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Abstract 
Most practical queueing systems have dependencies between arrival and 

service patterns. In this paper we consider the MIMic queueing system with 
inter arrival and service times having the multivariate exponential distribution 
of Marshall and Olkin. We derive the standard representation of the mul
tivariate exponential distribution of Marshall and Olkin, and calculate the 
steady state probability vector by a matrix-geometric approach, and study a 
monotonic tendency of dependency effect on some random variable. 
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1 INTRODUCTION 
In this paper we consider a multi server queueing system with an inter

arrival time and c service times having exponential distributions. However, 
they are not independent. The service times of c channels are correlated to 
an interarrival time. Any channel does not only finish service independently 
on an arrival as the ordinary MIMic queueing system, but also all c chan
nels sometimes finish service simultaneously when a customer arrives. It is 
encountered in practice because when the service tasks of those customers 
who joined the service facility are long, they are accomplished simultaneously 
due to the competition or cooperation among servers on an arrival, it creates 
dependency between an inter arrival time and those service times. Given that 
the marginal distributions of interarrival and service times are fixed, we are 
concerned with how the dependency affects some random variable. 

Most of queueing literature assumes independency between arrival and ser
vice patterns, though it is hardly justifiable in realistic phenomena. There 
exist some exceptions such as Conolly and Choo (1979), Hadidi (1981) and 
Langaris (1987). In those papers the authors consider a single server queue 
and assume that the inter arrival and service times take the class of Wicksell
Kibble bivariate exponential distribution which is defined using Bessel func
tions. The Laplace transform of the waiting time distribution is obtained in 
terms of the solution of some recursive equations, hence it is hard to derive 
the effect of the dependency. On the contrary, Chao (1995) assumed that the 
interarrival and service times have the class of bivariate exponential distribu
tions defined by Marshall and Olkin (1967). He defined dependency between 
the interarrival and service times as the correlation coefficient between them. 
He showed that the customer waiting time is monotonically decreasing in the 
dependency in increasing convex ordering. Yoneyama et al.(1997) considered 
a two-server queueing system with an inter arrival time and two service times 
having the class of multivariate exponential distributions of Marshall and 
Olkin (1967). They defined dependency between an interarrival time and two 
service times as the rate of the simultaneous occurrence of an arrival and ser
vice completion of two channels. They calculated the steady state probability 
vector by a matrix-geometric approach and studied a monotonic tendency of 
dependency effect on some random variable. 

So far as we know, Nishida et al.(1974) first discussed the application of 
the bivariate exponential (abbreviated as BYE) distribution of Marshall and 
Olkin (1967) in the queueing theory. They considered a two-server queueing 
system in which their service distribution is the BVE and obtained the steady 
state probabilities by a generating function approach. As an extension of their 
model, Nishida and Yoneyama (1977) considered a multiserver queueing sys
tem whose service distribution is the multivariate exponential (abbreviated as 
MVE) distribution of Marshall and Olkin (1967) and derived how to get the 
steady state probabilities by a generating function approach. For this model, 
Yoneyama (1996) obtained both the queueing and waiting time distribution 
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and showed that the so-called Little's law holds for their mean. Moreover, for 
the same model, Yoneyama et a1.(1997) calculated the rate matrix R explicitly 
by a matrix-geometric approach and showed that the steady state probabil
ities whose state takes as the number of customers in the system using the 
rate matrix R coincide with the above probabilities obtained by Nishida and 
Yoneyama (1977). 

Assaf et a1.(1984) showed that the BVE is a bivariate phase type (abbre
viated as BPH) distribution and its multivariate extension is a multivari
ate phase type (abbreviated as MPH). Raftery (1984) introduced a continu
ous multivariate exponential distribution and O'Cinneide and Raftery (1989) 
showed that it is MPH and derived its MPH representation. 

In this paper, as an extension of the model introduced by Yoneyama et a1. 
(1997), we consider a multiserver queueing system with an interarrival time 
and c service times having the class of multivariate exponential distributions 
of Marshall and Olkin (1967). We define dependency between an interarrival 
time and c service times as the rate of the simultaneous occurrence of an ar
rival and service completion of all channels. For this system we calculate the 
steady state probability vector by a matrix-geometric approach and show that 
the steady state probabilities for a three-server queueing system whose state 
takes as the number of customers in the system coincide with those of the 
ordinary M/M/3 queueing system when an interarrival time and three service 
times hl;1ve no dependency. Furthermore, we show that the subtraction of an 
inter arrival time from the minimum of c service times is monotonically de
creasing in the dependency in increasing convex ordering. Before we describe 
the model fully, we derive the standard MPH representation of the MVE and 
get the BVE for the simplest case. 

2 STANDARD MPH REPRESENTATION OF MVE 
We will say that nonnegative random variables Sl,··· , Sn have a joint 

distribution with exponential minimums if 

s 2: 0, (1) 

for some (h > 0 and for all nonempty sets I c {I,... , n}. The most impor
tant example of a distribution with exponential minimums is the multivariate 
exponential (MVE) distribution of Marshall and Olkin (1967). Random vari
ables U1 ,· •• , Un having this distribution can be generated by letting 

i = 1,··· ,n, (2) 

where Ji C {I,· .. ,k} and the random variables Xl,· .. ,Xk are independent 
and exponentially distributed. 

We will say that the joint distribution of Sl, ... ,Sn and of U1 , ... ,Un are 
marginally equivalent in minimums if 
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P{miniEI Si > s} = P{miniEI Ui > s}, s 2: 0, (3) 

for each nonempty set I c {I" .. , n}. Esary and Marshall (1974) showed that 
if Sl,' .. , Sn are random variables whose joint distribution has exponential 
minimums, then there exist random variables U1 ,'" , Un with a multivariate 
exponential distribution such that the joint distribution of Sl, . .. , Sn and of 
U1 ,'" , Un are marginally equivalent in minimums. 

Assaf et al.(1984) first formulated a multivariate phase type (MPH) dis
tribution in the following way. Suppose {Vet) : t 2: o} is a regular Markov 
chain with finite state-space E. Let r 1 ,' .. , r n be n non-empty subsets of E 
such that once Venters r i it never leaves. Suppose that n~=l r i consists of 
one state ~, into which absorption is certain. Let /3 be an initial probability 
vector on E, which puts all its mass on states in E \ {~}. 

The infinitesimal generator Q of V is of the form 

(4) 

where T is a square matrix, e is a column vector of ones, and 0 is a row vector 
of zeros. Define Ii = inf {t : V( t) E r d (i = 1,' .. , n). Then the distribution 
of (Y1 , ... , Yn ) is MPH. 

Assaf et al.(1984) showed that since Xi is PH, Ui is PH and, hence, the 
MVE is MPH. It is of interest to give the standard MPH representation of 
the MYE, using the results of Assaf et al.(1984). 

To derive the standard MPH representation of the MYE, we specify ex
plicitly the ingredients E, r 1,' •• , r n, T and /3. The state-space is E = 
{I", ·,m,~}, with 2n elements q = (ql,' ",qn)' where qi E {0,1} and 
m = 2n - 1. For 1 ::; u ::; k and 1 ::; k ::; n, we denote the transition rate 
from a state with qi", = 1 to the corresponding state with qi", = ° by Wil".i", 
where i,.. E {I"" ,n}. We have r i = {q,~} (i = 1", ·,n), where qi = 0, so 
that {~} = n~=l rio T has the following block partitioned structure: 

T= 

B2 Bs 
C 12 C 1S 

D2 C 2S 

Ds 

Dk Ckl 

Dl 

Ckn-l (5) 

C 1n- 1 

C n - 2n- 1 

D n - 1 
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where 

(6) 

and all the unmarked entries are zeros. 
The submatrices are defined as below. The dimensionality of Bl is 1 x 

(7) (1 :5 1 :5 n - 1), Ckl is (~) x (7) (1 :5 k :5 n - 2,2 :5 1 :5 n - 1) and Dk 
is (~) x (~) (1:5 k:5 n -1). If q = (ql," ·,qn) and r = (rl," ·,rn) are two 
states in E \ {~}, we denote by bqr, Cqr and dqr the corresponding element 
of submatrices Bl, Ckl and Dk, respectively. bqr , Cqr and dqr will be zero 
unless one of the following holds: 
1. ri1 = ri2 = ... = ri" = 0 (1 :5 u :5 l). 
Then 

(1 :5l :5 n-1). 

2. There is a u such that qi" = ri" = 0 (1 :5 u :5 k), 
and qj'IJ i- rjv,rj'IJ = 0 (1:5 v :5l- k). 
Then 

Cqr = wh ,,·jl-Io + E:=l Wi .. jl,,·jl_1o + Wi1"·i,,h "'31-10 

(7) 

(1:5 k:5 n- 2,2:5l:5 n-1). (8) 

3. There is a u such that qi" = ri" = 0 (1 :5 u :5 k). 
Then 

where i .. E {1,· .. , n} and jv E {1, ... , n}. 

(1 :5 k :5 n - 1), (9) 

To define {3, let Y = (YI ,' .. , Yn ) be a random vector taking values in 
{1,· . " m} and Pjl'"j" = P{YI = jl,' .. , Yn = jn}, where jh ranges over 
1, ... , m for each h = 1" .. , n. Thus if {3q is the element of {3 corresponding 
to the state q, we have 

if qi i- 0 (i = 1,,, ·,n), 
otherwise. 

This completes the specification of the standard MPH representation of the 
MVE. 

Consider the simplest, bivariate case, where n = 2 and m = 3. Then the 
state-space consists of the four elements (1,1), (1,0), (0, 1) and (0,0), where 
r l = {(O, 1), (0, O)}, and r2 = {(1, 0), (0, O)}, so that ll. = (0,0). Then T is 
3 x 3 matrix 
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(10) 

The initial distribution may be written in the form fJ = (1,0,0,0). From 
the results of Assaf et al.(1984), F(t1' t2) = P{Yi > t1,12 > t2} has the 
following closed form 

F(t1,t2) = ex e T t2 g2 e T (t,-t2) gl e if t1 ~ t2 ~ 0, 
= ex e T t, gl e T (t2-t ll g2 e if t2 ~ h ~ 0, 

where 

"~(I,O,O), g, ~ [~ 0 

~l ' ~ ~ [~ 0 

~ 1 ' and e ~ [i] 1 0 
0 0 

They yield 

e-(Wl +W12) t, -W2t2 

e-W1 t, -(W2+W12) t2 
if t1 ~ t2 ~ 0, 
if t2 ~ t1 ~ 0, 

consequently we get 

(11) 

(12) 

(13) 

(14) 

which gives the bivariate exponential (BVE) distribution of Marshall and 
Olkin (1967). 

3 DESCRIPTION OF MODEL 
We consider a queueing system which has arbitrary c servers in parallel. 

Assume the Poisson process X(t) with rate ex governs the occurrence of an 
arrival, the Poisson process Yi(t) with rate fJi governs the occurrence of service 
completion to server i for 1 SiS c, and the Poisson process Z(t) with rate 
'Y governs the occurrence of an arrival and service completion to all c servers 
simultaneously. Assume all the Poisson processes are independent. Let T 
be the interarrival time of a customer, Si be the service time of server i for 
1 SiS c. Then the joint distribution of the interarrival time T and c service 
times Si(l SiS c) is given precisely as follows (see, for example, Barlow and 
Proschan (1981)) : 

P{T> t,Sl > 81,S2 > 82," ',Se > 8e } 

= exp[-ext - L~=l fJi 8i - 'Y max(t, 81,82,' .. , Se)]. (15) 

This multivariate exponential distribution was first studied by Marshall and 
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Olkin (1967). It is well known that T has a marginal exponential distribution 
with rate).. = a + ,,(, S.(1 ~ i ~ c) has a marginal exponential distribution 
with parameter fJ. = /3. + "((I ~ i ~ c). We remark that it is usually assumed 
in the literature "( > ° to have a physical interpretation of the component 
lifetime (see Barlow and Proschan (1981)). In the case "( > 0, the interarrival 
time of a customer and the service time of server i(l ~ i ~ c) can be expressed, 
respectively, as follows: 

T = min(U, W), Si = min(Vi, W), 1 ~ i ~ c, (16) 

where U, Vi (1 ~ i ~ c) and W are independent exponential random variables, 
with parameters (rates) a, /3.(1 ~ i ~ c) and ,,(, respectively. As the same 
manner as the ordinary MIMic queueing system, if we let U be an interarrival 
time and Vi be service time of server i for 1 ~ i ~ c, then any channel finishes 
service independently on an arrival. However, by introducing an independent 
exponential random variable W in (16), in addition to that, all c channels 
accomplish service simultaneously when a customer arrives. We need the 
condition that a, /3.(1 ~ i ~ c) and "( are nonnegative and a,/3. > -"( (for the 
arrival and service rates to be positive). To ensure that the queueing system 

e e 

is stable, we also need)" < L fJi, or a < L /3i + (c-1h. Furthermore, since 
.=1 .=1 

e 

).. > 0, we have L /3i + (c-1h > a> -"(. 
i=1 

4 THE STEADY STATE PROBABILITY VECTOR 
The model under consideration can be studied as a continuous time Markov 

chain with stat&space BuM. B is the set of all o-tuples b = (b1 ,·· ·,be ) with 
e 

bi E {O, 1}(1 ~ i ~ c) and L bi = k(O ~ k ~ c - 1). The number of states in 
.=1 

e-1 
the boundary state is L m. bi = 1 means that the channel is occupied by a 

i=O 
customer, whereas b. = ° means that it is not occupied. To put it concretely, 
all boundary states are 

(0,0,0,··· ,0), 
"--'" 

c 

(1,0,0, .. · ,0),(0,1,0··· ,0),··· ,(0,0,0,· .. ,1), 
"--'" ~ "--'" 

e c e 

(1,1,0,··· ,0),(1,0,1,··· ,0),··· ,(0,0,···· ,1,1), 
"--'" "--'" "--'" 

c e e 

~,~, ... ,~. 
c e e 
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On the other side, M is the set of (n; ml,· .. , me)(n ;::: c) with mi E 
e 

{O, 1}(1 ~ i ~ c) and E mi = k(k = 1, c), where n denotes the number of 
i=l 

1 
customers in the system. The number of these states is E (~). mi = 1 means 

i=O 
that the customer in channel i is one who just joined the service facility lastly 
of all customers on service. We will say that he is a new customer.mi = 0 
means that the customer in channel i is not a new customer. We will say that 
he is an old customer. In the concrete, all c-tuples (m1' ... ,me) are 

e e e 

~. 
e 

It is assumed that when a simultaneous completion of service occurs, a 
customer must enter into the channel with the lower number, and a simul
taneous completion of service cannot occur when either of channels is empty 
since it is not realistic. If we look upon served customers including an arrived 
customer as new customers when there are still empty channels except the 
occupied channel, whereas we look upon only an arrived customer as a new 
customer when there are no empty channels except the occupied channel, then 
bi = 1 means that the customer is new. By ordering the states as described 
above, the infinitesimal generator of the continuous time Markov chain has 
the following block partitioned structure: 

AOl AOc+l 
A02 Al Ao 
Aos A2 Al Ao 
A04 0 A2 Al Ao 
A05 0 0 A2 Al 

Q= (17) 
Aoe 0 0 

As 0 0 
As 0 0 

As 0 

where all the unmarked entries are zeros. The submatrices are defined as 
,,-1 ,,-1 

below. The dimensionality of AOl is (E (~) x (E (~), AOj(2 ~ j ~ c) 
i=O i=O 

1 ,,-1 e-1 1 
are (E m) x (E m), AOe+! is (E m) x (E m), Ao, Al , A2, As are 

i=O i=O i=O i=O 
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1 1 1 1 
(E m) X (E m)· 0 is a (E m) x (E m) zero matrix. More specifically, 
i=O i=O i=O i=O 

0 
Ec_1e D:f-1 
Ec- 2e CT c-2,c-1 D:f_2 

DT 
s= I 

Eke Ci!' c-1 Ci!'1 DT , , k 

E 2e Crc-1 , C;}\ , Dr 
E 1e cIC-1 CII DT , , 1 

where G T is a matrix whose elements are reversed fully, that is, 

[
9n 912 913] 

G = 921 922 923 , 
931 932 933 

[
933 932 931] 

GT = 923 922 921 , 
913 912 9n 

and the transpose of e is (1,1,· .. ,1) with a proper size. 
e-1 

(18) 

(19) 

Ek = -(Di!' + E C~)(l:5 k :5 c - 1) and BI, C kl and Dk are given by 
l=k+l 

(7), (8) and (9) respectively, where 

1:5 i :5 c, 
Wij = Wijk = ... = Wl23 ... e = O. (20) 

Furthermore, if v = (Vl' •• " ve ) and w = (Wl,"', We) are two states, we denote 
by H = (hvw) which is an upper triangular matrix. hvw = >. if one of the 
following holds, otherwise hvw = 0, where 'T1 denotes the number of occupied 
channels: 
1. 'T1=0. 
Then 

w = VOU{Vmin(iv ) = I} = VOU{Vl = I}, 

where vo = (0" ", 0) (Le. an empty state) and i" E {I,· . " c}. 
2. 1 :5 'T1 :5 c - 2. 
Then 

w = VU{Vmln(iv ) = I} 
w = VU{Vl = I} 

Consequently, 

for Vl = 1, 
for VI = O. 

(21) 

(22) 
(23) 
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AOl = S-'\'I+H. (24) 

As the same manner, we can obtain AOc+1 for TJ = c - 1. If v and q = (c; w) 
are two states, we denote by AOc+1 = (hvq). Then hvq = ,\, if the following 
holds, otherwise hvq = 0: 

w = VOU{Viv = I} for Viv = 0. (25) 

On the other hand, denoting by 

(26) 

hw = "/ when w = (1,0,··· ,0) and hw = f3v if the following holds, otherwise 
hw = 0: 

(27) 

where Wl = (1,1, ... ,1). 
Similarly, denoting by A2 = e(hw), hw = f3v if the following holds, other

wise hw = 0: 

w = WOU{Wiv = I}, 1 ::; v ::; c, (28) 

where Wo = (0,0" . ·,0). 
We also denote by AOj = e(hw)(3 ::; j ::; c). Then hw = "/ if the following 

holds, otherwise hw = 0: 

W = (1 ... 1 ° ... 0) , '" , . 

And 

'-v--" 
;'-1 

Ao = aI, 
Al = -(ex + 'E-~=l f3i + "/)1, 
As =e(O,O,···,O,,,/). 

'--...--' 
c 

(29) 

(30) 

Let x be the vector of steady state probabilities associated with Q, such 
that 

xQ = 0 and xe = 1. (31) 

c-l 

Let us partition x as x = (Xb,Xc,Xc+l,"') where Xb is a 1 x ('E- (~)) vector 
i=O 
1 

associated with the boundary state b and XI (i ;::: c) are 1 x CE (~)) vectors 
i=O 
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associated with the states m. Following Neuts (1981), 

i 2:: c+1, (32) 

1 
where the rate matrix R is of order (L (~)) and the minimal nonnegative 

i=O 
solution to the matrix nonlinear equation 

The boundary condition is 

XbAOl + L~==: Xi+c-1AOiH = 0, 
XbAOc+l +XcAl +Xc+1A2+X2c-1AS = o. 

The normalizing condition is 

(33) 

(34) 

(35) 

Let p be the steady state probabilities, assuming that the queue is never 
1 

empty, which has elements p(j)(l ~ j ~ L (~)). We can determine p, by 
i=O 

sol ving the system 

pA = 0 and pe = 1, (36) 

where the conservative matrix is given by 

(37) 

Following Neuts (1981), the stability condition is 

(38) 

By solving the system (36) and substituting p(j) into (38), the stability con
dition becomes 

(39) 

which agrees with the result obtained in the previous section. 
Substituting (37) into (33), we have 

(I-R)[-')' L~d Ri_(I:~=l ,si+')')R+aI]e = o. (40) 

Since I - R is nonsingular, we get 

(41) 
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In particular, for c = 3, 

(42) 

is the minimal solution of the equation (41), where ( is 

(43) 

If the stability condition (39) is satisfied, (-1 < 1. Denoting the steady 
state probability vector by Xi = (Xil,Xi2,Xi3,Xi4)(i 2: 3), the steady state 
probabilities Xi, where i represents the number of customers in the system, 
are given by 

Substituting (42) into (32) and (44), we obtain 

Xi = :xa(3-i I, 
Xij = X3j(3-i, 

Xi = X3(3-i, 

i 2: 4, 
i 2: 4, 1 ~ j ~ 4, 
i 2: 4. 

(44) 

(45) 
(46) 
(47) 

If "I = 0, an interarrival and three service times are mutually independent, 
hence by letting "I - 0, the steady state probabilities Xi (i 2: 4) in (47) coincide 
with those of the ordinary M/M/3 queueing system. 

5 EFFECT OF THE CORRELATION PARAMETER 
In this section, we study the effect of the correlation parameter on some 

random variable, with the marginal distribution of interarrival and service 
c 

times fixed. When >. and L f3i + "I = K are fixed, varying the correlation 
i=l 

parameter "I, we investigate the effect of "I on the subtraction of an interarrival 
time from the minimum of c service times. 

A random variable X is said to be less than or equal to Y in increasing 
convex ordering if Ef(X) ~ Ef(Y) for all function f which is increasing and 
convex, denoted X ~ic Y. A necessary and sufficient condition for X ~ic Y is 

JyOO P{X > t}dt ~ Jyoo P{Y > t}dt for all y. (48) 

For more details about increasing convex ordering and other stochastic order
ings, the readers are referred to Ross (1983) and Stoyan (1983). 

Define 

S = min(Sl,S2, ···,Se), 
f),. = S-T, 

(49) 
(50) 
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where Sl, S2, "., S" and T are random variables defined in (16). We obtain the 
following same lemma as Chao's one (1995) because the MVE is a distribution 
with exponential minimums. 

Lemma. .6. is decreasing in "( in increasing convex ordering. 
That is, .6. ("(1 ki".6. ("(2) if "(1 ~ "(2· 

Proof. Using the results given by Barlow and Proschan (1981), 

P{S> siT = t} = -fL- -'YC~-t)-CI<-'Y)s { 
e-CI<-'Y)t 

o<+y e , 

t> s, 
t ~ s. 

Hence, by conditioning on T and using (51), we obtain if x> 0, 

If x ~ 0, then 

P{.6. > x} = Jooo P{S - T > xlT = t}(ex + ,,()e-Co<+Y)tdt 
= Jo- x P{S - T > xlT = t}(ex + ,,()e-CO<+'Y)tdt 
+ r: P{S - T > xlT = t}(ex + ,,()e-Co<+Y)tdt 
= Jo-X(ex + ,,()cCo<+Y)tdt + (ex + "()e-CI<-'Y)x J:: e-CO<+I<)tdt 

(51) 

(52) 

= 1- 1<-1 eCo<+'Y)x (53) 0<+1< . 

To prove .6. is decreasing in "( in increasing convex ordering, it suffices to 
show that JyOO P{.6. > x}dx is decreasing in "( for all y. To this end, we again 
consider two cases. First, y;::: 0. This case is trivial since from (52), 

(54) 

This is obviously decreasing in ,,(, hence so Jooo P{.6. > x}dx. If y ~ 0, then 
by (52) and (53), 

Jyoo P{.6. > x}dx = J: P{.6. > x}dx + Jooo P{.6. > x}dx 
= rO [1- 1<-1 eCO<+'Y)x]dx + roo -fL-e-=dx 

J y 0<+1< Jo 0<+1< 
- -y - 1<-1 [1 - eCo<+'Y)y] + .....!L 
- CO<+y)CO<+I<) 0<+1< 
= -y-l.+l.+l.e>'y - _l_e>'y 

>. I< >. >'+I<-'Y' (55) 

therefore it is also decreasing in "(. 
To summarize, we have shown that for any y, JyOO P {.6. > x} dx is a de

creasing function of "(. This proves that .6. is decreasing in "( in increasing 
convex ordering.Q.E.D. 
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Our multiserver model is different from a single server model treated by 
Chao (1995) though both models introduce the multivariate exponential dis
tribution of Marshall and Olkin. Even if we change our model, for example, for 
letting Tn be the inter arrival time between customer n and customer n+ 1 and 
Sn = min(St, S2, ... ,Se) be c service times ahead of customer n, we cannot 
derive the same theorem as one that Chao (1995) derived since a multiserver 
model carries complicated behavior. 

6 CONCLUDING REMARKS 
For an MIMic queueing system with an interarrival time and c service 

times having the multivariate exponential distribution of Marshall and Olkin, 
we have calculated the steady state probability vector using its MPH repre
sentation by a matrix-geometric approach, and defined dependency between 
an interarrival time and c service times as the rate of the simultaneous occur
rence of an arrival and service completion of all channels, and showed that 
the subtraction of an inter arrival time from the minimum of c service times 
is monotonically decreasing in the dependency in increasing convex ordering. 
It allowed us to treat our multiserver model that the multivariate exponential 
distribution of Marshall and Olkin is a distribution with exponential mini
mums. We found out the class of systems that enjoy the monotonic depen
dency effect on some random variable, so we could say that our model will 
contribute to the development of practical queueing models with interdepen
dent arrival and service processes. 
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