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Abstract: For second-order hyperbolic equations with variable coefficient prin
cipal part, we establish a global observability-type estimate, whereby the energy 
of the solutions in L2(0) x H-1(0) is bounded by appropriate boundary traces, 
modulo lower-order terms. This extends the proof and the results of [L-T. 2] from 
the constant coefficient to the variable coefficient case. The pseudo-differential 
analysis of (L-T.2] is combined with Riemann geometric multipliers (Y.l], which 
replace the Euclidean multipliers of (L-T. 2] in the constant coefficient case. 

1 INTRODUCTION. STATEMENT OF MAIN RESULT 

Let n be an open bounded domain in JRn, with smooth boundary r = arl. Let 
f 0 be a (possibly empty) portion of r. We shall consider regular solutions of 

{ 
Wtt +Aw 

wlr:o 

f in Q = (0, oo) X fl, 

0 in Eo= (O,oo) X ro, 
(l.la) 
(l.lb) 
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for arbitrary values of the coupling parameter a. 

© 

The original version of this chapter was revised: The copyright line was incorrect. This has 
been corrected. The Erratum to this chapter is available at DOI: 10.1007/978-0-387-35359-3_40

IFIP International Federation for Information Processing 1999
S. Chen et al. (eds.), Control of Distributed Parameter and Stochastic Systems

http://dx.doi.org/10.1007/978-0-387-35359-3_40


72 

and establish an a-priori energy estimate one unit below the usual energy level 
of H 1 (0.) x L2 (0.). In (l.la) we have set 

a;j = aji E to be a second-order differential operator, which is as
sumed throughout to satisfy the ellipticity condition 

(H.l) 

n 

... (1.3) 
i,j=1 

Let G(x) = (g;j(x)) = [A(x)]- 1 be the inverse of the symmetric positive def
inite coefficient matrix A(x) = (a;j(x)). For each x E the matrix G(x) 
defines in a natural way a Riemann metric g(X, Y) = (X, Y)g on the tangent 

lRn 3 X, Y [L-T-Y.l], [Y.l], so that is a Riemann man
ifold. Let D be the Levi-Civita connection in the Riemann metric g, Dx H 
be the covariant derivative of the vector field H E with respect to the 
vector field X E and let DH( · , · ) be the resulting covariant differen
tial DH(X,X) = (DxH,X)g· We may now state the main assumption, as in 
[Y.l], imposed throughout this paper upon the differential operator A in (1.2). 
Several nontrivial examples where this assumption is verified to hold true, by 
using Riemann geometry, are given in [L-T-Y.l], [Y.l]. 

Main Assumption (H.2). There exists a vector field H on the Riemann 
manifold (IRn, g) such that 

DH(X, X)= (Dx H, X)g 2 a V X E 'X E 0., (1.4) 

where a > 0 is a constant. D 

Main result. To state our main result, we first introduce the positive, 
self-adjoint operator on L2(fl): 

{ 
Aow 

1
= Aw, V(Ao) = n H6{0.); 

= HJ(O), = H- 1(0.) (equivalent norms) 

(1.5a) 

(1.5b) 

Next, we introduce the desired 'energy' of the solution w of Eqn. (1.1): 

{ 
= llw(t)iiL(n) + = 

eqmvalent to ll{w(t),wt(t)}IIL 2 (n)xH-'(n); 

1 

Z:::: L2 (0.) x L2 (0.) x H- 1 (0.) (equivalent norms). 

(1.6a) 

(1.6b) 

(1. 7) 
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Our main result below refers to solutions of problem ( 1.1) within the follow
ing class: 

{ 
{w,wt} E C([O,T];L2(0) x H-1(0)); 

wiE, E L2(I:l); I E H- 1(I:1), 
UliA E, 

(1.8a) 

(1.8b) 

where f1 =: r \fa, I:1 = (0, T] x f1, L2(I:l) =: L2(0, T; L2(fl)), and where 
= I:7,j=1 a;j ll; is the co-normal derivative, ll = [ll1, ll2, ... , lin] being 

the unit outward normal at r. 

Theorem 1 Assume (H.1) = {1.3), (H.2) = (1.4). Let f E L2(0, T; H-1(0))n 
where here x denotes the space variable in the normal direc

tion. Let w be a solution of problem (1.1) within the class (1.8a-b). Assume, 
moreover, that the vector field H of hypothesis (1.4) satisfies the condition: 

(H.3) 

H(x) · ll(x) :S 0, x E fa, ll = [ll1, ll2, ... , lin]· (1.9} 

Then, the following inequality holds true: If T is large enough, then 

( £w(t)dt :S cr{ ( r w2di:1 + 11 11
2 + llwllt-l(Q) lo lo lr, UliA H-l(E1T) 

+ If (wlr,, dtl + {T lflk-l(O)dt + IIAfiiL(QT)}> lo A L,(r,) lo 
(1.10) 

where A is the operator in (2.2) below lifting by one unit in time and in the 
tangential space variables. 0 

Remark 1 Inequality ( 1.1 0) is a global observability-type estimate, whereby 
the L2(0) x H-1(0)-norm of the solution in the interior is controlled (bounded) 
by the indicated boundary traces, modulo lower-order terms. When f =: 0 and 

this inequality (1.10) can be extracted from the 1989 results of[L-T.2; 
e.g., Eqn. (4.34)]. See Remark 2 below. A micro-local (as opposed to global) 
version of this inequality (1.10) was later given in the variable coefficient case in 
[B-H-L-R-Z] expanding upon [B-L-R], subject to geometric optics assumptions. 
Still, in the variable coefficient case, a related version of (1.10) was later given 
in [T.1], subject to the assumption of existence of a pseudo-convex function. 
Our Riemann geometric assumption (H.2) is more general than the existence 
of a pseudo-convex function [Y .1]. 0 

Consequence: Uniform stabilization of Eqn. (1.1a-b) with bound
ary feedback in the Dirichlet B.C. We next consider the uniform stabi
lization problem of the following (closed-loop) wave equation with an explicit 
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dissipative feedback control in the Dirichlet B.C. of f 1: 

Wtt +Aw= 0 

w(O, ·) = wo; Wt(O, ·) = w1 

wi:Eo =: 0 

I _ 8(A01wt) 
w :E,- a 

VA 

in Q = (O,oo) x 0; 

in 0; 

in = (O,oo) x fo; 

in =: (0, oo) X f1, 

(1.11a) 

(l.llb) 

(l.llc) 

(l.lld) 

where is the co-normal derivative, defined below (1.8b). Moreover, Ao is 
the operator defined in ( 1.5a). In the case of the pure wave equation (constant 
coefficients a;j (x) = Kronecker J;j), the explicit, dissipative feedback control 
in (l.lld) was introduced in [L-T.1]: this reference then provided, for the 
first time (the semigroup well-posedness result in Theorem 2 below and) a 
uniform stabilization result of the wave equation on the space L2 (0) x H-1 (0) 
(which had been discovered a few years earlier by I. Lasiecka-R. Triggiani and 
J. L. Lions to be the space of optimal regularity for the solution of second
order hyperbolic equations under L2(0, T; L2 (f)) =: control), 
by means of an L2(0, oo; L2(f1))-feedback control as in (l.lld). 

Theorem 2 (Well-posedness [L-T.l, Thm. 1.1, p. 345]) Assume (H.1} = 
(1.3}. Problem (1.11} defines a s.c. contraction semigroup Tn(t) on Z, see 
(1.7). 0 

Theorem 3 (Uniform stabilization) Assume (H.1), (H.2), (H.3). Then, 
the s.c. contraction semigruop Tn (t) guaranteed by Theorem 1 is uniformly 
stable on Z: there exist constants M 2: 1, J > 0 such that 

(1.12} 

Theorem 3 may be obtained as a corollary of Theorem 2. 

2 PROOF OF THEOREM 1 FOR F::::: 0: ENERGY ESTIMATE 

Orientation. The proof follows closely the strategy of [L-T .2], which consists 
of two main steps, as critically generalized in its second step to the variable 
coefficient case, by a Riemann geometric approach [Y.1]. These two main steps 
are: 

(a) a preliminary pseudo-differential change of variable (for the correspond
ing half-space problem) from the original variable w(t, x) of problem (1.1) to a 
new variable v(t, x) of problem (2.4) below. This change of variable has the pur
pose of lifting by one unit upward the regularity of w in t and in the tangential 
space variables and thus, via the governing equation, of w in the normal space 
variable as well. Thus, the required topology L2(0) x H-1(0) for {w,wt} is 
lifted to the H 1 (0) x L2 (0)-topology for { v, vt}, a level where energy methods 
apply. 
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(b) An energy (multiplier) analysis at the H 1 (0) x L2 (0)-level of the result
ing v-problem (2.4), which in [L-T.2] was carried out via (by now) "classical" 
multipliers suitable for the constant coefficient case (A= considered there 
(i.e., the multipliers h · \i'v, v divoh, Vt in the Euclidean metric, where h is a 
smooth coercive vector field on 0). 

The present proof then uses step (a) verbatim and replaces the classical 
multiplier analysis for step (b) in the Euclidean metric with the Riemann ge
ometry multipliers version recently introduced by [Y.1] to handle the variable 
coefficient case of an operator such as A: i.e., (H, \7 gv)g, v div0 H, Vt in the 
Riemann metric g. 

2.1 From the original w-problem to the new v-problem 

For simplicity of exposition, we take here f = 0 in order to fall into [L-T.2]. 
Keeping track off f. 0 is readily done. Let w be a solution of (1.1a-b), in the 
class (1.8a-b), subject to assumption (1.9). Starting with the original variable 
w of the problem in (1.1), we define the truncation of w by 

w = w, 0 < t < T; w = 0 elsewhere. (2.1) 

From [L-T.2, p. 211-212] there is a bounded operator 

A. Hs(R1 x Rn-1)-+ Hs+1(R1 x Rn-1) . t y t y (2.2) 

for s 2: 0, given explicitly by going over to the half-space problem in [L-T.2, 
Sec. 5], where y is the tangential variable, such that the change of variable 

v =Aw (2.3) 

transforms the w-problem (l.la-b) into the problem 

{ 
Vtt : Av + Kw, (0, T) X 0, 

vlro - 0, m ( -oo, oo) x fa, 
(2.4) 

K being a commutator operator, possessing the crucial property of Proposition 
5 below. Denote :E;T = (O,T) X f;, :E;oo = (-oo,oo) X f;, :ET = (O,T) X r, 
QT = (0, T) X 0, and Qoo = ( -oo, oo) X 0. 

Proposition 4 (L-T.2, Lemma 3.1, p. 199) Let w be a solution of problem 
{1.1} with f =: 0 in the class {1.8a-b}, and let v be given by {2.3). Then 

+II :Vv 11 2 s; C {llwii:,iiL(Il 1T) +II:: 11 2 
} ' 

A L,(E,,oo) A H- 1 (Il,T) 
{2.5} 

where the constant C > 0 does not depend on T. 

Proposition 5 (L-T.2, Corollary 3.3, p. 200) Let w be a solution of 
{1.1a-b) with f =: 0 in the class {1.8a-b), and let v be given by (2.3). Then, 
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with reference to t:w(t) defined in (1.6a), the following inequality holds true: 

c [ ( llwlr,lli·(r,) dt + 11 8
8w 11

2 

lo liA H- 1 (EtT) 

+ ;_: llvlli•(n)dt + t:w(T) + £w(O)l, (2.6) 

where the constant C does not depend on T. 

Remark 2 In effect, the proof in [L-T.2] refers explicitly to the feedback 
problem (1.11) rather than to problem (1.1a-b) in the class (1.8a-b). But 
problem (1.11) does satisfy the property (1.8a) (see Thm. 2) as well as (1.8b): 
see [L-T.1] for wiE, and see [L-T.2, Lemma 2.1] stating that 

(2.7) 

The proof of [L-T.2] takes advantage of estimate (2.7), see [L-T.2, below (5.27)], 
as well as of the dissipativity relation for (1.11): in the general case ofEqn. (1.1) 
(with f =: 0) with no boundary conditions imposed, the counterpart of the 
dissipativity relation for problem (1.11) is now 

(2.8) 

Thus, in treating the more general case (1.1a-b) within the class (1.8a-b), we 
have that the estimates of Lemma 3.1 and of Corollary 3.3 in [L-T.2] must 

now be augmented with the term II :vw 11
2 to obtain (2.5) of Proposition 

A H- 1 (EtT) 
4, and (2.6) of Proposition 5, while this term was absorbed by (2.7) in [L
T.2] following Eqn. (5.27) there, p. 212. Moreover, in the present proof, (2.8) 
replaces the dissipative version specialized for (1.11) in [L-T.2], which was used 
following (4.24) there, p. 203. 

2.2 Analysis of the v-problem (2.4) by Riemann geometric energy methods 

The following result is the counterpart of [L-T.2, Theorem 4.1, p. 200], where 
it was obtained for A = -6. by using "classical" multipliers in the Euclidean 
metric. The present proof treats instead the variable coefficient operator A in 
(1.2) and uses energy methods in the Riemann metric (1Rn,g). 

Theorem 6 Let w be a solution of (1.1a-b) with f =: 0 in the class (1.8a-b} 
subject to hypothesis (1.9}. Assume (H.2} = (1.4). Then, forT large enough, 
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the following inequality holds true 

where Ew(t) is defined in (1.6a), and where we have set 

Ev(t) = fo[vt(t) + 0 (2.10} 

Proof. We will use the Riemann geometry energy method given in [Y.1], 
combined with the strategy of [L-T.2, Theorem 4.1, p. 200]. To do so, we need 
several multiplier identities. 

(i) Multiplying (2.4) by H(v) = (\7 9 v, H) 9 and integrating by parts, we 
obtain e.g., [Y.1, Proposition 2.1(1)], 

f DH(\79 v,\79 v)dQ = f 0°v f 
JQT J'ET 11A J'ET 

+ { (K w)H( v)dQ- [(vt, H( {2.11) 
JQT 

(counterpart of [L-T.2, Eqn. (4.3)] in the constant coefficient case A = -.1.) 
where D H ( · , · ) is the covariant differential of the vector field H. 

(ii) Multiplying (2.4) by v div0 H and integrating by parts, we obtain, by 
the boundary condition vi'Eo in (2.4b), e.g., [Y.1, Proposition 2.1(2)], 

{ (vi- l\7 dQ = [(vt, + { v\7 9 P(v)dQ 
JQT JQT 

- { (Kw)vP dQ- { :v vP di:, {2.12) 
JQT JE,T VZIA 

where P = div0 H, \79 P(v) = (\79 P, \79v) 9 = (A\7 0 P, \79 v)9 = \70 P · \79v. 
{Counterpart of [L-T.2, Eqn. ( 4.4)]) in the constant coefficient case. 

(iii) Multiplying {2.4) by Vt and integrating by parts, we obtain, by the 
boundary condition in (2.4b), 

Ev(t)- Ev(O) = 2 r (Kw)vtdQ + ( :v Vt di: {2.13) 
JQT JE,T VZIA 

as in [L-T.2, Eqn. (4.5)]. With the identities (2.11)-(2.13) at hand and using 
the inequality in (1.4) to take the place of that in [L-T.2, Eqn. (1.10)], we may 
get the inequality in {2.9) by following the proof of [L-T.2, Theorem 4.1, p. 200] 
using {2.8) in place of its dissipative version for {1.11) valid there. 0 
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2.3 Return from variable v to original variable w: Proof of Theorem 1 

We shall establish the desired estimate (1.10) of Theorem 1 for w starting 
from inequality (2.9) of Theorem 6 for v. Our proof here follows closely [L
T.2, Theorem 4.2, p. 204-205]. Moreover, the norm of v = Aw in L2(QT) is 
dominated by the norm of w in H -l ( QT): A lifts in t and in the tangential 
direction; then, Eqn. (l.la) lifts by one in the normal direction as well. 
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