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In the recent past, discrete-time queueing models of the DBMAP /G/1/ N-type 
(D[B]MAP: Discrete [Batch] Markovian Arrival Process) were developed, which al
low for computation of per-stream loss probabilities, one type of solution based on 
the method of the unfinished work, and the other using the M/G/1-paradigm. The 
method of the unfinished work (applicable for deterministic service time only) provides 
- besides formulae for computing per-stream loss probabilities - also expressions for 
obtaining per-stream waiting-time probability functions, and therefore arbitrary mo
ments of the waiting-time of each stream [7]. What is missing up to now (see also [3]), 
is an algorithmic recipe to compute waiting-time moments for DBMAP /G/1/ N queue
ing system. This paper derives the z-transform of the actual waiting-time and derives 
a fast algorithm to determine the waiting-time probability function for an arbitrary 
renewal service time. The framework presented allows dealing with a superposition 
DMAP+DBMAPas an input process. For both streams in the superposition, per-stream 
waiting-time probability functions are presented for the case of a deterministic service 
time, which is relevant for modelling of ATM networking (both wired and wireless). 
Together with findings for the continuous-time case ([2, 12]), this paper completes 
the insights into finite queueing systems of the M/G/1-type. In comparison with the 
method of the unfinished work, the M/G/1-paradigm provides much faster algorithms 
to compute loss probabilities and waiting-time moments, due to the smaller system 
matrix. Note that the D(B)MAP has proved a versatile stochastic process, which can 
also be tuned to represent periodic correlation functions [8] and not only geometrically 
decaying ones. 

Keywords DMAP, DBMAP, MAP, BMAP, discrete-time queue, finite buffer, waiting
time probability function, z-transform of the waiting-time probability function. 

1. Introduction 

So far there is no expression for the z-transform of the waiting-time probabil
ity function in discrete-time MIGI1-type queueing systems. [2] presents the so
lution for the MAPIGI1IN-case, which is continuous-time. The essential trick 
there is a decomposition of the series [Is+ (C +zD)]-1 into a sum of coefficients 
in z. However, this is not applicable to the general case of the BMAP I G I 1 IN 
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queue, where this sum becomes [Is+ L::%"=o Dkzk]- 1, neither is it helpful for ob
taining the z-transform of the waiting-time ofthe DBMAP /G/1/ N-queue1 . This 
paper provides an algorithm for both computing the z-transform of the (actual) 
waiting-time of the above queueing system and for obtaining the waiting-time's 
probability function. The results are so general that also the superposition 
of two input streams DMAP+ DBMAP can be considered, the superposition of 
which is again a DBMAP. For this superposition per-stream expressions for 
the waiting-time probabilities are presented in case of a deterministic service 
time. Together with [7], which is treating per-stream loss probabilities in the 
DBMAP /G/1/ N-queue, now the full analysis of such discrete time queues is 
available. With respect to performance evaluation of wireless ATM networking, 
waiting-time moments are of more interest since they determine the expected 
delay, and delay jitter, when loss probability is sufficiently reduced due to For
ward Error Correction. 

2. The Discrete Batch Markovian Arrival Process (DBMAP) 

We recall the definition of the DBMAP (Discrete time analogue of the Batch 
Markovian Arrival process due to Lucantoni [11]) given in [4). Consider an 
m-state Markov chain (MC). A transition from state S(t) = i to state S(t + 
1) = j, t = 0, 1, ... , happens according to the transition probabilities [Dw);j 
(Dw: transition matrix, [ · ]ij: entry in the i-th row and j-th column) w = 
0,1,2, ... ,bma:c, Dw := 0 for w > bma:c, and a transition is interpreted as an 
arrival of a w-batch (batch of size w), if w > 0 and there is no arrival if w = 0. 
Thus the model generates interarrival times with batch arrivals possible and 
successive interarrival times are not independent. In order to distinguish from 
other state random variables, the m states of the DBMAP are usually referred 
to as phases. The MC has different types of transitions between two phases i 
and j, thus extending the conventional definition of a MC. fi := L:::'=o Dw is 
a stochastic matrix and represents the (conventional) MC which only considers 
the transitions between two phases no matter what type of transition. Let 1r 

denote the stationary phase probability vector 1r.D = 1[. It can be proved that 
the point process of the arrival instants is Semi-Markovian with the following 
SM kernel (with Tn denoting the discrete-time instant of the n-th arrival) 

P{S(Tn+1) = j, Tn+1- Tn = kjS(Tn) = i} = · (D- Do) Lj· 
The embedded MC has the transition matrix (I- D 0)-1(D- D 0 ). With P = 
1r.(D - Do)/[1!:.(1 Do)f] denoting its stationary phase probability vector at 

1 [1] derives the Laplace transform of the waiting-time distribution function, which however 
leaves open the decomposition of [Is+ L::;;"= Dkzk]-1, which corresponds to [R(z) + siJ-1 in 
the N-process notation used there, and to the special case of the Markov Modulated 
Poisson Process, for which this decomposition can be derived. Note that the differentiation 
approach proposed here can also be applied to the decomposition of [Is+ 2:::;;"=0 Dkzk]-1. 
Thus, the general expression for the Laplace transform of the waiting-time distribution func
tion of the BMAP /G/1/ N is now possible. 
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arrival instants2 , we get for the mean value of the time between successive 
arrival instants3 E[A] = D0)f = P(I-
the column vector of 1's, = (1, 1, ... , 1)T, m components. Note that E[A]- 1 ;f. 
>. := .ztE:=1 where>. is the arrival rate. In the special case of the DMAP 
(bmax = 1) it is the custom to write: C :=Do, and D := D1. 

2.1. The counting process of a DBMAP 
Let N(O, t] denote the number of arrivals in the intervall (0, t] and define 

[P(w, to)]ij := P{N(O;to] = w, S(to) = j I N(O; 0] = 0, S(O) = i} 

The following relations can be proved4 (see e.g. [7]): 

P(w, 0) = lw=O ·I I: (m x m)-matrix of unity . 

w 

P(w, t + 1) = 2:P(v, t)Dw-v 
v=O 

00 [ bm.., ] t 
P(w, t)zw = Dwzw =: D(z) for all t E 1N . 

(1) 

(2) 

In [8], DMAPs are parameterized in such a way that periodic correlation func
tions for the count process or the interarrival times are obtained. The key idea 
is using a periodic phase transition matrix for the DMAP. 

3. The analysis of the queueing system 

We consider a FIFO queue with a buffer of N places (total capacity: N + 1). 
The inter arrival times are produced according to a DBMAP, the service times 
are i.i.d. (renewal) with the probability function h(t). Due to the properties 
of the DBMAP, the occupancy at successive time instants immediately after a 
departure results in an embedded Markov Renewal process. (It is an embedded 
MRP, since the state the MRP rests between two departures is not equal to 
the state of the queueing system in terms of the occupancy between departure 
epochs, since in between arrivals can happen.) 

The resulting Semi-Markov kernel q(t) is of M/G/1 type [12). By q := 
q(t) we denote the embedded Markov chain (MC) of the MRP. The sta

tionary state probabilities of this MC are needed for computing the probability 
function of the occupancy at arbitrary and arrival instants, as well as for the 
probability function of the waiting-time. Furthermore the MRP characterizes 
the output process in terms of the interdeparture times completely. The com
putation of the joint probability functions of successive interdeparture times is 
done by using standard techniques of Semi-Markov processes [5, 6]. 

21:!!.= 1 and E.(I- Do)-1(0- Do)= E. are easily verified. 
3 An = Tn+l - Tn denoting the n-th interarrival time, A = {An, n E No} the stochastic 
process of the interarrival times 
4 1EXPRESSION = 1, if EXPRESSION is true, and= 0 else. 
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3.1. The embedded Markov Renewal process (MRP) at departure 
instants 

The Semi-Markov kernel q(t) of the MRP states about the probability 

[ [q(t)]k£ LJ 5 that, given a departure leaves k customers in the system with 

the input process in phase i, the next departure happens after t time units and 
leaves£ customers in the system with the input process in phase j. Here, "leave 
behind" means "immediately after a departure" so that an arrival simultaneous 
with a departure is taken into account. 

3.2. Arrival First Policy 
Due to the fact that arrivals and departures can happen simultaneously with 

positive probability in discrete-time queueing systems, one has to define, how a 
simultaneous arrival and departure are dealt with: If the arriving customer still 
sees the departing one in case of simultaneity, this is called the "arrival first" 
(AF) policy, which is considered here. The waiting-time probability function of 
the other case "departure first" (i.e. the departing customer leaves before the 
arriving one enters in case of simultaneity) is for further study. 

The case AF leads to a Semi-Markov kernel q(t) similar to that of the 
continuous-time case [7]. It is described by the following matrices: 

• Ak(t), where [Ak(t)]iJ denotes the probability, that given a departure, which 
leaves at least one customer in the system with the input process in phase i, 
there are k arrivals within the following service time lasting t time units with 
the input process in phase j at the next departure. In the present case it is: 
Ak(t) = P(k, t)h(t). 

• Bk(t), where [Bk(t)]iJ denotes the conditional probability, that given a de
parture, which leaves the system empty with the input process in phase i, the 
next departure happens after t time units with the input process in phase j, and 
there were k arrivals during the service time of that departure. In the present 
case it is 

00 t 

Bk(t) = I: I: w + 1, t- v)h(t- v) = 
w=l v=l 

00 t 

=I: v) 
w=l v=l 

With AF a departure can leave at most N customers in the system (as it is in 
the continuous-time case) so that the state space of the MRP is {0, 1, ... , N} x 
{1, 2, ... m }. The resulting Semi-Markov kernel is shown in Fig. 1. The tran
sition probability matrix of the embedded MC q is composed of the entries 

Bk := Bk(t) and Ak := Ak(t) among which there is the following 
relation: 

5[(Cj'(t)]ke]i1 means the submatrix in the k-th main row and the f-th column of q(t) and in 
this submatrix the entry in the i-th row and the j-th column. 
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00 

Bo(t) B1(t) B2(t) BN-l(t) L Bk(t) 
k=N 

00 

Ao(t) A1(t) A2(t) AN-l(t) L Ak(t) 
k=N 

00 

0 Ao(t) A1(t) AN-2(t) 2: Ak(t) 
q(t) = k=N-1 

00 

0 0 Ao(t) AN-3(t) I: Ak(t) 
k=N-2 

00 

0 0 0 Ao(t) LAk(t) 
k=l 

Fig. 1 Semi-Markov kernel for arrival first. 

0000 00 k 

Bk = L L L Ak-w+l(t- v) =(I- Do)- 1 L Dw+1Ak-w· (3) 
w=l v=l t=l w=O 

4. The z-transform of the waiting-time 

The derivation bases on similar arguments as used for obtaining expressions 
for the occupancy at arrival instants (for details see e.g. (10, 7, 12]). 

Consider Fig. 2. At time instant u there is a departure, which leaves the 
system empty; v time units later, there is a (JL-batch) arrival (i.e. JL customers 
arrive simultaneously, which is incorporated in the input process DI!MAP). The 
very customer of the batch arrival, who is admitted first, will stay in the server 
until his service time is elapsed; in Fig. 2 this service time lasts t-u- v + r time 
units. A further arrival at time instant t will see JL customers in the system. 
The time until these customers will have left the system equals the unfinished 
work seen at time instant t, and it is composed of the residual service timer of 
the customer in service and the sum of the service times of the other customers 
of the JL-batch. 

A second case, where a departure does not leave the system empty, has to be 
discussed separately and completes the description of the system's evolution in 
time (Fig 3). Note that as soon as a customer leaves a non-empty system, the 
service time of the next customer in service starts. 

4.1. Waiting time at finite time instants 
In the following (u) means the probability that given a departure at time 

instant 0, which leaves k customers in the system with the input process in 
phase i, a departure at time instant u leaves£ customers in the system with the 
input process in phase j'. This probability can be expressed by means of the 
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empty 

u u+v 

t 

departure 

(Limit case: u) 
t-u-v 

X 

unfinished work 

T .. .,,:: 
residual 

service time I 

t time 

t 

t arrival 

Fig. 2 Time scheme in case that a departure leaves the system empty at u. x 
represents the unfinished work seen by the arrival at t. 

Semi-Markov kernel describing the queueing system by 

t 

:r(t) = :L<im(t) 6 

n=l 

For the following discussion, the explicit representation of (t) := ([r(t)]i<t)ij' 
is not of importance, since it will disappear in the limit case due to the limit 
theorem for Markov renewal processes. 
Define x, J.L) as the conditional probability that given a departure at 0 
which leaves k customers in the system with the input process in phase i, a J.L
batch arrival at t sees a waiting-time of x and an occupancy of r customers with 
the input process in phase j. Using (u) we get (where .Nt is a normalizing 
constant depending on the time instant t): 

t-1 

x, J.L) = lx=O L L (u) [P(O, t- u -l)D11 ] .,. 

j 1ElE u=O J J 

(4) 

For 1 < r < N: 

6 *n denotes the n-fold convolution. 
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(Limit case: u) 

t-u 

u 

t departure 

t 

t 

X 

unfinished work seen by arrival at 

T 

residual : 
service time : 

time 

t arrival 

Fig. 3 Time scheme in case that a departure leaves a non-empty system at u. 
x represents the unfinished work seen by the arrival at t. 

t-2 t-u-1 r 

2.: 2.: 2.: 2.: t-u-v-1)DI'] .,.hr(t-u-v, x)+ 
j'EIE u=O v=1 w=1 J J 

t-1 r 

+ 2.: 2.: 2.: r:!t' (u) [P(1·- £, t- u- l)D"] .,.hr(t- u, x) 
j'ElE u=O £=1 J J 

where hr(t,{x) is given by: 0 

h(t+x) 
hr(t, x) := x 

h(t + r)h*(r- 1) (x- r) 

for r = 0 
for r = 1 

for r > 2 

(5) 

Here, h*r(x) means the r-fold convolution of h(x). For r = N + 1, the arrival is 
lost. Therefore, this case does not contribute to the waiting-time. 

4.2. Waiting time in the limit case 
The limit theorem of Markov Renewal functions (see e.g. [13], p. 1251f.) 

applied to eqs. (4) and (5) yields expressions no longer depending on i and k. 
Therefore they are dropped in the limit expression defined by 

which denotes the probability that in the limit case an arriving J.L-batch sees 
an unfinished work of x with the input process in phase j. Applying the limit 
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theorem yields 

•r ) lx=O ( )-1 Jv!Q0 (x,J.l = y.g;_0 I-Da Dl' (6) 

and for 1 < r < N 

N!!Lr(x,J.l) = 

= [ Do)- 1De + P(r- f, u)DI'hr(u + 1, x)] , (7) 

where E* is the mean sojourn time of the underlying Markov Renewal Process, 
which is here the mean interdeparture time of the queue. E* need not be 
computed due to the normalizing constant N. 

4.3. Efficient computation of the z-transform 
Define the z-transform of the waiting-time by 

00 

Wr(zi,J.l) := L!!Lr(x,J.l)zf 
x=O 

For hr(t, x) we get: 

hr(t,x) C:... z-t (h.(z)- [h.(z)r- 1 for r > 1 

if z-transformation is defined by f(k) o-e Ef=o f(k)zk. hz(z) = Ef=o h(k)zk is 
the z-transform of the service time. 

Theorem 1 For AF: 

{ 

Do)-1DI' for r = 0 

= t Do)-1De + ]for 1 r N (8) 

0 for r = N + 1 

N is determined by a completeness condition, which can e.g. be defined by 
W r ( 1, J.l) = 1, and then refers to the unfinished work seen at an arrival 

instant. It is 
n 

hn(zl) = hz(zl)'R.n(zl)- L 'R.k(zl)An-k[hz(zt)t-k (9) 
k=O 

where the 'R.n ( zt) are coefficients of the series 

00 

L 'R.n(zi)z;' = [Iz1- D(z2hz(zl))r1 (10) 
n=O 
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for which the following recursion holds 

'Rn(zl) = 'R..k(zl)Dn-k[hz(zl)]n-k] (Iz1- Do)-1 for n > 1 , (11) 

(12) 

Proof. The central idea is to apply - besides the z-transform with respect to 
the time variable x - also a z-transform with respect to the count of arrivals n: 
Let 

co co 

hn,e(zl) := 2:.:: P(n, o-) 2:.:: zfhn+£(0" + 1, x) 
a=O x=O 

Then we have 
00 00 00 00 

2:.:: = 2:.:: 2:.:: P(n, o-) L zfhn+£(0" + 1, x) = (13) 
n=O x=O 

= (hz(zl)- hz(zd-l = (14) 

(because of eq. (2)) 

= [z1 1 D(z2hz(zl))]" z1 1 (hz(zl)- zfh(x)) hz(zd-l (15) 

(developing into an infinite series yields) 

= [Iz1- D(z2hz(z1))r 1 (lhz(zl)- An(z2hz(zl)t) hz(zd-l (16) 

With 
co 

[Iz1- D(z2hz(zl))r 1 =: L 
n=O 

we get: 

co 

L = 
n=O 

which yields (due to the Cauchy product formula) 

hn,e(zl) = [n.n(zl)hz(zl)- hz(zd-l (18) 

489 



and finally 

(19) 

The expression for r = 0 follows directly from eq. (6). 

Determining 'R..n(zl) 

What is left, is the determination of 'R..n(z1), which is the n-th coefficient of 
the series of (Iz1 - D(z2)]-1. The trick of the DMAP-case in (2] does not work, 
therefore a differentiation is used for determining 'R..n ( z1): 

00 

L = [Iz1- D(z2hz(zl))r 1 =: f(z1, z2) 
n=O 

Leibnitz's Rule 
an 
-a [f(z1, z2)g(z1, z2)] = 0 = 

yields 

which results in 

and because of 

it is 

{ 
(Iz1- DoJ- 1 

'R..n (z1) = 'R..k (zl)Dn-k[hz (zt)t-k] (Iz1 - Do)-1 

(20) 

(21) 

(22) 

(23) 

for n = 0 , 

for n > 1 . 
(26) 

Applying eq. (19) to eq. (7) yields the expressions for 1:::; r:::; N. D 
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4.4. Determining the probability function of the unfinished work at 
arrival instants 

The above theorem allows the computation of arbitrary moments of the un
finished work at arrival instants. However, for capturing the waiting time seen 
by a test-cell of stream 1 or 2 in a superposition, it is necessary to find the prob
ability function. This can be done by "simply" differentiating the z-transform 
often enough and considering the value of the differentiated function at 0. The 
problem, however, is that you need the derivatives up to the N D-th one. The 
following Lemma establishes a simple algorithm to determine the value at 0 of 
all these derivatives. 

Lemma 1 Given the z-tmnsform of the service time hz(z) := 'L':=o h(k)zk. 
The probability function of the unfinished work is obtained from 

1 dx 
:YLr(X,fl) = x Wr(z,fl)l 

X. Z z=O 

1 dm I 
8H[m][n] := m! dzm hn(z) z=D 

Then it is for 0 n N - 1, 0 < m < N D: 

1 dm m 
m! dzm [hn(z)[hz(z)]f-lL=o = L 8H[k][n] · 8h[m- k][£- 1) 

k=O 
with 

8H[m][n] = 
m m n 

= L 8R[k][n]. h(m- k)- L L 8R[k][1']. ah[m- k][n -1']. An-l 

k=O k=Dl=O 
8R[m][n] = 

= 8R[k][v] · ah[m- k][n- v] · Dn-v- 8R[m- 1)[n)] · ( -Do)- 1 

00 

8h[m][n] = L h(k) · 8h[m- k][n- 1) 
k=O 

Initial values: 

oh[m)[O] = lm=o, oh[O][n] = ln=o, 8R(O)[n) = ln=o(-Do)- 1 , 

8R[m][O] = ( -Do)-(m+l), 8H[O][n] = ln=oD01 Ao 

Proof Apply Leibnitz' rule to eqs. (9), (ll). D 
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4.5. Numerical stability 
This algorithm proves to be numerically stable, if Do is a diagonal matrix. If 

not, the high powers of the inverse of Do (which has entries significantly greater 
than 1, since Do is sub-stochastic) soon yield exploding matrix entries in 8R 
and 8H, which then cause wrong values of the probability function. Eq. (8) can 
also be used for obtaining moments of the unfinished work at arrival instants 
by simply considering derivatives at z = 1, then also for non-diagonal matrices 
D 0 , with very good numerical results. However, then it is not possible to deal 
with per-stream values as discussed in the next section. 

5. Per-stream waiting-time probability functions 

Performance evaluation of ATM networks concentrates on deterministic ser
vice times due to the transmission of fixed-length packets in ATM networks. 
We now focuss on a multiplexer facing two input streams 1 and 2, stream 1 
represented by a and stream 2 by a DMAP2, both being special cases 
of a DBMAP. 

MAP b . b D(1) lN b(1) (1) .. D(1) d DMAP Let DB 1 e given y w , wE o, ma.,, := L....w=O w an 2 

by C(2) and D(2). The resulting superposition, again a DBMAP, is given by 
Dw, w E lN0 , 2:::::;:'=0 Dw = D; these matrices are obtained by means of the 
Kronecker product ® according to 

Here, we have for stream 1 due to the DMAP[X] 

D(l) _ { x(w)D(I) 
w - c(ll 

w>O 
w=O 

for w = 0 

for 1 < w < 
- (i) 

for w = bma"' + 1 . 

(27) 

Now the matrices Dw determine the Semi-Markov kernel governed by the matri
ces An, and Bn. The z-transform of the waiting-time of each stream (i = 1, 2, 
and 3 representing the full stream) is simply obtained by: 

where 
j)(1) - D(1) 10> c(2) + 1 ID(l) 10> D(2) ' i.e. the arriving batch contains at I' - I' '6' !'> jJ-1 '<Y 

least one cell of stream 1, 
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= 0 D(2) , i.e. the arriving batch contains a cell of stream 2, 
-(3) -
D 11 = Dw , i.e the arriving batch contains a cell of stream 1 or 2. 

The waiting-time of a cell, which is not lost, is given by the unfinished work 
immediately before the arrival instant of that cell plus the length of the cells of 
the same batch, which are admitted before that cell. As a lost cell cannot see 
any waiting-time, the waiting-time takes values in {0, 1, ... , N D}. Since the 
waiting-time p.f. is related to u(k,i), 0 k ND, normalizing constants 
}/1 , }/2 , }/3 are needed. Note that, as usual test-cell admission for stream 2 is 
completely random. With 

i = 1, 2, 3 

it is 

N; given by P{W; = £} = 1. 

5.1. Formula validation 
The above formulae were implemented in C programmes. For diagnonal ma

trices Do the results of the per-stream probability functions obtained were in 
very good correspondence with those obtained from the method of the unfin
ished work described in [7, 10]: For double numbers the values of the probability 
function differed first in the lOth figure (of 16). Using derivatives of eq. (8) 
at z = 1, the results were as good also for non-diagonal matrices. Compared 
with the method of the unfinished work the algorithm presented above is much 
faster (and is applicable also for non-deterministic service time distributions), 
since the system matrix grows only with the second power of N · m in contrast 
to N · m · D for the method of the unfinished work. The latter, however, allows 
to compute transient loss probabilities and waiting-time probability functions 
[9]. Table 1 compares the potential of both methods. 

6. Numerical Examples 

For the numerical examples, the per-stream mean waiting-times and loss prob
abilities were computed keeping the traffic load of the full stream constant at 
0.8, and varying the ratio of the traffic load. Stream 1 is a DMAP with two 
phases C = (61 D = · p, p transition matrix of the embedded 
Markov chain, (bmax = 1, coefficient of correlation of its embedded Markov 
chain equals 0.6), stream 2 is a Bernoulli process. 
It is easily seen in Fig. 4 and 5 that as soon as the correlated stream 1 gets 
stronger, the mean waiting-times and loss probabilities of both streams in the 
superposition increase. Loss probabilities were computed according to [7]. 
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Table 1 
Comparison of the method of the unfinished work and the M/G/1-paradigm. 

II Unfinished work [6, 9] I M/G/1 paracligm I 
System size (N + 1) · D · m (N + 1) · m 

slower for D > 1 
non-diagonal C no problem rouncling errors 

for per-stream 
expressions 

Waiting Times X X 

Unfinished Work X X 

Loss Probabilities X X 

Conclitional Loss Probability X -
Transient Quantities X -
Departure Process - X 

Continuous Time Analogue - X 

7. Conclusions 

This paper presents a fast algorithm for computing waiting-time moments 
for the DBMAP /G/1/ N queue with arrival first policy, and generalizes the al
gorithm in such a way that per-stream waiting-time probability functions of 
the DBMAP1 +DMAP2/G/1/ N-queue can be computed. Thus, it extends [7], 
where only the computation of per-stream loss probabilities was solved using 
the M/G/1-paradigm. Furthermore, it supplements [1], since the decomposi
tion of the matrix expression [Iz1 - D(z2 hz(z1))r 1 into a series in z2, which 
is the crucial point in finding the algorithm, can also be applied to the com
position of the matrix expression [Is+ L:;;"=0 Dkzk]- 1 into a series of z. The 
algorithm was validated by comparing the numerical results obtained by C pro
grammes with those, which result from the method of the unfinished work, 
which - for some input processes - can also compute waiting-time moments of 
the DBMAP1 +DMAP2/D/l/ N-queue [9]. Very good correspondence was found. 
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