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Abstract This paper describes main sources of instability in geometric computa
tion, and reviews two mutually opposite approaches to this problem. In
stability in geometric computation comes from numerical errors, which 
first cause misjudgements of geometric structure, and then generate 
topological inconsistency. One promising approach to this difficulty is 
the use of multiple precision arithmetic that is high enough to judge the 
topological structure always correctly. Another approach places high 
priority on the topological consistency, and use numerical values only 
when they do not contradict the topological structure. Merits and de
merits of the two approaches are discussed with examples. 

Keywords: Robust algorithm, geometric computation, degeneracy, exact arithmetic, 
topology-oriented approach, Voronoi diagram, solid modeling 

Introduction 
Naively implemented geometric algorithms are fragile in general, in 

the sense that they easily fail due to numerical errors (Segal and Sequin, 
1985; Field, 1987; Dobkin and Silver, 1988; Hoffmann, 1989a, 1989b). 
When theoreticians design algorithms, they usually assume that there 
is no numerical error or degeneracy, but in real computation both nu
merical errors and degeneracy arise frequently. This gap between the 
ideal world and the real world gives a serious problem of instability in 
geometric computation. 

To overcome the instability, many approaches have been proposed. 
To simplify the situation, we can classify these approaches into three 
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groups according to how much they rely on numerical computation, as 
shown in Figure 1. 
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Figure 1 Three groups of approaches to robustness. 

The first group is the "exact-arithmetic approach", which relies on nu
merical computation absolutely (Sugihara and Iri, 1989; Ottmann et al., 
1987; Karasick et al., 1991; Sugihara, 1992; Schorn, 1991; Benouamer et 
al., 1993; Fortune and von Wyk, 1993; Sugihara, 1997; Yap, 1995). The 
topological structure of a geometric object can be decided by the signs 
of the results of numerical computations. If we restrict the precision 
of the input data, these signs can be judged correctly in a sufficiently 
high but still finite precision. Using this principle, the topological struc
tures are judged correctly as if the computation is done exactly. In this 
approach, we need not worry about misjudgement and hence theoret
ical algorithms can be implemented rather straightforward. However, 
the computation is expensive because multiple precision is required, and 
furthermore exceptional branches of processing for degenerate cases are 
necessary because all the degenerate cases are recognized exactly. 

The second group is the "topology-oriented approach", which does not 
rely on numerical computation at all. In this approach, we start with 
the assumption that every numerical computation contains errors and 
that the amount of the error cannot be bounded. We place the highest 
priority on the consistency of topological properties, and use numerical 
results only when they are consistent with the topological properties, 
thus avoiding inconsistency (Sugihara and Iri, 1992, 1994; Inagaki et al., 
1992; Oishi and Sugihara, 1995; Imai, 1996; Minakawa and Sugihara, 
1997; Sugihara, 1994a, 1994b). 

The third group of approaches is between the above two groups; in this 
group, they rely on numerical computation moderately. They assume 
that the amount of errors is bounded. Every time numerical computation 
is done, the upper bound of the error is also evaluated. On the basis 
of this error bound, the result of computation is judged to be either 
reliable or unreliable, and the only reliable result is used Milenkovic, 
1988; Fortune, 1989; Guibas et al., 1989; Hoffmann, 1989b; Segal and 
Sequin, 1985). This approach might be natural for programmers in order 
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to cope with numerical errors, but it makes program codes unnecessarily 
complicated because every numerical computation should be followed 
by two alternative branches of processing, one for the reliable case and 
the other for the unreliable case. Moreover, this approach decreases 
the portability of the software products, because the amount of errors 
depends on computation environment. 

In this paper, we concentrate on the two mutually opposite extreme 
groups of approaches, i.e., the first and the second groups of approaches, 
and consider practical issues to be solved in order to make these ap
proaches realistic. 

1. EXACT ARITHMETIC APPROACH 
1.1. CORRECT JUDGEMENT IN FINITE 

PRECISION 
In actual computers, numbers are represented in finite precision. This 

implies that geometric data given to computers are discrete. From a the
oretical point of view, points, for examples, are distributed continuously 
in a space, but most of them cannot be represented in computers; usually 
computers can represent and treat only those points with integer coor
dinates or with floating-point coordinates. In this sense, representable 
geometric objects are discrete, and hence topological relations among 
them can be judged in finite precision. The exact-arithmetic approach 
utilizes this property. 

Suppose, for example, that the coordinates (Xi, Yi, Zi) of points Pi ( i = 
1, 2, ... , n) are represented by integers satisfying 

(1) 

for some fixed large number L. If we want to judge whether point Pi is 
on the plane passing through Pj,Pk,Pz, we should check whether or not 

(2) 

From the Hadamard inequality (which says that the absolute value of the 
determinant of a matrix is not greater than the product of the lengths 
of the column vectors), we see that the left-hand side of eq.(2) is not 
greater than 
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Hence we can make the above judgement correctly if we use multiple
precision integers that are long enough to represent 16L3 . 

As this example shows, the topological relation among objects can 
be judged strictly if we compute in a sufficiently high but still finite 
precision. This principle has been used widely in numerically robust 
geometric computation (Ottmann et al., 1987; Sugihara and Iri, 1989; 
Karasick et al., 1991; Sugihara, 1992; Schorn, 1991; Benouamer et al., 
1993; Fortune and von Wyk, 1993). 

However, this principle raises several practically serious problems. 
First, multiple-precision arithmetic requires high cost in computation. 
Secondly, the strict judgement tells us degenerate situations exactly, and 
hence we need all the exceptional branches of processing for those de
generate cases. We consider these issues in the following subsections. 

1.2. ACCELERATION BY LAZY 
EVALUATION 

One strategy to decrease the cost required by multiple-precision arith
metic is the hybrid use of the multiple-precision arithmetic and the 
floating-point arithmetic. That is, we first compute in floating-point 
arithmetic, and we switch to the multiple-precision arithmetic only when 
the floating-point computation does not give a reliable result. Since the 
floating-point computation is very fast and gives reliable results in many 
cases, this strategy usually saves computation time efficiently. 

Effects of this kind of the lazy evaluation strategy were reported in 
(Benouamer et al., 1993; Sugihara, 1997). 

1.3. DEGENERACY ELIMINATION BY 
SYMBOLIC PERTURBATION 

There are in general a variety of different degenerate cases for each 
geometric problem. In implementing an algorithm, we have to prepare 
exceptional branches of processing for all the degenerate cases; other
wise the software implementation is not complete. However, this is a 
tedious job because the exceptional branches will be used only rarely in 
its nature. 

The "symbolic perturbation technique" is one method to avoid this 
tedious job (Edelsbrunner and Miicke, 1988; Yap, 1988; Fortune and von 
Wyk, 1993; Sugihara, 1992). In this technique, we introduce a symbol, 
say E, which intuitively corresponds to an infinitesimally small positive 
number, and replace each metric data using this symbol. 
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For example, for point Pi = (xi, Yi, Zi) (i = 1, 2, ... , n), let us define 
point Pi* whose coordinates are 

(4) 

The new point Pi* may be understood as a symbolically perturbed ver
sion of the original point Pi, in the sense that the x-coordinate is per
turbed by eM', etc. Instead of F(Pi, Pj, Pk, P1) in eq. {2), let us consider 

{5) 

This is a polynomial in £. 

For a polynomial 

(6) 

we define the sign off as the sign of the first nonzero coefficient, that is, 
sign(!) = sign(fi) fori such that fo = b = · · · = h-1 = 0, and fi :f. 0. 
This definition of the sign corresponds to the intuitive understanding 
that £ is nifinitesimally small but still positive. 

We apply our definition of the sign to F(P/, P/, Pk *, P1*), which can 
be expressed by 

F(Pi*, P/, Pk *, P1*) 

1 Yi Zj 
= F(Pi,Pj,Pk,Pl)- 1 Yk Zk 

1 Yl Zl 

(7) 

From the right-hand side of this equation, we can observe two important 
properties. First, the first term is F(Pi, Pj, Pk, P1); this means that if 
F{Pi, Pj, Pk, PI) :f. 0 (meaning that the situation is not degenerate), the 
sign of F{Pt,P/,Pk*,PI*) coincides with the sign of F(Pi,Pj,Pk,PI)· 
Hence, the symbolic perturbation does not affect the non-degenerate 
case. 

Secondly, if the situation is degenerate, some of the terms in the 
right-hand side of eq. (7) equal to 0, but it never happens that all of 
the terms become 0, because there exist terms that do not depend on 
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the coordinates of the input points; for example there exists the term 
M2n+i+Mn+i+Mk 

f . 

Hence, in this symbolically perturbed world, we never come across 
the case where F(Pi*,pj+,pk*,Pz*) = 0. This means that we can avoid 
any of the degenerate cases. This is the principle of the symbolic per
turbation, and this enables us to concentrate on the implementation for 
the general case. 

2. TOPOLOGY-ORIENTED APPROACH 

2.1. BASIC IDEA 
In this section we suppose that exact arithmetic is not avoidable and 

hence numerical computation contains errors. Figure 2(a) shows how a 
conventional algorithm fails. Let S = { J1, J2, ... , Jn} be the set of all 
the predicates that should be checked in the algorithm. Whether those 
predicates are true or not is judged on the basis of numerical computa
tions. Since numerical computations contain errors, some of the pred
icates may be judged incorrectly, which in tern generate inconsistency 
and the algorithm fails. 

numerical computation 
numerical computation 

, ... J. .......... l---·············------1 .... ___ _ 
( J 1 J2··· Jn.") 

·-·-·-···-.. ~-\--------r--------·····S 

l----------!-··········--------1-- ~~=~-:~-~~:.: .... __ 
(··; 1 J 2 • • • J :·· .. ') ( J k +1· • • J n ··.') 

-~-~---~\ V----s·;········ 
inconsistency consistent 

~ 
failure normal termination 

(a) (b) 

Figure 2 Basic idea of the topology-oriented approach. 

Numerical errors are inevitable in computation, but still we want to 
avoid inconsistency. To this goal, we first try to find a maximal subset, 
say S', of predicates that are independent from each other, as shown in 
Figure 2(b), where "independent" means that the truth values of any 
predicates in S' do not affect the truth values of the other predicates 
in this subset. The other predicates are dependent in the sense that 
their truth values are determined as the logical consequence of the truth 
values of the predicates in S'. 
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Once we find such a subset S', we evaluate the predicates in S' by 
numerical computation, and adopt the logical consequences of them as 
the truth values of the other predicates, i.e., the predicates in S- S'. 
Since the predicates in S' are independent, any assignment of the truth 
values to the predicates inS' does not generate inconsistency. Moreover, 
since we adopt the logical consequences of these truth values as the truth 
values of the predicates in S - S', we never come across inconsistency. 

We cannot guarantee the correctness of the truth values in S' because 
we have numerical errors, but once we believe the results of numerical 
computations, we can construct a consistent world. This is our basic idea 
for avoiding inconsistency. In the following subsections we will show how 
this idea works using two example problems. 

2.2. CUTTING A CONVEX POLYHEDRON 
BY A PLANE 

Let II be a convex polyhedron in a three-dimensional space, and H 
be a plane. We consider the problem of cutting II by H and taking one 
part off. Theoretically this problem is not difficult. What we have to 
do is to classify the vertices of II into those above H and those below 
H. Once we classify them, we can determine the topological structure 
of the resultant polyhedron. 

However, a naive implementation of this algorithm is not robust. For 
example, suppose that II is a cube, and that the cutting plane H is very 
close and almost parallel to the top face of II . Then, the classification 
of the vertices on the top face is done almost at random because of 
numerical errors, and hence it may happen that two mutually diagonal 
vertices are judged above H whereas the other two vertices are judged 
below H, which is a contradiction. Such a contradiction easily causes 
the algorithm to fail. 

To attain numerical robustness, we concentrate on the topological part 
of the algorithm. From the topological point of view, the vertices and 
the edges of II form a planar graph, say G. As shown in Figure 3, to cut 
II by H, we first find the vertices that are above H (the vertices with 
black circles in Figure 3(b)), next generate new vertices on the edges 
connecting the vertices above H and those below H (the vertices with 
white circles in Figure 3(b)), generate a new cycle connecting them (the 
broken lines in Figure 3(b)), and finally remove the substructure inside 
the cycle (Figure 3(c)). 

Let V1 be the set of vertices of G that are judged above H, and let V2 
be the set of vertices that are judged below H. Since II is convex, the 
next property holds. 
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(a) (b) (c) 

Figure 3 Topological aspect of the cut operation. 

Proposition 1. The subgraph of G induced by V1 and that induced by 
V2 are both connected. 

(a) (b) 

Figure 4 Cutting a cube by a degenerate set of planes. 

We place higher priority on this property; we employ numerical results 
only when they do not contradict against this property. In this way we 
can construct a numerically robust algorithm (Sugihara, 1994a). 

An example of the output of this algorithm is shown in Figure 4. 
Figure 4(a) is the result of cutting a cube by many planes, and Figure 
4{b) shows the portion around the upper left degenerate vertex magnified 
by 5 x 105 . Even for such a highly degenerate case, the algorithm gave 
a globally correct result. 

Figure 5 shows another example. Figure 5(a) is the result of cutting 
a cube by 105 planes touching a common sphere, and Figure 5{b) is 
a magnified picture of the left position. This example also shows the 
robustness of our algorithm. 
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(a) (b) 

Figure 5 Cutting a cube by 105 planes. 

2.3. CONSTRUCTION OF VORONOI 
DIAGRAMS 

Let S = {P1, P2, ... , Pn} be a set of finite number of points in the 
plane. The region Re(S; Pj) defined by R(S; Pi)= {P E R 2 I d(P, Pi) < 
d(P, Pj ), j = 1, ... , i- 1, i + 1, . . . , n} is called the Voronoi region of Pi, 
where d(P, Q) represents the Euclidean distance between the two points 
P and Q. The partition of the plane into Voronoi region Re(S; Pi), 
i = 1, 2, ... , n , and their boundaries is called the Voronoi diagram for 
s. 

In the incremental algorithm, we start with the Voronoi diagram for 
a few points, and modify it by adding the other points one by one. An 
increment step is shown in Figure 6(a). Suppose that we have already 
constructed the Voronoi diagram for black points, and now want to add 
the white point. To modify the Voronoi diagram, we first find a cycle 
formed by the perpendicular bisectors between the new point and the 
neighboring old points (broken lines is Figure 6(a)), and next remove 
the substructure inside this cycle. 

Though this procedure is theoretically simple, it is numerically unsta
ble because the sequence of bisectors does not necessarily form a cycle 
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in imprecise arithmetic, as shown in Figure 6(b). To construct a robust 
algorithm, we can use the following property. 

(a) (b) 

Figure 6 Incremental construction of the Voronoi diagram 

Proposition 2. If a new point is inside the convex hull of the old points, 
the substructure to be removed is a tree in a graph theoretical sense. 

We place higher priority on this property than on numerical values, 
and thus can construct a numerically robust algorithm for the Voronoi 
diagram (Sugihara and Iri, 1992, 1994). Figure 7(a) is an example of 
the output of this algorithm. Though the points were highly degenerate, 
the algorithm constructed the globally correct Voronoi diagram. If we 
magnify the central prot ion of this figure by 106 , we can see small distur
bance, as shown in Figure 7(b). However, it should be noted that such 
disturbance never makes the algorithm to clash, because the algorithm 
always maintains topological consistency of the data structure. 

3. CONCLUDING REMARKS AND OPEN 
PROBLEMS 

We have seen two mutually opposite approaches to the robust im
plementation of geometric algorithms, and also discussed related issues. 
Both the approaches can attain complete robustness in the sense that 
the resulting software in guaranteed to work for any input. However, 
in order to use the output for practical applications we still have many 
problems to be solved. 

First, to reduce the cost of the exact-arithmetic computation is still 
important, because the acceleration techniques are not completely satis-
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(a) (b) 

Figure 7 Voronoi diagram for highly degenerate set of points 

factory. The lazy-evaluation scheme seems to contain still many poten
tial variants, and we have to search for more efficient realization of this 
scheme. 

The symbolic perturbation scheme enables us to ignore tedious excep
tional treatment of degenerate cases, but we have to be careful in the use 
of the output for the degenerate input. For example, the Delaunay tetra
hedrization is useful for mesh generation for the finite element methods, 
but the symbolic perturbation might give a tetrahedron with volume 0 
when the input contains four coplanar and cocircular points. Such out
put cannot be used directly for the finite element methods. Thus, we 
need some postprocessing for the degenerate output. 

The topology-oriented approach, on the other hand, might give out
put that contains numerical disturbance particularly when the input is 
close to degeneracy. Such disturbances are usually very small but not 
acceptable for some applications. Hence, to rewrite the application al
gorithms in such a way that they can use numerically disturbed output 
of the topology-oriented algorithms is one of main problems related to 
this approach. 
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