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Abstract 
We develop a compositional interpretation of object model and statechart 
diagrams as used in the "Syntropy" method of Object-Oriented Analysis and 
Design. Separate theories are constructed for object instances, class managers 
and associations which are then combined with categorical constructions to 
yield a formal interpretation of the complete system. 

We compare the use of state attributes to abstractly interpret history with 
temporal axioms governing behaviours and contrast the logical notion of lo
cality with object-oriented data encapsulation. We consider the interpretation 
of statecharts partitioning the overall statespace and defining transitions be
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preconditions and postconditions. We observe that some features of Syntropy 
are not amenable to this systematic modular interpretation. 
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1 INTRODUCTION 

Syntropy [Cook and Daniels (1994)] is an Object-Oriented methodology that 
includes a range of techniques for a wide spectrum of software engineer
ing tasks from domain modelling to implementation. It is a second gener
ation 00 method and includes some degree of formal specification based on 
Z-like [Spivey (1989)] annotations and Statecharts [Barel (1987)]. However, 
some other notations and techniques employed in Syntropy are explained only 
through example in the source material. 

In this paper we define a compositional approach to the interpretation of 
Syntropy Type View diagrams and Statecharts. We interpret diagrams as log
ical theories in the Object Calculus [Fiadeiro and Maibaum (1991)]. As far as 
possible separate diagram elements are interpreted as separate theories which 
are then combined via the categorical constructors of the Object Calculus. 
This incremental approach makes the interpretation suitable as a basis for 
a support system which would provide a formal basis for the validation and 
verification of system specifications. 

1.1 Syntropy 

Syntropy [Cook and Daniels (1994)] is a methodology for object-oriented anal
ysis and design similar to OMT (Rumbaugh, J. et al.(1991)] with additional 
formal specification elements derived from Z (Spivey (1989)]. 

Three separate levels of modelling are used in Syntropy: 

e essential models, which model the problem domain of the application; 
e specification models, which abstractly model the requirements of the appli

cation; and 
e implementation models, which model the required software in detail. 

At each of these three levels, type view diagrams depict the structure of ob
ject ,classes. Objects have attributes of non-object types. Associations be
tween classes are depicted by connecting lines. A diagrammatic notation for 
behaviours similar to Statecharts [Barel (1987)] is also used at each of the 
three levels. Additionally, object interaction graphs (termed mechanisms in 
Syntropy) are used at the implementation level. 

Syntropy adopts a number of mathematical notations, however, a semantics 
is only indicated for data models. In addition, there is no formal definition of 
refinement between models. 

Unlike the use in Syntropy, but in keeping with other 00 formalisms, we will 
use the term "Class" rather than "Object Type" for the collection of possible 
similar object instances. We reserve the word "type" for values without object 
identifiers. We use the word "sort" for the types of the logical theories. 
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1.2 The Object Calculus 

The Object Calculus (Fiadeiro and Maibaum (1991)] is a formalism based on 
structured first order theories composed by morphisms between them. 

An object calculus theory models a component of a system. It consists of a 
setS of constant symbols, a set A of attribute symbols (denoting time-varying 
data) and a set g of action symbols (denoting atomic operations). Axioms 
describe the types of the attributes and dynamic properties of the actions. 

A global, discrete linear model of time is adopted (eg. Lamport (1991)) 
and axioms are specified using temporal logic operators including: 0 (in the 
next state), e (in the previous state), U (strong until), S (strong since), 0 
(always in the future), • (always in the past), <> (sometime in the future) 
and+ (sometime in the past). The predicate BEG is true exactly at the first 
moment. 

The temporal operators are also expression constructors. If e is an expres
sion, Qe denotes the value of e in the next time interval, etc. 

In the style oflnstitutions (Goguen and Burstall (1984)], theories are com
posed by morphisms to yield a modular definition of a whole system. The 
Object Calculus defines a notion of locality which ensures that only actions 
local to a particular theory can effect the value of the local attributes. For 
each theory we have a logical axiom 

V giV/\ a=Oa 
giE9 aEA 

1.3 Overview 

In the next section we discuss the interpretation of object types. We define 
the theory of a class in terms of theories of a generic instance and a class 
manager. Then, in Section 3, we discuss how class theories are combined to 
model associations between classes via a generic theory for association man
agers which is extended to model any cardinality and lifetime dependencies of 
the particular association. We observe that subtyping associations are equiv
alent to a particular combination of lifetime and cardinality constraints. In 
Section 4, we interpret Statecharts, distinguishing the concept of a state tran
sition, which can be interpreted in the instance theory, from the corresponding 
system event, which is required to be interpreted in the theory of the relevant 
subsystem. We formalise preconditions and postconditions, filters, and non
interfering concurrency which can be specified via orthogonal statecharts. In 
Section 5, we apply the formalisation described to a simple example taken 
from Cook and Daniels (1994) and, in Section 6, we conclude with a discus
sion of further areas of the Syntropy method which have yet to be formalised. 
The Appendix gives details of the theories of the example. 
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2 INTERPRETING OBJECT TYPES 

Figure 1 depicts a fragment of a Syntropy type view diagram. A single class, 
A, is defined with two attributes, f and g, of (non-object) types T 1 and T 2 

respectively. (Note that object-typed attributes are given via associations, see 
Section 3.) 

A 

f: T1 

g: T2 

I ... . .. 

Figure 1 Part of a type view diagram. 

Such a diagram can be seen as a view of a typical object of the class, or it can 
be interpreted as depicting the entire class of such objects. To interpret this 
diagram, we define two Object Calculus theories. The first gives the theory of 
a single instance of the class, the second manages the collection of currently 
existing instances. A number of the former are then be combined with the 
latter to form the theory of the class. 

2.1 The signature of a generic instance 

We define a theory, Ai, for a typical object of this class. In the first instance, 
we treat the object as a "white box" with read and write access to each 
attribute. Later, in Section 4, we will use information in the statechart to 
refine the actions available. 

The theory of the instance introduces a sort for the type of each attribute, 
there are no constant (or function) symbols and, for each attribute, there is 
an attribute symbol for the observer operation and an action symbol for the 
updater operation. The arrows decorating the action symbols are intended to 
suggest the writing of the attribute. 
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S = {Tt. T2} 
A= {f: Tt,g: T2} 
g = {init: Tt x T2, f: T1. g: T2} 

Writing to an attribute sets its value in the next state and initialising it 
sets the value of both attributes 

r (tt) => Of= t1 

i (t2) => Qg = t2 
init(tlt t2) => f (tt) 1\g (t2) 

The "locality" requirement of the Object Calculus ensures that only local 
actions can change the local attributes, but we require a stronger condition 
that only the appropriate updater actions can affect each attribute, eg . 

..., r=> f=Of 

self A key technique used in 00 notations is that an individual object can 
refer to itself as self whilst it's external identity (its object identifier) is given 
by the class. As in Fiadeiro and Maibaum (1991), we interpret self using A
morphisms which add the extra parameter to the attributes and actions (see 
Section 2.3). 

2.2 The signature of the class 

The creation and deletion of instances is accomplished through a class man
ager. Class manager and class instances are then combined to form the theory 
of the class. The definition of the class manager is independent of the structure 
.of A and so is defined in terms of a general class type X. 

The class manager theory, M, introduces a sort for identifiers of objects, 
@X and no constant symbols. It is convenient to define an attribute, X, to 
record the finite set of currently existing instances. There are actions to create 
and kill objects. 

S = {@X} 
A= {X: IF@X} 
g = { create : @X; kill : @X } 

Note that creating an instance does not initialise it. Creation and initiali
sation are brought together in the action new defined below. 

We cannot create an existing object nor delete a non-existent one (pre-create 
and pre-kil~: 

create(x) => x ~X 
kill(x) => x E X 

Creation adds an object to the set of existing objects and deletion removes 
it (post-create and post-kil~ 

create( x) => x E OX 
kill(x) => x ~ OX 

Note that we prefer this implicit form of axiomatisation to an assignment-
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like definition of "postconditions" such as: create(x):::? (OX)= XU { x} 
as this would preclude the possibility of two creations or deletions occurring 
simultaneously. 

We require that obJects are only added or removed from the set of existing 
objects by creation and deletion 

..., create(x) 1\..., kill(x) :::? (x E X<=> x E OX) 
Note that this too is a form of intra-theory locality stronger than the default 

locality condition. It is the converse of consequence of the four pre/post axioms 
and can be broken down to 

x ¢X 1\ x E OX:::? create(x) 
x E X 1\ x ¢OX :::? kill(x) 

Hence the six conditions can be condensed to 
create(x) <=> x ¢X 1\ x E OX 
kill(x) <=> x EX 1\ x ¢ OX 

which concisely characterise the two actions. 
We may wish to give an initialisation stating, for example, that the set of 

existing objects is initially empty (initialisation) 
BEG:::? X= 0 

2.3 Embedding instances in the class 

At any point in time, there are a finite number of living instances. The theories 
of these are combined with the theory of the class manager via morphisms 
which name each instance according to the identifier given when it is created 
(Figure 2). 

M 
Ao I@X~@A 
An-----.;;._~ A 

Figure 2 Instance and class manager theories are embedded in the theory 
of the class. 

We combine the theory of each instance with the theory of the class via an 
®A-morphism which adds an extra parameter of type @A to each attribute 
and action symbol [Fiadeiro and Maibaum (1992)). This is equivalent to defin-
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ing self as a constant in the instance theory which acts as a (dummy) place
holder for later identification with the object identifiers in the class theory t. 

The resultant theory, A, has an attribute att(a) for each attribute att 
of each existing instance a. For example, for instance ai and attribute f, 
there is an attribute o1(f) in the class theory. In effect f is a (finite) partial 
function from @A to Tt. We define a syntactic sugar which names the O"i(f) 
conveniently 

f:@A -+Tt 
ai.f = O"i(f) 

So, in A, f is a partial function from @A to Tt which is written in the 
right. A similar approach is taken to the naming of instance actions. 

new A new action is defined in the theory of the class. new has a parameter 
for an object identifier from @A and a parameter for each attribute instance 

new :@A x Tt x T2 

new "exposes" the new identifier which can be understood as being passed 
from or being returned to the environment. new sets the instance identifier 
and attribute values by calling the create and init actions of the imported 
theories 

ai.new(tt. t2) <=> ai.create 1\ adnit(tt. t2) 
Note that creation and initialisation happen simultaneously: as the axioms 

for initialisation only constrain the values of the attribute in the next state, 
creation ensures that the new object then exists. new can be thought of as a 
defined (action) symbol. 

t A morphism, u, of object signatures from 8t = (Et, At, ft) to 82 = 
(E2, A2, f 2) is a triple comprising: a morphism of algebraic signatures u11 : 

Et-+ E2; for each f: St, ... ,sn-+ sin At, an attribute symbol u0 (f): 
u11 (st), ... ,u11 (sn)-+ u11 (s) in A2; and, for each g: St, ... ,sn in ft, an action 
symbol u,(g) : uiJ(st), ... 'uiJ(sn) in r2. 
Given a signature morphism, the translation of formulae is defined according 
to their structure in the usual way, and given two object descriptions, ( 8t, ~t) 
and (82, ~2), a morphism, (8t, ~t)-+ (82, ~2), is a signature morphism which 
preserves validity and locality, ie. for which we have: ~2 :::}e2 u(p) is valid for 
each valid p E 8t; and ~2 ::::}92 (8t -+u 82), where ::::}92 is entailment in 82, and 
(8t -+u 82) is the 82 formula which is the translation of the locality axiom of 
~· 
liiven a sort A, and a morphism of object signatures, u, the A-morphism, 
O"A, is the same as u except that it adds an extra parameter of sort 
A to each attribute and action symbol. Thus for example, for given 
a : A, for each attribute symbol f and ei : Si, uA(f(et, ... ,en)) = 
O"A(f)(a, O"A(et), ... , O"A(en)). 
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2.4 History and the state 

Note that we have, up to this point, avoided the use of any temporal operator 
other than "next". This is because all behaviour determining history has been 
explicitly stored in the attributes. However, for example, we may wish to 
require that it is not possible for an object to be "reborn" 

create(x) => ..., <> create(x) 
The use of the indefinite temporal operator indicates that more history 

would be required to be stored in the state in order to implement such be
haviour. In general, there is a tension between putting history in the attributes 
and using more sophisticated temporal descriptions in the axioms which can 
be understood if the state is seen as an abstract interpretation of the history 
of past actions. This is discussed further in Section 3.5. 

A state-based presentation without rebirth can be given by augmenting the 
state with a "memory" of past objects. X now distinguishes between objects 
that have lived and those which have not. 

X : @X -+ { unborn, alive, dead } 
Axioms chart the evolution of objects from unborn, through alive, to 

dead. 
BEG => 'Vx: @X •X(x) =unborn 
create(x) <:? X(x) = unborn A QX(x) = alive 
kill(x) <:? X(x) = alive A QX(x) = dead 

On the other hand, a purely temporal axiomatisation of the class manager 
can be given without use of X 

create(x) => ..., <> create(x) 
kill(x) => ..., <> kill(x) 
kill(x) => tcreate(x) 

Note that the two-valued X can now be recovered as the set of instances 
which have been created but not killed 

X= { x: @X le((-. kill(x)) S create(x))} 
which forms the basis of the equivalence of the two presentations. 

3 INTERPRETING ASSOCIATIONS 

We now formalise the notion of an association as depicted in Figure 3. We will 
interpret the association without any knowledge of the structure of the objects 
it associates (although we do assume each class theory has been constructed 
from instance theories and class manager theory as defined above). Thus we 
have a generic theory of associations. We then use a renamed copy of this 
theory for each particular association in the model. 

We begin with the most general case, a many-many association depicted by 
the black "blobs" at each end of the connecting line. The same approach will 
also work for other cardinalities of association by requiring further axioms 
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L R 
l c r - .. ... ... 

Figure 3 A simple association. 

for the constrained cases. For this section we consider only how to interpret 
associations at the level of the classes. In some circumstances, such as when 
the association has attributes of its own, it may be desirable to make a two 
level construction as was done for object classes. 

The association is interpreted as a many-many relation rl between object 
identifiers for the class on the left, @L and the class on the right, @R. (Note 
that this turns out to be considerably more convenient r : @L - IF@R and 
1 : @R - IF@L, such functions can be defined from the relation if required.) 
rl plays the same role as X, it is the set of existing links in the association. 
The theory signature is: 

S = { @L,@R} 
A = {lr: IF(@L x @R) } 
g = { link : @L x @R, unlink : @L x @R } 

As for object classes, we require axioms for adding and removing pairs from 
the relation and again have an "instance-by-instance" locality requirement 
which yields a characterisation of the two actions 

link(l, r) ¢> (1, r) ft lr 1\ (1, r) E Qlr 
unlink(!, r) ¢> (1, r) E lr 1\ (1, r) ft Qlr 

In this case, as there are no identifiers for links, we do not require no-rebirth. 
Again, it may be appropriate to add an axiom concerning the initialisation 

such as 
BEG=> lr = 0 

There is no axiomatic constraint between link for the association and 
create for the object classes here. Such constraints are given when the theories 
of objects and association are brought together. In keeping with encapsula
tion, there are no actions to update or inspect the associated object instances 
directly. 
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3.1 Bringing association and Objects together 

Now assume that A and B are associated by C in a diagram D. D is in
terpreted as the eo-limit of the theories for A, B and C. The class manager 
theories for A and B provide the "glue" which brings theories of objects and 
associations together. Cis "glued" to each of A and B by identifying @Land 
@R with @A and @8 respectively. Where names would otherwise dash, they 
are subscripted by the name of the theory from which they originate. Purely 
for convenience, lr is renamed to ab in D. 

c 

J 
An---.. A D B.,._ ___ Bm 

Figure 4 The type view diagram is interpreted as the eolimit of the object 
and association theories. 

We now add axioms to D which interpret the particular kind of association 
required. 

3.2 One-many, many-one and one-one 
associations 

Firstly, whatever kind of association is required, it can only link existing 
objects 

ab~ Ax B 
This is ensured by axioms which synchronise creation actions in the asso

ciation and class manager theories 
link(a, b)~ a E A V a.createA 
link( a, b)~ bE B V b.creates 

This can be written as an extra, trans-theory, postcondition for link 
link( a, b) ~ a E QA A b E QB 

which, due to locality, yields the above synchronisation between link and 
create. 
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Optional unary associations ( EJ-<EJ ) 
If the "blob" on the right is white, that is each A is associated with at most 
one B, then the relation is a (partial) map from @A to @B. This can be 
interpreted purely in the theory of the association 

ab :@A ++@B 
1e. 

(a, b) E ab A (a, b') E ab => b = b' 
This is ensured within the association theory by strengthening the con

straints on link 
link(a, b)=> a¢ domab 
link( a, b) A link( a, b') => b = b' 

Compulsory unary associations ( EJ--EJ ) 
If the blob on the right is missing altogether, that is each A is associated 
with exactly one B, then the map is total on A. This is a constraint between 
association and class manager theories 

domab =A 
Note that we do not require the map to be surjective since an @B can be 

associated with an empty set of @As. 
Again this can be ensured by trans-theory conditions 
a.createA {::}a¢ domab A a E domQab 
a.killA {::} a E dom ab A a ¢ dom Qab 

Conversely, for the one-many case, we have conditions on ab- 1. 

One-one associations ( B--B) 
·In the one-one case, we simply have both of these sets of axioms and so we 
can conclude that As and Bs must be created and deleted in lock-step and 
therefore that there are always the same number of As as Bs. 

3.3 Dealing in Diamonds ( 5--oe ) 

A "diamond" on the association is a constraint concerning the lifetimes of the 
associated objects. Diamonds can be interpreted independently of multiplici
ties. 

A diamond at the right hand end of the association, indicates that As can 
only exist if linked with some (set of) Bs and that this set must be constant 
throughout the As lifetime. Therefore, while an A exists, each state transition 
preserves the set of links involving it 

a E A A a E QA => { a } <I ab = { a } <I Qab 
This is ensured if As can be linked to Bs only when they are created, and 

unlinked only when deleted 
link( a, b) => a ¢ A A a E QA 
unlink( a, b)=> a E A A a¢ QA 
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There are similar rules for a diamond on the left of an association. 

3.4 Subtypes ( B-EJ ) 

We can view subtyping as a particular form of association where, the object 
identifiers are drawn from the same set of tokens 

@B=@A 
and the association function is the identity on B 
ab = { (b, b) I bE B } 

This is derived from 
link( a, b) <=> a = b A b ¢ B A b E QB 
unlink( a, b) <=> a = b A b E B A b ¢ OB 

Since ab ~ A x B we have that all Bs are As 
B~A 

If the supertype is abstract, as is assumed when a number of dynamic 
subtypes are defined for a supertype, then the subtype instances partition the 
supertype instances 

A=UBi 
if; j ::} Bin Bj = 0 

If B is a subtype of A, then each B is associated with exactly one A, and 
each A with zero or one B. Furthermore, the lifetime of the B is subsumed 
within the lifetime of its associated A. So a triangle pointing to the left is 
equivalent to a diamond on the left and a white blob on the right (Figure 5). 

/ .... 

Figure 5 Equivalent diagrams for dynamic subtyping. 

If the subtype is static (ie. there is no subtype migration), indicated by the 
lack of a diagonal line on the subtype, then additionally the lifetime of the A 
is exactly the same as the lifetime of the B and so there is a diamond at the 
other end also (Figure 6). 

Figure 6 Equivalent diagrams for static subtyping. 

In either case we can derive the following 
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a.creates ~ a E OA 
a.killA ~ a ¢ OB 

which therefore ensures 
a.creates A a ¢ A ~ a.createA 
a.killA A a E B ~ a.kills 

3.5 A note on Encapsulation and locality 

We have seen some alternative presentations of theories where axioms focus on 
changes to the state or on permitted sequences of actions. Recall the Object 
Calculus definition of locality which can be paraphrased as: 

"The values of local attributes are determined by local actions" 

There is a converse side to encapsulation which concerns how the state influ
ences the actions. The behaviour of an object should depend only on it's own 
state, ie. 

"The effect of local actions is determined by the local attributes" 

That is, the local state transition resulting from a particular local action 
should be determined by the values of the local attributes. This can be for
malised as follows. For any set of local actions S ~ g, define 

just(S) := 1\ gi A 1\ ..., gi 
giES giEg\S 

Then, for any S ~ g, we require 

1\ a1 = Vi A just(S) A 01/J ~ 
ai EA 

Which can be read as: 

D( 1\ ai =Vi Ajust(S) ~ 01/J) 
a1 EA 

"If from some state, doing exactly some set of actions results in a 
state where some property holds, then whenever in the first state, 
the same set of actions will result in the same state." 

Here the formula 1/J should concern the attributes only and not contain any 
temporal operators. This could be considered to be part of the object-oriented 
notion of encapsulation and may therefore be appropriate in its formalisation. 

4 INTERPRETING STATECHARTS 

Statecharts are the most complex and semantically rich notation employed 
by Syntropy. Based on Harel's Statecharts, they depict the state space of an 
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object, partitioned according to "those states which distinguish the possible 
orderings of events" [Cook and Daniels (1994) p. 91]. Statecharts have distinct 
interpretations at the essential, specification and implementation modelling 
levels. We focus on the essential level, but many of the semantic interpretations 
also apply to the specification and implementation levels. 

State classes, depicted by boxes with a diagonal line in their top left hand 
corner, represent varying subsets of the objects of the superclass where an 
individual instance can move between the subtypes. Statecharts define the 
transitions which take instances from one state class to another. 

A r A 

' }!J 
l.l 

I I 
v 81 v 82 

U¢U 
Events 

el(a[f))[PVQ 
e2 .... 

..) 

(a) (b) 

Figure 7 State types and statechart for class A. 

For example, Figure 7 depicts a class with two state subtypes, Bt and B2. 
The subtypes in Figure 7(a) correspond to the states in Figure 7(b). The 
arrow from the solid blob indicates that the object is created in state B1 and 
the arrow to the ringed blob represents object deletion from state B2. The 
other arrows indicate state transitions e1 and e2 which take the object from 
state B1 to state B2 and back respectively. In the essential model, the lack 
of further arrows indicates that, for example, e1 "cannot happen" when the 
object is in state B2. 

In Syntropy, the effect of transitions is specified by preconditions and post
conditions similar to those used in Z or VDM. For example, e1 [P]/Q, indicates 
that transition e1 can only occur if the predicate P holds and that the two
state predicate Q must hold between the before and after states when e1 
occurs. 

Further semantics is given by Events listed in the textual part at the 
bottom of the statechart. Events are system-wide, but can be targeted at 
particular objects by the use of parameters and filters. Typically, events effect 
a state transition in a single object of the class and have the same name as a 
state transition in the diagrammatic part of the statechart. Unlike the use in 
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Syntropy, we make a syntactic distinction between the event and its associated 
transitions by capitalising the event name and indexing the transition names. 

In Syntropy, the instance targeted by the event is generally passed as a 
parameter, a, of the object type ( c.f. the extra parameter introduced in the 
A-morphism). In this case, the default filter, a= self, is assumed to indicate 
that only the object passed as parameter responds to the event. More complex 
situations can be modelled using this mechanism where the filter, f, is a 
predicate identifying which events the self object should react to. 

The same event can correspond to more than one transition in the diagram
matic part of the statechart. Where the sources of the arrows are different 
states, the state gives the precondition for the transition. Where the same 
event name labels two arrows from the same state, the choice between them 
is indicated by separate explicit preconditions which are annotated directly 
on the arrows. 

4.1 Interpreting state types and events 

The information in the class diagram is interpreted as in Sections 2 and 3. The 
statechart defines the actions of the classes which replace the white box ac
tions described in Section 2.1. Each arrow in the statechart represents a class 
of possible state transitions and is interpreted as an action of the instance 
theory. Several arrows can be used to describe different cases of a particu
lar system event. The event is interpreted as an action in the theory of the 
subtypefsupertype subsystem and is synchronised with the instance actions 
that correspond to the required state changes. For example, in the above di
agram, if e1 and e2 are different cases of the same event E(a) then e1 and 
e2 are interpreted as separate actions in the instance theory of A whereas 
E(a) is interpreted in the theory of the { A, B1, B2 } subsystem and then 
synchronised with e1 and e2 via an axiom of the form 

E(a) => a.e1 V a.e2 

Filters More generally, events are of the form E(p(F]), where the parameter 
p is a list of object or value parameters and the filter F is a predicate involving 
the parameters, self and the class constants. Object instances that satisfy 
the filter will undergo the corresponding transition (depending on their state 
and precondition), whereas objects for which a filter fails to hold ignore the 
associated event 

E(p(F]) => ('r/ a E @A • a.F => a.e1 V a.e2) 
Here a.F is F with a substituted for self. For example, in the default case, 

where F is p = self, then a.F is p = a and we regain the simpler condition 
above. 

Note that when an event is not listed for a statechart, we require the event 
to go undetected by the object (rather than be blocked). In order to ensure 
this, we interpret unlisted events as having a filter of false. 
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Interpreting preconditions Preconditions in the essential model are intended 
to specify that certain transitions "cannot occur" in given circumstances. Thus 
we interpret preconditions as (blocking) guards which prevent execution of the 
transition they annotate. Consider the transition et[P]/Q from state B1 to 
state B2. We define a permission axiom in the instance theory 

e1 ~p 
which expresses that e1 can only occur when P holds. 
Note, that this interpretation prevents preconditions from being weakened 

in refinement, that is, such transformations do not yield theory extensions. 
Thus subtyping form 5 of Chapter 8 of Cook and Daniels (1994) (weakening 
preconditions) is not valid in essential models. (In specification models, on 
the other hand, preconditions are to be interpreted as assumptions: any be
haviour is valid if a transition is executed when its precondition is false. So 
preconditions can be weakened in specification models.) 

At the class level, each transition is also guarded by the state from which 
it occurs, for example, we have 

a.e1 ~aE B1 

Postconditions Postconditions are expressed in terms of the change between 
attribute values of the current state and those after the transition. Modifica
tions to associations which result from postconditions defining a change to 
one end only are assumed to be made explicit in the postcondition. 

For the above transition with postcondition, Q, we have the state-transition 
axiom 

e1 ~Q 
where Q is a predicate in attribute symbols ft and f{ and we replace f{ with 

Qfi in Q. 
At the class level, the event additionally moves the targeted instances to 

state B2 
a.e1 ~a E OB2 

Synchronous time and single threading for instances Syntropy assumes 
that external events are totally ordered and that the system responds instan
taneously to them corresponding approximately to supersteps in Statecharts 
under the synchronous model of time. The condition that no two external 
events cannot co-occur is rather awkward to formalise requiring the asser
tion of pairswise exclusivity between all external events. This can, of course, 
only be given at the level of the entire specification, once a closed system is 
assumed. 

As there are no generated events in essential models, it is possible to assert 
that distinct transitions cannot occur for the same object in a single time 
interval ( disjointness axioms for transitions) 

..., (a.e1 1\ a.e2) 
where e1 and e2 are distinct transitions. (In specification models on the 

other hand, generated events can lead to race conditions. Unlike Statecharts, 
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where this possibility is allowed and leads to non-determinism, Syntropy stip
ulates that such specifications are incorrect.) 

4.2 Orthogonal state machines 

Syntropy allows non-interfering concurrency to be specificed via orthogonal 
statecharts as in Figure 8. The state space is now the cartesian product of 
the spaces indicated by the two statechart components. For example, there 
are four states defined in the example: (Bt, Ct), (Bt, C2), (B2, Cl), (B2, C2). 
Several possibilities for synchronisation arise: the separate event lists act as 
another form of filter. When an event which appears in both event lists oc
curs, both state components must undergo a corresponding state transition 
as permitted by the filters and preconditions in the corresponding component 
diagram. If the event appears in one list only, the other component ignores 
the event as if it were filtered out. 

To interpret the orthogonal statechart components, we simply consider each 
component separately. The treatment of unlisted events ensures that the cor
rect behaviour is specified when events are listed in only some components 
(see Section 5.1). 
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Figure 8 Orthogonal Statechart components. 

5 EXAMPLE 

We now illustrate the approach described above by applying it to a simple 
example taken from Cook and Daniels (1994). A type view diagram and stat
echart for a bottling plant are depicted in Figure 9. The class Bottle has 
two attributes giving its capacity and contents. Two dynamic subtypes are 
defined. A bottle is Empty when its capacity is greater than its contents 
and Full when its contents exceed its capacity. (These conditions can easily 
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be formalised by giving invariants on the subtypes. The preservation of the 
invariant by each local action then becomes a useful validation proof for the 
specification.) 

Bottle 

capacity:N 

content:N 

~~ 

J 
V Empty v 

(a) 

J 
Full 

squirt(n)(content + n <capacity) 

Events 
squirt(b:Boule, n:N) I (content' =content+ n) 
cap(b:Boule) 

Creation 
(c:N) I (content' = 0 A capacity' =c) 

(b) 

Figure 9 State types and statechart for Bottle example. 

The type view diagram is interpreted via three instance theories, one for the 
Bottle class and one each for the subtypes Empty and Full, although in this 
case the instance theories for the subtypes are trivial. A class manager theory 
is defined for each of these classes and a theory for each of the two sub typing 
associations. These are brought together via the constructions described in 
Sections 2 and 3. Details can be found in the appendix. 

Actions are defined in the instance theory for bottles for each transition 
in the statechart. Events are interpreted in the theory of the system and 
synchronised with the instance actions. For example, squirt is interpreted as 
two actions squirt1(n) and squirt2(n) in the instance theory of bottle and 
an event Squirt(b, n) in the theory for the entire bottle subsystem. 

We obtain the following axioms in the Bottle Instance theory, BI 
squirtt(n) :::::} cont + n ~ capy 
squirt2(n):::::} cont + n < capy 
squirt1(n):::::} Qcont = cont + n 
squirt2(n):::::} Qcont = cont + n 

In the theory of the Bottle-Empty subsystem we obtain 
b.squirtt(n) :::::} b E Empty 
b.squirtt(n) :::::} b ¢ QEmpty 
b.squirt2(n):::::} bE Empty 
b.squirt2(n) :::::} b E QEmpty 

and in the theory of the Bottle-Full subsystem we obtain, for example, 
b.squirtt(n) :::::} b E QFull 
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The action for the system event Squirt(b, n) is defined in the theory of the 
whole Bottle subsystem and synchronised with the instance actions via 

Squirt(b, n) ~ b.squirt1(n) V b.squirt2(n) 
Note that the preconditions for the squirt transitions ensure that exactly 

one of these occurs. 
One can now derive properties involving other system actions, for example, 

it is straightforward to prove that 
Squirt(b, n) A b.cont + n 2: b.capy ~ killEmpty(b) A createFun(b) 

5.1 Orthogonal Statecharts 

The Bottling Plant statechart is now extended by an orthogonal component 
which describes the motion of the bottles (Figure 10.) 

Bottle 

Events 
squirt(b:Bottle, n:N) I (content'=content + n) 
cap(b:Bottle I 

Creation 
(c:N) I [content'= 0 A capacity'= c) 

Events 
squirt(b:Bottle, n:N) 
clamp(b:Bottle) 
unclamp(b:Boule) 

Figure 10 Orthogonal concurrency in bottling plant example. 

The new events represent the motion of the bottles. Bottles are either mov
ing or stopped and clamping and unclamping actions mark the change between 
these states. A bottle can only be filled (via squirt events) when it is stopped. 

The synchronisation between the two halves of the statechart is through 
the squirt operation. The appearance of squirt on the right hand side of the 
statechart is interpreted as a third transition, squirt3, in the instance theory, 
and signifies that squirt can only occur when the bottle is stopped. (The 
fact that cap does not appear on the right hand side means that, rather 
unrealistically, a bottle can be capped whether moving or stopped.) 

The concurrent composition of statecharts is modelled by the disjoint sum 
of theories. The default treatment of filters, where a single parameter of class 
Bottle is presented in the textual part and indicates the instance to which the 
event is directed, ensures the correct synchronisation. Squirt(b, n) can only 
occur if precondition for one of squirt1 or squirt2 and the precondition of 
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squirt3 hold. When more complex filters are used the axiomatisation is less 
straightforward and has to be undertaken in the class theory. 

6 CONCLUSIONS AND FURTHER WORK 

We have formalised some aspects of class diagrams and statecharts as used 
in the "Syntropy" method of Object Oriented Analysis and Design. We have 
shown that a formal and modular semantics can be given to Syntropy essen
tial models and developed an orthogonal interpretation of various types of 
association. We found that subtyping reduces to a particular combination of 
cardinality and lifetime constraints. 

We explored the relationship between the presentation of theories of objects 
using temporal conditions on actions and their presentation using constraints 
on states and state transitions. In particular, the availability of temporal oper
ators yields a choice between axioms that define the required traces of actions 
and axioms that define the relationship between actions and attributes. The 
style adopted here has been to define axioms describing the preconditions and 
postconditions of actions in terms of the attributes. This gives a style of spec
ification very similar to that of model-oriented formalisms such as VDM and 
z. 

In interpreting Statecharts, we distinguished between local actions for in
stance state transitions and system actions for events. We adopted a style of 
axiomatisation where the local effect of actions is interpreted directly in terms 
of the local attributes and synchronisation between actions in different theo
ries is given implicitly by trans-theory constraints on attributes. Were theories 
to be executable, these implicit constraints would require implementation to 
ensure the synchronisations between actions of different classes. 

There remain many constructs in Syntropy that have not been addressed. 
Significantly, we have only interpreted essential models, some aspects of spec
ification and implementation models are similar, others would require further 
work. Within essential models, we have not attempted to formalise nested 
statecharts nor associations with attributes. Demonstrating the correctness 
of refinements between levels of model is not even addressed informally in 
Syntropy. 

On the whole, the syntax for "navigation expressions" used in Syntropy 
Statecharts corresponds to the expression language available as the theories 
are built up. However, Syntropy allows expressions in the diagrammatic part of 
statecharts which mention associations and hence could not be interpreted in 
the instance theory of the object class. Such expressions make the specification 
non compositional and would therefore have to be interpreted at the level of 
the appropriate subsystem. 

There are also some examples which cannot be systematically interpreted 
using the combination of instance and system theories described above. In 
particular, we have only treated the case where the events in the textual part 
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of the statechart take precisely one more parameter than the corresponding 
transitions in the diagrammatic part. The Syntropy source material also gives 
examples where this is not the case. For example, the events "TransferCon
tents" (p. 114), which switches the contents of two bottles, and "RadioButton" 
(p. 117), which switches off all other buttons when one is pressed, cannot be 
modelled in this way. 

In several examples, filters are used which depend on associated objects 
(rather than the class in question) and so would have to be interpreted at the 
system level. The usefulness of such "clever tricks" which make specifications 
concise but opaque is debatable. Such specifications would require a complex 
synchronisation of actions from the instance, class and association theories. 
It is hard to imagine how they could be interpreted systematically. 

The above two examples of the non-standard use of filters are both difficult 
to understand informally and hard to formalise. the present authors suggest 
that they are best avoided. 

The use of new in postconditions also requires special treatment as it in
troduces side-effects into the expression language. It is well known that such 
features complicate semantics considerably. 

The treatment of unborn and dead instances requires infinite colimit dia
grams. It is believed that these infinite colimits are well behaved because the 
morphisms are almost everywhere trivial, however, the underlying mathemat
ics for this does need to be rehearsed. 

The formalisation of diagrammatic notations as presented here is of benefit 
both as a means of making precise the meaning to the constructs involved and 
also to enable reasoning about specifications constructed. In practice, not only 
may one wish to give justifications of design decisions in terms of particular 
validation and verification criteria but also there may be some general purpose 
healthiness conditions which can be checked for any specification. A number of 
"rules" about correct specifications are given informally for Syntropy, it would 
be interesting to formalise these and to consider which can be checked auto
matically and which should be considered to be "proof obligations" requiring 
more sophisticated reasoning to discharge them. 
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APPENDIX: THEORIES FOR THE BOTTLING 
PLANT EXAMPLE 

Theory BI (Bottlelnstance) 

Extends t/J with 

Sig 
Atts capy: M 

cont :M 
Acts create : M 

squirt1: M 
squirt2: M 
cap 

Axs create(n) => Qcont = 0 A Qcapy = n 
squirt1(n) => cont + n ~ capy 
squirt2( n) => cont + n < capy 
squirt1(n) => Qcont = cont + n A Qcapy = capy 
squirt2(n) => Qcont = cont + n A Qcapy = capy 

The theories Full/nstance and Emptylnstance are empty. 

Theory (BM) BottleManager 

Extends t/J with 

Sig @B: IF@B 
Atts B 
Acts create : @B 

kill: @B 

Axs create(b) ~ b ft BAbE QB 
kill(b) ~ b E B A b ft QB 

We have chosen not to require no-rebirth. Empty Manager and FullManager 
are similar. 
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Theory (BC) Bottle Class 

Extends Bl, BM with 

Sig 
Atts 
Acts new: @B,N 

Axs b.new(n) <=> createaM(b) 1\ b.createa(n) 
kill(b) <=> b.cap 

Theory BE {Bottle-Empty Association) 

Extends BM, EM with 

Sig @B,@E 
Atts be : IF(®B, @E) 
Acts link: @B, @E 

unlink : @B, @E 

Axs link(b, e)<=> (b, e)¢ be 1\ (b, e) E Qbe 
unlink(b, e)<=> (b, e) E be 1\ (b, e)¢ Qbe 
link(b, e)=> b fl. dom be 
link(b, e) 1\ link(b, e') => e :f. e' 
linkc(b, e)=> e fl. ran be 
link(b, e) 1\ link(b', e)=> b :f. b' 

Theory BES (Bottle-Empty System) 

Extends BC, EC, BE with 

Sig 
Atts 
Acts 

Axs link(b, e)=> bE OB 1\ e E OE 
e.createEM <=> e fl. ran be 1\ e E ran Qbe 
e.killEM <=> e E ran be 1\ e fl. ran Qbe 
link(b, e)=> e ¢ E 1\ e E OE 
unlink(b, e)=> e E E 1\ e ¢ OE 
link(b, e)<=> b = e 1\ e fl. E 1\ e E OE 
unlink(b,e) <=> b = e 1\ e E E 1\ e fl. QE 
b.squirt1(n) => b E Empty 
b.squirt2(n) =>bE Empty 
b.squirt2(n) => b E QEmpty 
b.squirt1(n) => b fl. QEmpty 
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Similar theories are defined for Bottle-Full Association (BF) and Bottle-Full 
System (BFS). The Bottle-Empty System and Bottle-Full System are brought 
together into Bottle-Empty-Full System (BEFS) 

Theory {BEFS) Bottle-Empty-Full System 

Extends BES, BFS with 

Sig 
Atts 
Acts 

Axs B=EUF 
EnF=ifo 
Squirt(b, n) => b.squirt1(n) V b.squirt2(n) 

The composition of the whole system is depicted in Figure 11. 
Notes: 

e The base theory tfo is assumed to define the primitive sorts and constants 
of the specification language such as N and Ill 

e The extends component names any theory which embeds into this and 
gives any renamings (not shown) established by the morphism 

e When a symbol is embedded into a theory by more than one route with 
different renamings a separate copy is required for each embedding. (If the 
renamings are equal then only one copy is produced.) 
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