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1 INTRODUCTION 

We are concerned with the d-dimensional Bellman of the form: 

1 ,\ = + F(DcP(x)) + h(x), (1.1) 

where 

F(O = \p\::; 1} = (1.2) 

and \ · \, (, ), and D denote the norm, the inner product of vectors, and the 
gradient respectively. We are given a convex function h(x) with polynomial 
growth, and the unknown is the pair of a constant ,\ and a C 2-function cP(x) 
on Rd. 

The aim of the present paper is to study Bellman equation (1) without 
Lyapunov-type stability conditions and, in particular, the radial symmetry of 
cP ( x) in the case that 

h(x) is radial, i.e., h(x) = f(r) for r := \x\. (1.3) 

By the vanishing discount approach, we can show the existence of a unique 
classical solution of (1), for which the convexity and the polynomial growth 
property play essential roles. Further, for the radial symmetry, Bellman equa
tion (1) turns out a 1-dimesional simple form which admits an explicit solution. 
It is shown that the radial symmetry of the Bellman equation is inherited from 
h(x), and the optimal control is given by a feedback law -x/\x\. 

for arbitrary values of the coupling parameter a. 
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2 BELLMAN EQUATIONS OF DISCOUNTED COST CONTROl 

We study the existence of a unique solution Ua with polynomial growth to the 
Bellman equation: 

1 
aua(x) == + F(Dua(x)) + h(x), (2.1) 

where 0 < a < 1/2. We assume: 

h : non-negative, convex on Rd, (2.2) 

h satisfies the polynomial growth condition, i.e., 

:JC > 0, mEN+; h(x) C(1 + jxjm), x E Rd, (2.3) 

hE C1 (Rd). (2.4) 

To simplify the notation, we make use of the following quantity: 

[f]8,Br == sup if(x)l + sup 
xEBr x,yEBr x;(:.y 

if(x)- f(y)i 
lx- yj8 

where f(x) is the bounded Holder continuous function with exponent 8 on a 
ball Br == Br ( 0) of Rd. Let tn E (R d) be a sequence such that tn == 1 on 
Bn, 0 outside Bzn and 0 tn 1, jDtnl C/n, and set hn == tnh E C1(Rd). 
It is clear that hn --+ h and hn h. 

Now, let us consider the Bellman equation: 

1 
aun(x) == + F(Dun(x)) + hn(x), (2.5) 

Theorem 2.1. Under (5), (6) and (7), equation (8) admits a unique solution 
Un E Co (R d) n C2 (R d), which satisfies 

sup[un]8,Br < oo, 
n 

sup < oo, 
n ' 

sup I;_[DijUn]8,Br < oo, 
n "•J 

for some 0 < o < 1 . 

(2.6) 

(2.7) 

(2.8) 

Proof. We shall give a brief sketch of the proof. It is well known [2] that, 
for every n E N +, equation (8) has a unique solution Un of the form: 

un(x) == inf{E[1
00 e-"thn(x(t))dt]: jp(t)j 1}, (2.9) 

where x(t) is a solution of the stochastic differential equation 

dx(t) == p(t)dt + dw(t), 
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defined on some probability space (0, F, P; { Ft}) carrying a d-dimensional 
standard Brownian motion w(t), and the infimum is taken over the class of 
all Ft-progressively measurable processes p(t) with jp(t)i::; 1. 

Multiplying both sides of (8) by 0 for 11 1 and integrating over 
Rd, we have 

where 0(x) = e-Bixl and 0 < e < 2. By (13) and Holder's inequality, 

a(f (/ jhj"'+10dx/f(v+ll. 

Taking 11 = 1 in (13), we get 

J (u;. + jDunl 2 )0dx < oo, 

and thus, 

sup(luni£2(Br) + jDuni£2(Br)) < oo for each 7' > 0. 
n 

(2.10) 

By the regularity result [5, Thm 8.8, p.183], there exists C > 0 such that 

lunlw2,2(Br) :S C(!un!W'·2(Br+1 ) + 
Therefore, we get by (8) 

sup lunlw2,2(Br) < oo. 
n 

By the Sobolev inequality [4, Thm IX.16, p.169], assuming d > 2, we have 

sup I Dun IL•(Br+d ::; sup CIDun lwl,2(Br+l) < oo, 
n n 

We know by [1] that 

1 

q 

luniW2·•(Br) :S C(luniW'·•(Br+,) + 
Hence, 

sup iuniW2·•(Br) < oo. 
n 

By a bootstrap argument, we can obtain 

sup lunlw,·•(Br) < oo for all k > d. 
n 

Using the Sobolev inequality again, we have 

sup juniLoo(Br) :S supCjun!W'·•(Br) < oo. 
n n 
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Now, we apply the Morrey theorem [4, Thm IX.12, p.l66 or p.l69]: 

d=1-d/k, 

to obtain (9). Similarly, we have (10). We can easily see by (7) that the 
derivative D;un satisfies 

1 
a.D;un = 2L'l.D;un + (DF(Dun), DDiun) + Dihn. 

Since DF(e) is bounded, we have by virtue of (1] 

sup IDunlw•,k(B.) < 00. 
n 

Thus, by the same argument as above, we deduce (11). 

Theorem 2.2. Assume (5), (6), (7). Then there exists a unique solution 
Ua E C 2(Rd) of equation (4) such that Ua is convex and satisfies 

(2.11) 

for some constant C > 0. 
Proof. By Theorem 2.1, it is evident that the sequences {un}, {Dun} and 

{ L'l. Un} are uniformly bounded and equi-continuous on every Br. By the Ascoli
Arzela theorem, we have 

Un --+ Ua E C2(Rd), 
Dun --+ Dua, 

uniformly on Br, 

taking a subsequence if necessary. Passing to the limit in (8), we can obtain 
(4). 

Also, we can show (14) by (12) and 

ua(x) = inf{E[1
00 e-"th(x(t))dt]: lp(t)i 1}. 

Thus the convexity of Ua is immediate. 

Remark. In case of d = 1, the theorem is verified without (7), because h 
is Lipschitz continuous and (10) implies (11). 

3 liMIT AT INFINITY AND POLYNOMIAL GROWTH 

We consider the limit of the solution Ua to Bellman equation (4) as lxl --+ oo 
and also the polynomial growth property of Ua - min Ua, denoted by Va. We 
make the following assumption: 

There exists Co> 0 such that h(x) (3.1) 
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Our objective in this section is to prove the following result. 
Theorem 3.1. 

We assume (5), (6), (7), (15). Then we have 

ua(x) -+ oo as JxJ -+ oo uniformly in a, 

Va(x) :S C(1 + Jxjm+1), 

for some constant C > 0. 
Proof. By an elementary calculation, we can show that the assertions of 

Theorem 3.1 hold in case of d = 1. We prove the theorem, comparing (4) with 

where 

1 
av; = + F;(Dv;) + h;, i = 1, 2, 

d 
Fl( = I; min 

d 

= I: min 

(3.2) 

and each positive constant 'f/i will be chosen later. We can see that equation 
(16) admits a solution v; of the form: 

v; (x) = wji)(xj), 
J=l 

for the solution wji) (x j) to (16) in the cased = 1. Hence, the following relations 
are fulfilled: 

v1 (x) -+ oo as JxJ -+ oo uniformly in a, 

v2(x)- min v2 :S min w}2)) :S C(1 + JxJm+l), 
J 

for sufficiently large 'f}2 > 0. By the same line as (12), we have 

va(x) = inf{E(1
00 e-"t(h(x(t))- aminua)dt] : Jp(t)J :S 1}, 

v1(x) = inf{E[1
00 e-"th1(x(t))dt] : JPj(t)J :S 1}, 

v2 ( x) -min v2 = inf{ E[100 e-at ( h2 (x(t)) - a min v2)dt] : JPj (t) I :S 1/ d}. 

Since {p: IPil :S 1/d} C {p: JpJ :S 1} C {p: IPjl :S 1}, we can obtain 

for a convenient choice of each T}; such that h1 :S h and h - a min Ua :S h2 -
a min v2 . Thus the theorem is established. 
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4 A-PRIORI ESTIMATES FOR APPROXIMATION 

For the approximation problem of (1), we consider here the gradient estimates 
of Va satisfying 

ava = + F(Dva) + (h- aminua)· ( 4.1) 

Theorem 4.1. Assume (5), (6), (7), (15). Then there exists 0 < d < 1 such 
that 

for every r > 0. 

sup [va]o,B. < oo, 
O<a<l/2 

sup < oo, 
O<a<l/2 ' 

sup < oo, 
O<a<l/2 I,J 

(4.2) 

(4.3) 

(4.4) 

Proof. Multiplying both sides by vaG and integrating over Rd, we have 

2 J J J F(Dva)vaGdx = 2 J (h-a min ua)vaGdx. 

where 0 is as in the proof of Theorem 2.1. The second term of the left-hand 
side can be rewritten as 

J(Dva,D(vaG))dx /[1Dval 2 - Ova!Dvai]Gdx. 

By the choice of 0 with 0 < 0 < 2, we get 

J 1Dval20dx 2 J(h- aminua)vaGdx. 

Since 

Va('Ya)- Va(x) (Dva(x),/a- x) 
h('Ya) ava('Ya) +a min Ua aua(O) 

for Ia := arg min Va, we have 

0 va(x) CIDva(x)l(lxl + 1). 

Then, by the Schwarz inequality 

Therefore, we deduce 

(4.5) 
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Now, we can find a constant C > 0 independent of a such that 

and, by (21) 

lvaiL2(Br) :S C. 

Again, using the regularity result and (17), we can obtain 

sup lvalw2,2(Br) < 00. 
a 

Finally, by the same bootstrap argument as the proof of Theorem 2.1, 

sup lvalw2,k(Br) < oo for all k >d. 
a 

Further, repeating the proof of Theorem 2.1, we can deduce (18), (19), (20). 

5 BELLMAN EQUATION OF ERGODIC CONTROL 

We shall show the existence of a unique solution (>., ¢) E R x C 2 (Rd) to the 
Bellman equation 

1 
>. = + F(D¢(x)) + h(x), (5.1) 

Theorem 5.1. 
We assume (5), (6), (7), (15). Then there exists a subsequence a -t 0 such 

that 

aminua -t >. E R+, 

va(x) -t <fl(x) E C 2(Rd) uniformly on each Br. 

The limit(>., 1/l) satisfies Bellman equation (22), and furthermore 

¢ : convex on Rd, (5.2) 

¢(x) -t oo as lxl -t oo, (5.3) 

0 :S ¢(x) :S C(1 + lxlm+l), (C > 0: canst.). (5.4) 

Proof. The proof follows from Theorem 4.1 and the Ascoli-Arzela theorem. 

Remark. We can show the uniqueness of the solution (>., 1/l) (¢ up to a 
constant) of (22) with (23), (24) and (25). For the proof, we refer to [6]. 



262 

6 RADIAL SYMMETRY 

In this section, we study the radial symmetry of ,P(x) of the Bellman equation 

1 
.\ = + F(D,P(x)) + /(lxl), x E Rd, (6.1) 

raplacing (22) in case of (3). Without loss of generality, by the assumptions on 
h, we may assume 

f(r): non-decreasing on [O,oo), f(oo) = oo, 

1/(r)l C(l + rm), r 0, (6.2) 
f E C1 ([0,oo)). 

We are involved in a reduction to the !-dimensional equation: 

1 d-1 
J-1 = 2(r,o"(r) + -r-r,o'(r)) -lr,o'(r)l + f(r), r > 0. (6.3) 

Lemma 6.1. Assume (27). Then there exists a unique solution (J.t, r,o) E 
R x C 2 ([0, oo)) (r,o up to a constant) of (28) such that 

r,o'(r) : polynomial growth, r,o'(O+) = 0, r,o'(r) > 0 for r > 0. (6.4) 

Moreover, the solution (J.t, r,o) is given by 

J-1 = 1oo f(s)sd-1e-2'dsf 1oo sd-1e-2'ds, 

2e2r r 
r,o'(r) = rd-1 Jo (J.t- f(s))sd-1e-2'ds. 

(6.5) 

(6.6) 

Proof. Define (J-1, r,o) by (30) and (31). By an elementary manipulation, we 
see that r,o'(r) > 0, r,o'(O+) = 0 and 

l . r,o'(r)- z· 2(J.t- f(r))rd-1 c (6.7) 
-- - d d < . 

r-too rm r-too (m + d- l)rm+ - 2 - 2rm+ -1 -

Thus (29) is verified. Now, multiplying (31) by rd- 1e- 2r and differentiating 
both sides, we can get (28). 

Conversely, equation (28) turns out a linear differential eqution under 
(29). Hence we can solve this equation to obtain (30) and (31). 
Theorem 6.2. We assume (3), (27). Then equation (26) admits a solution 
(.\, ?/1) E R x C2(Rd) given by 

.\=J-1, 

,P(x) = r,o(lxl). 

Further, ?jl fulfills (25). 

(6.8) 
(6.9) 
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Proof. Define (>., '1/J) by (33) and (34). By a simple calculation, we have 

d-1 
.6.'1/J(x) = 'P"(r) + --'P'(r), 

r 

ID'I/J(x)l = I'P'(r)j. 

Hence (>., '1/J) satisfies 

1 
>. = 2.6.'1/J(x) + F(D'l/J(x)) + J(jxj), x E Rd \ {0}. (6.10) 

By (28) and (29), we see that the limit of ID'I/J(x)l exists as lxl--+ 0, and then 
ID'I/J(x)l and .6.'1/J(x) are bounded on every Br. By the regularity result [1] 

Moreover, differentiating (35), we get 

1 
0 = 2.6-D;'lj; + (DF(D'l/J), DD;'I/J) + f'(lxi)D;jxl, 

which implies .6-D;'l/J E Lk(Br)· Applying the regularity result again, we have 

Therefore, by the imbedding theorem [5], we deduce '1/J E C 2 (Br) and hence 
(26). We remark by (32) that '1/J of (34) fulfills the polynomial growth condition. 

7 AN APPliCATION TO ERGODIC CONTROL 

We shall study the ergodic control problem to minimize the cost 

1 1T J(p) =lim sup TE[ h(x(t))dt] 
T--too 0 

over all p E P subject to the state equation 

dx(t) = p(t)dt + dw(t), x(O) = x, 

where P denotes the set of all progressively measurable Ft-adapted processes 

p(t) such that 

jp(t)l::; 1, lim _!_E[Ix(t)jm+l] = 0 for the response x(t) to p(t). 
T--too T 

Now, let us consider the stochastic differential equation 

dx*(t) = G(D'l/J(x* (t)))dt + dw(t), x*(O) = x, 
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where 

{ 
-z/lzl if z E Rd\{0}, 

G(z) = 
0 if z = 0. 

Lemma 7 .1. For any n E N +, there exists C > 0 such that 

E[lx*(t)l2n] :S C(1 +t). 

Proof. The proof follows from the relation: 

E[lx*(t)l 2n] = lxl2n + E[1t { -2nlx*(s)l 2n-l + n(2n + d- 2)lx*(s)l 2n- 2}dt]. 

Theorem 7.2. We make the assumptions of Theorem 6.2. Then the optimal 
control p*(t) is given by 

p*(t) = G(D1/;(x*(t))) = G(x*(t)), 

and the value by 
J(p*) = .\. 
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