-path generation is 
contained in it. In looking for a suitable representation scheme for S0 , the 
following items have to be considered: 

(1) The CL-surface (So) can be represented in nonparametrlc surface[9] 
form: z = f(x,y) . 

(2) The CL-surface can be obtained by computing the inverse tool-offset 
(ITO) surface. 

(3) It is required to trace the sharp edges of S0 (for balanced cutting-load). 
( 4) It is required to compute curvatures of S0 (for balanced cutting-load). 
(5)It is required to extract some machining features from S0 (for tool-path 

planning). 
(6) It is required to intersect S0 with planes (for tool-path generation). 
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4.1 Repres~ntation and Computation of C-space 
Elements 

It turns out that the above requirements are quite effectively handled by 
the Z-map model[4] which is a special form of discrete non-parametric 
surface model. It is a 20-array of (real) numbers in which the z-values of the 
surface sampled at the regular grid-points are stored. With the Z-map 
representation, the ITO-surface may be easily obtained from the inverse 
offset method (Minkowski sum of the surface and the inverse cutter) by 
employing one of the cutting simulation algorithms [12, 7]. 

Presented in the following is an example of CL-surface 
implementation based on an edge-extended Z-map model which we call the 
EZ-map model. As shown in Figure 8, a fixed number of z-values are 
adaptively sampled, if necessary, from the grid-edges that are located in the 
near-vertical (or sharp-corner) regions. As a result, the grid-resolution at the 
near-vertical regions can be selectively increased from the z-map grid 
interval to the e-map grid interval. 

Figure 8 Edge-extended Z-map (EZ-map) 

Shown in Figure 9 is a CAD model for the design surface of a stamping 
die for the fuel tank of a passenger car, and its master EZ-map model is 
shown in Figure 10. In the example case, the EZ-map model shown in Figure 
10 is defined as follows: 1) Size of the Z-map domain is 1,100 mm by 730 
mm (in x- and y-directions); 2) z-map grid interval = 1.0 mm; 3) e-map grid 
interval = 0.1 mm; 4) Memory size = 7.07 Mbytes. The procedure for 
generating an EZ-map model from a CAD is called z-map sampling or 
(virtual) digitizing. Running on a SGI workstation (Indigo2 XZ), it takes 
about 50 minutes to digitize the surface and store the data (over 1 million 
points) in the EZ-map. 

Shown in Figure 11 is the design CL-surface for a ball-endmill of 30mm 
in diameter. It takes about 34 minutes to generate it from the master model 
of Figure 8 and to store in the same EZ-map form (using the algorithm of 
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Reference 7). Concave type sharp-edges (or pencil curves) in the CL-surface 
are displayed in Figure 12, which takes about 4 minutes to compute (using 
the method of Reference 18). Even though the illustration does not represent 
a full implementation of the C-space method, it does demonstrate that the C
space method can be implemented using the EZ-map representation . 

.. 

Figure 9 Design Surface (Fuel-Tank Die) Figure 10 Master Z-map 
Model of the Design 
Surface 

Figure 11 Design CL-Surface (So) Figure 12 Concave type Sharp
edges in the CL-Surface 

5. CONCLUSIONS AND FUTURE RESEARCH 
DIRECTIONS 

The main objective of the paper is to present a new approach to 
sculptured surface machining (SSM) because the existing approaches are not 
suitable for handling the SSM requirements. It is postulated that the 
proposed C-space approach could meet all the SSM requirements. The main 
characteristics of the C-space approach include: 1) gouge-free and collision
free machining, 2) balanced cutting-load (by relief cutting and adjusting 
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feeds), 3) generation of smooth tool-paths, and 4) tool-path planning based 
on machining features. However, the hard part of the C-space approach is 
finding an efficient implementation scheme. An extended Z-map called EZ
map is introduced as a candidate for representing the C-space elements (Ss, 
S0 , VF, VM and V a ), and an illustrative example for a stamping-die of an 
automotive part is presented. At least for the similar type of dies, the EZ
map seems to have passed a preliminary test, in terms of its memory 
requirement and computation time. However, the proposed C-space 
approach has yet to go through rigorous testing as well as theoretical 
analyses. As for the future research directions, one may think of the 
theoretical aspects of the C-space approach, implementation issues, and 
applications. 

First of all, theoretical research is needed in such topics as: 1) 
mathematical foundation for the C-space approach to multi-axis NC 
machining, 2) fundamental properties (or features) of the C-space method, 3) 
basic theorems, 4) bounding of errors introduced at discretization. The 
research topics related to the implementation issues include: 1) discrete 
representation schemes for the C-space elements, 2) basic algorithms for the 
discrete models, and 3) computational geometric issues. Finally, there are a 
number of application areas that deserve further research efforts: 1) adaptive 
feed control based on the C-space information, 2) C-space based feature
extraction for die-cavity machining, 3) C-space based CAPP for die-cavity 
machining, and 4) optimization of tool-paths and cutting conditions utilizing 
the C-space information, etc. 
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