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Abstract: The last few years have seen a number of exciting developments 
in the area known as nonlinear H oo control. The aim of work in this area is 
to design robust controllers for nonlinear systems using generalizations of the 

highly successful H 00 methods used in linear systems theory. An interesting 
and important feature of the Hoo problem is that it has close connections with 
differential games, risk-sensitive stochastic control, and dissipative systems, and 
as a consequence these subjects have enjoyed renewed interest in recent years. 
Indeed, these topics have a lot to contribute to the understanding of robust 
control. In this paper I will discuss some recent developments in robust control 
from a "stochastic" perspective. Results to be presented include (i) singular 
information states and stability, and (ii) semigroups and generators. 

1 INTRODUCTION 

Consider the following standard generalized regulator arrangement with non
linear plant G : ( w, u) >-+ ( z, y) and nonlinear controller K : y >-+ u. The 
problem is to find a controller K for which the resulting closed-loop system 
(G, K) : w t-7 z enjoys the following two properties. (i) Dissipation. Given 
gain 1 > 0 dissipation means that there exists a non-negative function {3 with 
{3(0) = 0 for which the dissipation inequality holds: 

{ lz(sW ds 12 lw(sW ds + f3(xo) 

for all w E L 2,T and all T 2: 0. 

(1.1) 
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for arbitrary values of the coupling parameter a. 
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(ii) Stability. By stability of the closed-loop system we mean that if G is 
initialized at any xo, then if w(·) E L2[0, oo), then in the closed-loop defined 
by u = K(y) the signals u(·), y(·), z(·) belong to L2 and the plant state x(t) 
converges to 0 as t-+ oo. 

The problem just specified is a generalization of basic problems from classical 
control engineering, and may at first sight have little to do with stochastic 
control, nor is any stochastic-like interpretation immediately apparent. Indeed, 
no probability was used in the problem definition. 

Background to a consideration of stochastic interpretations are the follow
ing facts. (i) The H00 control problem was originally formulated in the fre
quency domain for linear systems. The problem can also be interpreted in the 
time domain (as above) as one involving L2 gains using the dissipative systems 
framework. (ii) It was shown in [5] that the linear H00 problem is equivalent 
to a stochastic risk-sensitive optimal control problem, in the sense that the 
solutions are the same (via the same Riccati equation). Further, it has been 
shown [7] that the risk-sensitive solution is equivalent to a deterministic dif
ferential game. (iii) Except for the frequency domain formulation, all of the 
above control concepts and optimization problems have natural interpretations 
for nonlinear systems. Investigation of these concepts has been the subject of 
a considerable amount of research activity over the last decade. In particular, 
the H00 control problem posed above can be solved by viewing it as a minimax 
game problem, where the controller K attempts to minimize a worst-case cost 
function defined by maximizing over the disturbance w, [2]. (iv) The so-called 
max-plus algebra provides an elegant framework for treating deterministic op
timal control problems, see [1], [12], etc. In the max-plus algebra, ordinary 
addition is replaced by the maximum binary operator, and so optimal control 
problems involving maximization over a control variable have natural stochas
tic analogs where the maximization is interpreted as an integration. There are 
also very close connections with the theory of large deviations, see [3], [11]. 

So since the nonlinear H 00 control problem can be formulated as a mini
max game, it lends itself to interpretation using the max-plus algbebra, with 
it's strong stochastic analogs. Moreover, the minimax formulation is directly 
related to risk-sensitive stochastic optimal control via small noise limits (large 
deviations), see [8], etc. 

The information state approach to solving partially observed stochastic op
timal control problems has been well known since at least the 1960's, [13]. 
Recently this approach has proved very fruitful for solving output feedback 
risk-sensitive optimal control problems and minimax differential games, [8], 
and from this an information state theory for nonlinear H 00 control is being 
developed [9], [6]. Interestingly, the "stochastic" concept of information state 
is the key to a general solution of the nonlinear H 00 control problem. 

Development of the information state approach is nontrivial; indeed new 
and deep mathematical questions have arisen. Key issues include: (i) Dynamic 
programming PDE. The dynamic progrogramming PDE is defined on an in
finite dimensional space. There is little mathematical theory available, and 
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questions concerning the correct definition of solution, uniqueness theorems, 
etc, are unanswered, [10]. (ii) Stability. The stability or asymptotic behavior 
of the information state dynamical system is only just beginning to be under
stood, [6]. The max-plus framework appears to be essential for interpreting 
information state convergence in general. 

2 INFORMATION STATE SOLUTION 

We consider nonlinear plants G of the form 

G: 

A(x) + B1 (x)w + B2(x)u 

C1(x) + D12(x)u 

C2(x) + D21(x)w. 

(1.2) 

Here, x(t) ERn denotes the state of the system, and is not in general directly 
measurable; instead an output y(t) E RP is observed. The additional output 
quantity z(t) E Rm is a performance measure, depending on the particular 
problem at hand. The control input is u(t) E Rm, while w(t) E RP is re
garded as an opposing disturbance input. We assume that all of the functions 
appearing in {1.2) are as smooth and bounded as necessary, and that zero is 
an equilibrium: A{O) = 0, C1 (0) = 0 and C2{0) = 0. In order to simplify the 
notation as much as possible, we take D12 (x) = Im and D21 {x) = Ip; this is 
known as the "one block problem" (this includes some important problems from 
classical control, such as the mixed sensitivity problem). 

For p: Rn -+ R U { -oo} (more will be said about plater) and a controller 
f{ define the cost functional 

Jp 0 (1<) =sup sup sup {Po(x(O)) + t {T [lz(s)l 2 -lw(s)l 2] ds}. 
wEL2,T :z:oERn lo 

This can be interpreted as a requirement that a max-plus expectation be nega
tive. Further, this captures the notion of dissipation, since ( G, I<) is dissipative 
if and only if Lp(I<) 0, for some {3 0, {3(0) = 0. 

For fixed u, y E L2,1oc 1 the information state Pt is defined by 

where{(·) is the solution of 

e =A({)+ B1 ({)(y- C2({)) + B2({)u (1.4) 

with terminal condition {(t) = x. Using the information state, the dissipative 
property can be characterized as: 

(1.5) 
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for some Po, where (p) = (p + 0) and (p + q) sup.,ERn{p(x) + q(x)} is the 
max-plus inner product (called "sup-pairing"in (8]). 

The dynamics for Pt when smooth is a partial differential equation: for fixed 
u E L2,1oc and y E L2,1oc we have 

Pt = F(Pt, u(t), y(t)), (1.6) 

where F(p, u, y) is the differential operator F(p, u, y) = -\7 .,p · (A+ B1 (y
C2) + B2u) + + ui- C2l 2 · 

The desired controller is obtained by finding the controller which mini
mizes J(K). If the Hoo problem for G is solvable, then the function W(p) = 
infK Jp(K) is finite on a certain domain domW. By dynamic programming, W 
formally satisfies the (infinite dimensional) PDE 

inf sup{\7 P W(p)[F(p, u, y)]} = 0. 
u y 

(1.7) 

Let u• (p) and y• (p) denote the values of u andy which attain the infimum and 
supremum in (1.7). Indeed, a direct calculation gives 

(1.8) 

These formulas define the optimal information state controller /{* by 

K*[y](t) = u*(pt[y]), (1.9) 

where p0 is suitably chosen in domW (the particular choice of Po is a very im
portant issue.) In (9] it is shown for discrete-time problems that under suitable 
hypotheses, I<* solves the H 00 control problem for G if and only if the H oo 

control problem for G is solvable. These and more detailed results have been 
obtained for continuous time problems in [6]. 

Regarding this solution, we make the following remarks. (i) Information 
states need not be everywhere finite (these are called singular information states 
in (6]). (ii) A framework is needed which will permit interpretation of the 
dynamic programming PDE (1.7), and the formulas (1.8) for the optimal control 
and observation as well as for convergence of information states (and hence 
stability). These points are discussed in detail in [6]. 

3 SINGULAR INFORMATION STATES AND STABILITY 

A crucial issue in the information state solution is initialization of the controller 
K;o, and this in turn is very closely related to equilibrium solutions Pe of the 
information state equation: 0 = F(pe,O,O). By stability of the information 
state system (1.6) we will mean convergence, in a sense to be described, to a 
particular stable equilibrium (modulo additive constants): Pt -+ Pe +cast-+ 
oo, where c E R and the equilibrium Pe is defined by 

(1.10) 
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where eo is the solution of (1.4} with U = 0, y = 0, and e(O) =X. 

The nature of the equilibrium Pe depends on the stability properties of Ax = 
A- Bl c2. If A X is L2 exponentially stable, then Pe = 8o where 8o is a singular 
information state of the form 

if X EM, 
(1.11) 

if X¢ M, 

where M C R n. On the other hand, if -Ax is L2 exponentially stable, then 
Pe is a function which is everywhere finite. If Ax is hyperbolic, with stable 
and antistable directions, then Pe(x) = 8M •• + p where Mas is the antistable 
manifold for Ax, and pis a finite function on Mas. In [6], it is shown that the 
choice Po = Pe is a natural and correct initialization of the information state 
controller. Thus it is important to make use of singular information states in 
the theory of nonlinear H 00 control. 

Let's consider the convergence Pt -+ 8o + c in the case where Ax is L 2 

exponentially stable, with initialization po = 8o and inputs u, y E L2 . By [6], Pt 
is given by Pt = 8e(t) + c(t), where eo is the trajectory of the system (1.4} with 
initial condition e(o) = 0 and inputs u, y, and c(t) is the integral accummulated 

long this trajectory: c(t) = [ICl(e(s)} + u(sW -ly(s)- c2 (e(s)}l2] ds. The 

stability assumption ensures that e(t)-+ 0 and c(t)-+ c(u, y) as t-+ oo, with 
c(u, y) E R. However, 8e(t) does not converge pointwise to 8o as t-+ oo. To 
see this, consider the generic situation so that e(t) -1 0 fort > 0 (recall e(o) = 
0}. Then 8e(t)(O) = -oo < 8o(J) = 0 for all t > 0 implies that limt-+oo 8{(t)(O} = 
-oo # 80 (0} = 0. Therefore it is necessary to relax the mode of convergence. 
We do this by making use of weak convergence in the max-plus sense. Here, 
the information states are interpreted as max-plus measures. 

Let Xe denote the space of u.s.c. functions p : Rn -+ R U { -oo} which are 
bounded above: (p) < +oo. This is the natural state space for the information 
state system. The max-plus integral off with respect to p is defined by 

p(f) = sup {p(x} + f(x)} = (p +f). (1.12} 
xER" 

A sequence {Pn} C Xe is said to converge weakly to Poo E Xe if and only if 

Pn (/} -+ Poo (/) 

in Re for all f E Cb(Rn) (continuous, bounded). 
In the next theorem we apply this concept of ·weak convergence to obtain a 

stability result for the information state. 

Theorem 1 Assume Ax is L2 exponentially stable. Let u,y E L2[0,oo) and 
Po= Pe = 8o. Then 

Pt ===> Pe + c(u, y) as t-+ oo 

where c(u, y) is a real number depending on u, y. 

(1.13) 
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PROOF. Given the above discussion, it remains to prove J{(t) ===? J0 as 
t-+ oo. Select a test function f E Cb(Rn). Then for any x ERn, 

b'x(f) = (Jx +f)= f(x), 

and so 

Jw)(/) = f(O) = Jo(f) as t-+ oo. 

0 

In summary, we see that information states have natural and useful interpre
tation as max-plus measures, and using max-plus weak convergence, stability 
of the information state system can be addressed. 

4 SEMIGROUPS AND GENERATORS 

We turn now to the dynamic programming PDE (1.7) and the formula for the 
optimal control (1.8) Both of these expressions present serious difficulties since 
one would like to interpret them for p in the space X •. The main difficulties 
are the interpretation of the gradient \7 P W (since X. is not a standard space 
of functional analysis such as a Banach or Hilbert space) if we are fortunate 
enough for a derivative to exist, the definition of weak solution since in general 
W will not be differentiable in a classical sense, and interpretation of the terms 
in (1.7) and (1.8) involving \7 xP when p is not differentiable, and in particular, 
when p is singular. 

We now present a theory of semigroups and generators for the nonlinear 
H 00 control problem that has recently been developed in [6]. This theory was 
inspired by the Nisio semigroup as studied in the case of partially observed 
stochastic control in [4]. The idea is to define the semigroup associated with 
the H 00 problem and describe it generator on a class of test functions. 

Let denote the operator which maps an initial information state Po = p 
to the information state at time t determined by the inputs u, y. By dynamic 
programming, satisfies the semigroup property. The semigroup in
duces a semigroup in the space F(Xe) ={pIp: x.-+ R} of real valued 
functions defined on X •. For 1/J E F(X.), write 

(1.14) 

whenever the RHS is defined. In general there will be a domain of functions 
1/J and points p for which the RHS is defined. Using this semigroup, we can 
express the value function was W(p) = infx s!j(y),y (. )(p) (the 
semigroup is applied to the function 1/;(p) = (p)). 

We shall say that an operator £u,y is a "generator" for the transition op
erator su,y if there exists a nonempty set dom£u,y C F(Xe) such that for 
1/J E dom£u,y, and each constant pair ( u, y) E Rm x RP the limit 

(1.15) 
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exists for p belonging to a nonempty set dom£u,yv) C Xe. In general it will be 
difficult or impossible to evaluate _cu,yv) for arbitrary v). However, it is possible 
to evaluate _cu,y for certain types of functions v). Let us define the following 
class of test functions: 

The next theorem provides explicit evaluation of _cu,yv) for v) E gb· Write 
[(p+ f]] = argmaX:.Ean{p(x) + f(x)}. 

Theorem 2 ({6]) Let v) E Gb and let p E Xe be tight. Then for each constant 
pair (u, y) E Rm x RP 

_cu,yv)(p) = 1:7=1 8;g((p + fi), · · ·' (p + fk))· 

sup {\7 xf;(x) · (Ax (x) + B1 (x)y + B2(x)u) 
:UE[[p+J;)) 

JC1 (x) + D12uJ 2- ')'2 C2(x)j2]} 

=E7=1 8;g((p+fi), ... ,(p+!k))· sup {F(-/;,u,y)(x)} 
:UE[[p+J;JJ 

A remarkable feature of the expression in the theorem is that it does not 
involve any derivatives of p; the derivatives have been "transfered" to the test 
functions /;. Thus the theorem provides a "weak-sense" interpretation of the 
formal expression 'Vpv)(p)[F(p, u, y)] (recall from the definition that F(p, u, y) 
involves the gradient \7 xP, which may not exist, whereas F(- /;, u, y) involves 
\7 x /;, which does exist). 

In terms of the operator _cu,y, the dynamic programming PDE (1.7) takes 
the form 

inf sup {£u,yW(p)} = 0. 
uER"' yERP 

(1.7)' 

This is a "weak-sense" view of the dynamic programming PDE of nonlinear 
H 00 control. It is analogous to simlar equations in stochastic control. 

In the important special case of certainty equivalence [2], the value function 
turns out to be W(p) = (p + V) (for some p), where V is the state feedback 
Hoo value function, and one assumes that [(p + V]] = x is unique. Then we 
can evaluate u*(p) = argminsup£u,y(p+ V) = -C1(x)- B2 (x)'\7 x V(x)' which 

u y 

makes sense for singular p (provided V is smooth). The p dependence is via 
x = x(p). 
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