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Abstract: This note is concerned with the asymptotic behavior of adapted 
solutions to forward-backward SDEs when the forward diffusion contains small 
noises. We prove the sample path Large Deviation Principle (LDP) for the 
adapted solutions to the FBSDEs under appropriate conditions stated in terms 
of a certain type of convergence of the solutions to the associated quasilinear 
PDEs. As an application we apply the LDP results to a problem of rare event 
simulation. We provide a necessary condition for the existence of an asymptot
ically efficient estimator amongst the class of importance sampling estimators. 

1 INTRODUCTION 

Let (0, F, P; {Fth>o) be a complete filtered probability space on which is de
fined a Brownian motion W such that {Ft} is the augmented natural filtration 
generated by W. We consider the following forward-backward stochastic differ-
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for arbitrary values of the coupling parameter a. 
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entiat equation {FBSDE) on a given time duration [0, T): 

{ 
Xt=x+ 1tb(s,X,,Y,,Z,)ds+J  ltcr(s,X,,Y,)dW,, 

0 T 0 T 

yt = g(XT) + 1 b(s, X,, Y,, Z,)ds + 1 Z,dW,, 
t E [0, T), (1.1) 

where 0 < e « 1. 
We refer the readers to El Karoui-Quenez-Peng (1997) [7] for an overview 

of backward SDEs, and to Ma-Protter-Yong (1994) [13], Hu-Peng (1995) [12], 
Duffie-Ma-Yong (1994) [6], and Cvitanic-Ma (1996) [2] for the theory and ap
plications involving FBSDEs. Throughtout this note we denote the adapted 

solution of (1.1) by ee (Xe, ye, ze), and we assume that xe, ye, and ze 
are all one-dimensional. Also, we shall make use of the f9llowing assumptions: 

(Hl) The functions cr, b, b and g are continuous in (t, x, y, z), and con
tinuously differentiable in ( x, y, z) with uniformly bounded first order partial 
derivatives; 

(H2) The function g belongs boundedly to C2+"'(R) for some a E (0, 1); 
(H3) There exists positive numbers Jl > 0, and K > 0 such that 

{ 
Jl cr(t, x, y) K, V(t, x, y); 
lb(t,x,O,O)I+ lb(t,x,O,z)l K, \l(t,x,z). 

The main purpose of this note is to study the asymptotic behavior of { ee} as 
c --+ 0. 'In particular we would like to show that the large deviations principle 
(LDP) holds for the distribution of {ee}, as c --+ 0. It turns out that the 
following type of convergence of a. family of functions will be essential in our 
future discussion. 

Definition 1.1 (HYPOTHESIS A) Let r.pe E C1•2([0, T] x R), c > 0, be a family 
of functions, and r.p0 E C([O, T] x R). We say that the family {r.pe}e>o satisfies 
"Hypothesis A" with limiting function r.p0 , if the following conditions hold: 

{1} Thefamily {r.pe} converges uniformly on compacts to r.p0 , as c--+ 0; and, 
for each M > 0, there exists J(M > 0 such that 

V(t, x) E [0, T] x [-M, M]. 

{2} lirne-+o I = 0, uniformly on compacts. 

Combining the LDP results with the simulation of the adapted solution of 
FBSDEs (cf. Douglas-Ma-Protter [5]), we then discuss the simulation of rare 
events for the paths of FBSDEs. Rare event simulation has been extensively 
studied in queuing and reliability models ( cf. Heidelberg [11]). In the setting of 
diffusion processes, it can be used to asses the probability of exercising a deep 
out of the money option when the underlying stock possesses small volatility 
(see Fournie-Lasry-Touzi [9]). We consider importance sampling estimators and 
provide necessary conditions for the existence of an unbiased estimator that is 
asymptotically efficient (or asymptotically in the sense of Sadowsky
Bucklew [16]. 
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2 LARGE DEVIATION FOR FBSDES 

Let us recall some definitions concerning large deviations (cf. e.g. [4]). Let 
X be a topological space equipped with <T-field B, and I : X >--+ [0, oo] be a 
lower semicontinuous function such that the level sets W = { x : I ( x) ::; a} are 
compact for all a < oo. We say that a family of X-valued random variables 
satisfies the LDP with good rate function I, if their distributions on (X, B), 
denoted by {J.L,},>o, satisfy 

for all rEB, where ro and r denote the interior and closure of r, respectively. 
In this note we consider the case when X= C 3 ([0, T]; R) with sup-norm; denote 

and endow H1 with the norm II9IIH, )JoT lfsl 2ds. Also, we denote, for 
functions b, 0': [0, T] x R-+ R that satisfy (H1) and (H3), 

(2.1) 

Following the Four Step Scheme, initiated by Ma-Protter-Yang in [13], we 
know that under the assumptions (H1)-(H3) (1.1) can be solved "explicitly" as 
follows: 

{ Xf=x+ fotb'(s,x:)ds+ latiT'(s,x:)dW., (2.2) 

Y/ = B'(t,Xi), Z[ = 
where e· E C 1•2 ([0, T] X R) is the classical solution to the following quasi-linear 
parabolic PDE: 

{ 0 = e: + (t, + b' (t, X )e; + h(t, x, e•' -yfc<T(t, X' B')e; ), (2.3) 
B'(T,x) = g(x), 

and b'(t, x) b(t, x, B'(t, x), -ylciT'(t, x)e;(t, x)), iT'(t, x) <T(t, x, B'(t, x)). 
Our principle result is the following 

Theorem 2.1 Suppose that the solutions of {2.3), {B'},>o, satisfy Hypothe
sis A with limiting function 8°. Then the solution family {(X', Y', Z')} 0 o 
satisfies the LDP in C3 ([0, T]; R) with good rate function given by 
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where 
b(t, x) = b(t, x, 6°(t, x), 0), u(t, x) = u(t, x, 6°(t, x)); 

and (}0 is the (unique) viscosity solution to the first order PDE 

{ 
6°(T, x) = g(x). 

3 VERIFICATION OF HYPOTHESIS A 

1. Small Duration Case. 

(2.1,) 

(2.5) 

We first show that if the duration T and the coefficients b, b, u, and g satisfy a 
certain "compatibility condition", then the family {6•} will satisfy Hypothesis 
A. Such a condition contains in particular the case when the duration T is 
small. 

To begin with, note that using a maximum-principle type of argument one 
can show that there exists a constant M > 0, independent of c, such that 

sup sup W(t, x)l :SM. (3.1) 
e>O 

Next, with c > 0, consider the FBSDE on 0 :S t :S s :S T: 

t T t T {
X. =x+ 1" b(r,Xr,Yr,Zr)dr+ft 1• u(r,Xr,Yr)dWr, 

Y,=g(XT)+l b(r,Xr,Yr,Zr)dr+l ZrdWr, sE[t,T]. 
(3.2) 

Denote the adapted solution of (3.2) on [t, T] by Since 

the coefficients are deterministic, it follows that (J• (t, x) is also de
terministic, and is in fact the classical solution to the quasilinear PDE (2.3), 
thanks to the Four Step Scheme. The following result is more or less well un
derstood in the theory of backward SDEs, and is a modification of those of 
Pardoux-Tang [15] and Cvitanic-Ma [3] in the FBSDE case. 

Lemma 3.1 Assume (H1)-(H3). LetT> 0 be given. Suppose that there exist 
positive constants C1, C2, C3, C4 and,\ > 0, such that 0 < 1- KC4 < 1, and 
the following "compatibility condition" holds: 

where 

1 - J.t(T)K2 > 0, (3.3) 

-\1 = ,\- 2K- K(C1 1 + C21)- c2 K2; 
-\2 = -,\- 2K- KC3 1 - KC41, 
J.t(T) = (KC1 + cK2)B(-\2, T) + 1_kc. A(-\2, T)KC2; (3.1,) 
A(,\, t) = e-(.>.AO)t; 

· 1- e-.>.t 
B(-\, t) = ,\ 
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Then there exists a constant C > 0, depending only on J{ and T, such that for 

all (t1, x1), (tz, xz) E [0, T] x R, and c E (0, 1), it holds that 

IB'(t1, x1)- B'(tz, x2W::::; C{lx1- x2l 2 + (1 + lx1l 2 + lx2l 2 )lt1- tzl}. (3.5) 

Remark. It is easy to check that (3.3) is solvable at T = 0. A "continuous 
dependence" argument then shows that there exists a constant T0 > 0, inde
pendent of c, such that (3.3) holds for all 0 < T < T0 . Consequently (3.5) holds 
when T > 0 is small. • 

Lemma 3.1, together with (3.1), essentially says that {B'} is uniformly 
bounded and (locally) equicontinuous. Thus in view of the Arzela-Ascoli the
orem we derive 

Theorem 3.2 Assume (H1}-(H3). Suppose that T > 0 is such that the com

patibility conditions (3.3) and (3.4) are solvable. Then the family of solutions 

{B'}o<<<l of the PDE (2.3) satisfies Hypothesis A with limiting function 8°, 
where B0 is a viscosity solution to the first order PDE (2.5). Moreover, the 

solution is unique among those that are uniform Lipschitz in the x variable. In 

particular, there exists a constant To > 0, such that for all 0 < T < To, the 
above statement holds true. 

2. Large Duration Case. 
This case is more complicated, since the PDE theory tells us that it is quite 

remote to establish Hypothesis A for the solutions to nonlinear PDEs in general. 
Our purpose here is to find reasonable sufficient conditions. 

To establish Hypothesis A-(1) we follow the so-called Barles-Perthame pro
cedure ( cf. Barles-Perthame [1], or Fleming-Saner [8]). Namely, we define two 
functions 

B*(t,x) = limsup B'(t,x) and B.(t,x) = liminf B'(t,x). 
(•,y)-+(t,r) (•,y)-+(t,r) 

<-+0 <-+0 

Clearly, both B* and B. are well defined thanks to (3.1); B.::::; B*; and B. (resp. 
B*) is upper (resp. lower) semicontinuous. Next, we use standard arguments to 
show that, under (H1 )-(H3), B* is a viscosity subsolution and B. is a viscosity 
supersolution to the first order PDE (2.5). A "comparison principle" is then 

established, showing B* < B., and consequently that B* = 8°) is continu
ous and the convergence must be uniform on compact sets. Thus Hypotheses 
A-(1) will follow, provided we can show that 8° is uniform Lipschitz in x. 

Continuing, using gradient estimates for nonlinear PDEs, together with 
(H1)-(H3), as well as an extra condition that b(t, x, y, 0) = 0, we can show 
that there exists a constant M > 0, independent of c, such that 

1 
M(1+ --;:-), 

(t,x) c 
Vc E (0, 1). (3.6) 
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which clearly leads to Hypothesis A-(2). Therefore we have the following 

Theorem 3.3 Assume (H1}-(H3) and that b(t, x, y, 0) = 0, V(t, x, y) E [0, T] x 
R2 . Then the solution sequence { IJ'} of (2.3} satisfies Hypothesis A with limit
ing function 0° which is the unique viscosity solution to (2.5}. 

We remark here that the assumption b(t, x, y, 0) = 0 in Theorem 3.3 is almost 
necessary for (3.6) to hold, which is obviously stronger than Hypothesis A-(2). 
However, in the case when Hypothesis A-(2) can be verified independently, we 
can replace the assumption b(t, x, y, 0) = 0 by the requirement that b(t, x, y, z) 
be independent of y, a slightly different situation. 

4 RARE EVENT SIMULATION 

In this section we turn to the problem of simulating the probability of certain 
events {8' E A} E F, where A is some Borel set of C 3 ([0, T]; R), such that 
P{0' E A} -t 0, as c -t 0 (i.e., A is a "rare event"). Noting that (2.2) shows 
that Y' and Z' are functions of X', we shall restrict our attention to estimating 

/A (e) P{X' E A}, where A is now some Borel set of C([O, T]; R). 
Consider the standard Monte Carlo estimator of /A(e): let X'(1), ... , 

X' (N) be N independent copies of sample paths X', which can be simulated 

using the method of [5], and define i'!v := f:t 1A (X' (n)). Clearly, i'!v 
is an unbiased estimator of 1 A (c) such that i'!v -t 1 A (c) almost surely as 
N -t oo, thanks to the Strong Law of Large Numbers. A drawback of this 
estimator, however, is that as the event gets rarer (i.e., 1 A (c) « 1) the relative 
error of the estimator (the quotient of the standard deviation of the estimator 

i'!v and /A(c) itself), given by &r(i'!v) J1- !A(c)/JN!A(c), behaves like 
1/JN!A(c), which makes the formation of confidence intervals overly time 
consuming. In an attempt to overcome this difficulty we turn to the so-called 
importance sampling estimators, which we now describe. 

For any h E H 1 and c > 0, define a process 

Mth,< = exp { 1t hsdWs + 21c 1t Jhsl 2ds}, t E [O,T]. 

It can be easily checked that (Mh,<)- 1 is a martingale. By the Girsanov theo
rem, under a new probability measure ph,e defined by dPh,< j dP = (M;•')- 1 , 

Wth,< = Wt + will be a Brownian motion, and the pair (X', Mh·') will 

satisfy the SDE: 

Now if we simulate N independent copies of the sample paths of the solution to 
(4.1), {(Xh·•(n),Mh·•(n))};{= 1 , on any probability space (n,.F,.P), with wh,e 
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in (4.1) being replaced by any other P-Brownian motion(!), and define 

N 

L 1A(Xh,e(n))Mh,e(n), 
n=l 

then by the uniqueness in law of the SDE, it is seen that is again an 
unbiased estimator of 'YA(c) such that 'YA(c), P-almost surely, as N-+ 
oo. However, the relative error of the estimator now becomes 

& ch,e)- - V1Jh,e- 'Y1(c) 
r 'YN - ffi'YA(c) 

where 1Jh,e Eh,e{1A(X•)M;•e)p. Note that Jensen's inequality tells us that 
1Jh,e 'Y!(c). Thus if the LDP holds for xe with good rate function I.,, and 

if A is an /-continuity set (i.e., inf/EA" !.,(!) = inf/EA J.,(f) IA) such that 
0 < IA < oo, then we must have 

liminfclog1Jh,e 2limclog'YA(c) = -2/A. 
e-+0 e-+0 

If, in particular, the equality lirne-+o clog 1Jh,e = - 2/A holds, then we say that 
the importance sampling estimator 9h,e is asymptotically efficient or asymp
totically optimal (cf. Sadowsky-Bucklew [16]). One of the main features of an 

estimator being asymptotically efficient is that the critical sample size N01 (c) 
inf{N E IN : will grow at most sub-exponentially as c-+ 0, an 
extremely desirable property in rare event simulation. In other words we have 

Theorem 4.1 An importance sampling estimator is asymptotically opti
mal if and only 0 for any K. > 0. 

The remaining question is then how to choose h E H 1 so that the correspond
ing importance sampling estimator is aymptotically efficient. To this end 
let us recall the mapping Fb,u defined by (2.1), and b and iT defined by (2.4). 

Define, for f E Hf, !.,(!) = ! J:{ IF'b,uU)sl 2ds. Let us now simply denote 

F Fb- -. The following definition ofF -dominating point is motivated by the ,u 
notion of "dominating point" from large deviation theory (see, e.g., Ney [14] 
and Sadowsky-Bucklew[16]), adapted to our setting. For A E B(C[O, T]), we 
say that f* E A n Hf is an F -dominating point of A if 

faT F(J*).(F(f*).- F(g).)ds o, VgEAnHi-

We then have 

Theorem 4.2 Suppose that A is an !-continuity set such that 0 < lA < oo. 
Suppose also that there exists an F -dominating point, f*, of A. Then the impor-

tance sampling estimator ·;;jh• ,e, where h* F(f*), is asymptotically efficient. 
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