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Abstract 
In CAD systems sculptured shapes are adequately represented by B-splines. For a pure 
geomet1ical approach, however, a large number of mathematical degrees of freedom is required 
to control the global behavior of a complex shape. Therefore, it is difficult to design sculptured 
and freefmm sm1'aces with a CAD system that relies solely on a B-spline geometdcal approach. 
In this paper, an alternative intuitive approach based on physical qualitative behavior in 
conjunction with the B-Spline Finite Element method (BSFE) is proposed in order to reduce the 
complexity of the problem. 

Moreover, in most existing CAD systems, geometlical design and mechanical analysis are 
operated as completely separate modules. Intensive interaction between these stages is, 
however, highly desired due to the iterative nature of a typical product development process. 
For example. the geometrical shape may have to be redesigned to satisfy special constraints 
resulting from analysis. In such a case, conversion to the original design geometry 
representation is needed before the results of the analysis can be implemented. Therefore, using 
the same geometrical representation (B-spline) and the same technique (BSFE) for design, 
analysis, and optimization is advantageous. 

This paper extensively discusses the int1uence of the inherent properties of B-spline FE on 
the physically based model. These B-spline properties include uniform spacing (UBS) or non
unifmm spacing (NUBS) of knot vectors and number and degree of the B-spline function. The 
paper considers how these properties behave as shape controllers in the design and analysis 
process. Several examples of sculptured surfaces designed using the proposed physically based 
module are provided. 
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1. INTRODUCTION 

Most conventional approaches for designing free form and sculptured parts are highly 
dependent on their geometrical representation. As demands for system tlexibility increase, more 
and more geometrical parameters (e.g., control points and knot vectors) must be set and 
adjusted in order to specify a shape. Consequently, the intluence of each parameter on the 
global behavior of the curve becomes obscured and, of course, not intuitive. This lack of 
intuitiveness makes designing shapes such as curves and surfaces very difficult and 
complicated. That is, in order to control local and global behavior, hundreds or even thousands 
of points or geometrical parameters must be set locally and incrementally. Frequently, shape 
variation becomes ambiguous (Terzopoulos and Qin, 1994). 

Consequently, physically based methods have been proposed by various researchers 
(Terzopoulos et al, 1987; Cavendish, 1995; Welch and Witkin, 1992; Celniker and Gossard, 
1991; Platt, 1992) to overcome this difficulty and tinct more intuitive and convenient techniques 
for designing curves and surfaces. This physically based approach provides an option for 
deforming a shape through a few simple 'physical' operations. Thus, simulating everyday 
physical phenomena, such as 'bending', 'twisting' or 'deforming' a curve, seems to be the 
right approach for specifying overall geometrical characteristics and behavior controlled by 
physical laws. 

One of the most popular approaches for representing sculptured and curved models in 
Computer Aided Design is the B-spline representation. Due to their intrinsic properties, B
splines provide t1exibility in the primary geometrical design stage as well as in the modification 
stage (Farin, 199~; Bartels et al, 1987). 

In engineering analysis, the finite element method (FEM) is the most common and versatile 
method applied for solving mechanical models (Babuska and Szabo, 1991; Zienkiewicz and 
Taylor, 1989). Relatively few attempts (Davies, 1977; Schramm and Pilkey, 1993) to use 
B-spline functions for tinite element analysis are found in the literature. Most of these attempts 
focus on the physical problem itself. 

In this paper, a B-spline finite element scheme is proposed to formulate and numerically 
compute the mechanical model both for design and for analysis. For design, the proposed B
spline FE approach is based on several stages. First, a sculptured surface is defined as a plate. 
This physically based surface is defmmed according to intemal forces which are dictated by its 
elastic properties and by external distributed forces defined by the user. Next, the sutface is 
approximated by a B-spline finite element mesh. Then, deformation is calculated by solving 
partial differential equations subject to boundary conditions. A variable force is added to the 
design module, resulting in a family of deformable smi'aces within some tolerance. The user 
can then choose the surface that best fits design specifications, and the constructed surface can 
he transferred directly to the analysis stage. 

This structure provides three important advantages: (1) The physical model is intuitive. 
(2) The proposed system integrates concepts of mechanically based CAGD and mechanical 
analysis in a uniform B-spline finite element (BSFE) environment. Therefore, complex 
geometrical models which include non-linear constraints can be handled effectively. (3) The 
geometrical B-spline representation is used hoth for design and for analysis, and its inherent 
properties are utilized. 

In this paper, a B-spline finite element method is explored in detail. Inherent method 
attributes such as polynomial degree, number of functions and knot sequence based on intrinsic 
properties of B-spline functions are investigated for the first time (Kagan et al, 1996a). 

2. PHYSICALLY BASED APPROACH 

An overview of geometrical design concepts recently implemented in engineering leads to the 
conclusion that CAGD systems lack t1exihility and that designers are still forced to work with 
real physical objects such as clay and plasticine prototypes. Therefore, constmction of a CAGD 
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system that relies on designer intuition seems, at least partially, to narrow the existing gap 
between science and art. Furthermore, introduction of physical phenomena, such as 'bending', 
'twisting' or, generally, 'deforming' an object, into CAGD methodology seems to he the 
proper choice for specifying geometrical characteristics of the product. This concept serves as 
the motivation to base geometrical design on a mechanical model. 

The proposed CAD system, as shown in Figure I, consists of the same major modules as in 
previous systems: a geometrical design module and an analysis module. In the geometrical 
design stage, a mechanical model is used to represent the design object for shape development 
purposes. As is emphasized by Kagan et al (1996b), direct use of a mechanical model 
eliminates the need for complicated artificial adjustment of scheme parameters and makes the 
design process more llexible. It is important to emphasize that the design-oriented model does 
not have to possess the physical properties of the real product. While the real object may be a 
plastic telephone body, a suitable mechanical model for geometrical design purposes may be 
that of a general elastic mate1ial. 

CAD INTERFACE 

-I Dcfmmations I I Manipulations I 
~ 

PHYSICALLY BASED 
MODEL 

(Design Model }- .. 1 Analysis Model ) 

I I 

B-spline Finite Element 

' GEOMETRICAL MODELLER 

( B-spline Representation ) 
Figure 1 A continuous system: the relationship between the CAD interface, the physically 
based model and the geomctlical representation. 

In the proposed system, the design process may he separated into several steps leading to a 
product development algorithm. In the first stage, the initial configuration of the object is 
defined. Then, the appropriate geometrical and mechanical boundary conditions are imposed 
upon the object. Next, the material of the design oriented model (not of the real product) is 
chosen according to designer intuition. Enally, design forces are 'applied' to the body, 
followed by solution of the relevant equations. In other words, the design tools include 
artificial object material, design forces and geomcuical constraints. 

The general idea of the BSFE approach is to use the weighted-residual method to solve the 
problem over a representative domain called finite element. Choice of the element mesh is 
dictated by certain features of the problem, such as geometrical characteristics or material 
properties. Then, the variables are assumed to possess series expansions in terms of a specified 
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set of base functions. In the case of BSFE method, B-spline functions constitute this functional 
space. Through the B-spline finite element method, the geometrical design and mechanical 
analysis modules can be unified in a single CAD model. Substitution of the expansions into the 
governing weighted-residual equations leads to a system of algebraic equations from which the 
series coefficients are calculated. Assembly of the elements into a complete domain and 
consequent solution of the resulting algebraic equations is the final step towards solving the 
problem. 

3 ADVANTAGES OF THE APPROACH 

The main advantage of the proposed model is its predictable behavior under applied forces and 
geometrical constraints. Consequently, for the geometrical design of a curve or a surface, 
model restrictions are ignored, and the curve or the surface is assumed to behave as a linear 
elastic rod or plate in Cattesian directions, for large displacements as well. 

An important feature of the proposed system is that the same solution method, B-spline 
.finite element, is equally and optimally applicable in both the geometrical design and the 
mechanical analysis stages. Since a mechanically based design approach is taken, the CAGD 
problem is effectively converted into a mechanical problem. The complexity of this problem 
may differ from one design mien ted model to another. The solution method, however, remains 
the same BSFE. Moreover, should the design-oriented and analysis-oriented models coincide, 
only one solution per iteration would be required for both design and analysis purposes. 

Moreover, regarding the complexity of the proposed system, unifmm mathematical B-spline 
representation of the design object is used in both the design and the analysis stages. The 
results achieved by the proposed techniques indicate that the B-spline finite element scheme is 
at least as good as the conventional FEM. Moreover, it has several superior characteristics due 
to the inherent properties of 8-spline functions. For example, solution approximation can be 
refined by increasing the number of B-spline functions per element or by changing the knot 
vector sequence without changing the number of degrees of freedom involved. 

4 SURFACE DESIGN 

In this section, several simple examples of a 3D surface design illustrating the process 
intuitiveness are presented. Figures 2, 3. 4 demonstrate surface behavior under applied forces 
of different magnitude and direction. 

Figure 2 Force magnitude and direction effect. 
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Figure 3 Force magnitude and direction effect. 

F 

Figure 4 Force magnitude and direction effect. 

5 BSFE EXPLORATION 

In this section, results of the numerical study of the B-spline finite clement method are 
presented. Unique scheme attributes based on intrinsic properties of B-spline functions are 
investigated in detail. In this stage, the technique has been explored on a simply suppmted rod 
model and polynomially distributed forcef(u). 



134 Pan Three Geometric Design 

5.1 B-spline refinement 

Figure 5 clearly demonstrates that as the number of B-spline functions in the elementwise 
expansion increases, the solution converges algebraically at a rate proportional to the expansion 
degree p (n-refinement). Mathematically, this means that while increasing the number of 
B-spline functions n in the elementwise approximation, the infinite norm error asymptotically 
decreases proportionally to na with slope a depending on p. 

Two refinement techniques in a conventional FE scheme might seem similar ton-refinement: 
the local mesh h-retinement and the introduction of the hierarchical elements. Both of them are 
essentially different, however, since h-refinement requires insertion of additional finite 
elements by using the subdivision operator and the hierarchical shape functions imply 
increasing the approximation degree. n-refinement, on the other hand, consists of increasing 
the base function number in an elementwise expansion. As a result, a high degree of 
approximation continuity may be maintained while increasing the number of involved degrees 
of freedom. Simultaneously, the locality of a control point intluence is provided by the base 
function local support property. Furthermore, global mesh manipulations are applicable to 
BSFE as well as to any conventional finite element scheme. 

~ p=-2, a. =-3.56, -3.14 

g 1 o-> 
p=3, a. =-4.86, -4.19 

Q) 
E 
" p:4, a. =-6.84, -5.02 ,I; 

" .. 
E p=5, a. =-8.02, -6.70 

p=6, a. =-10.80, -6.99 

p=7, a =-12.74, -8.07 

, o-1' 

10° 101 
n 1cr 

Figure 5 Displacement ·n-convergence. The first a value is an average convergence rate, and 
the second a value is an asymptotic convergence rate. 
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5.2 Degree elevation 

An alternative way to increase solution precision is to elevate the B-spline expansion degree p. 
Results are presented in Figure 6. 

From a mathematical point of view, it can be seen that as the approximation degree p 
increases, the infinite norm error asymptotically decreases proportionally to ef3P, with slope P 
being a scheme and problem dependent parameter. This result is familiar from conventional 
tinite element analysis: p-version has proved to be very effective for treatment of problems with 
smooth solutions. 

p 

Figure 6 Displacement p-convergence. 

5.3 Knot sequence alternation 

'n:30 

n=40~ 

2 4 6 

p 

8 10 

Figure 7 illustrates another convergence charactetistic of BSFE based on the inttinsic properties 
of B-spline functions. The idea is to alternate the element knot vectors in order to improve 
solution accuracy without introduction of additional degrees of freedom. The default is to use 
the general case of uniform knot sequence. Through an adaptive process, however, it is 
possible to change the sequence and to improve the process. For example, we compared the 
accuracy of solutions, one obtained using uniform B-spline finite element (UBSFE) and the 
othei· using (nonunifonn) spectral B-spline finite element (SBSFE), i.e., the element with the 
knots located at the Gauss-Lobatto points. This compruison is illustrated in Figure 7. 
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Figure 7 Displacement k-convergence (quadratic element). 

It should be mentioned that a very simplitied and restricted fmm of k-retinement exists in some 
convcntional!inite element techni4ues. For the BSFE scheme, the approach is believed to be of 
much greater potential. Knot vector alternation does not affect the functional form of the 
approximation. Moreover, very few restrictions are imposed upon the knot location unlike the 
isoparamet1ic clement. Complete exploration of this property, in our opinion, requires further 
research. 

6 COMPARISON OF BSFE AND SE SCHEMES 

As part of this research, B-spline finite element method performance was compared to the 
spectral clement (SE) technique. This particular method has been chosen for comparison 
purposes since it has proved to be very effective for treatment of problems with smooth 
solutions (Zrahia and Bar-Yoseph, 1995). The BSFE solution possesses superior precision for 
all degrees of solution approximation. The reason for this supe1ior precision is believed to be in 
the higher degree of approximation continuity. No substantial difference is observed between 
low degree solutions for both schemes. 

No apparent difference in computational cost between the schemes was found. Although the 
resulting coefticient matrices may have different bandwidths, utilization of special algorithms 
leads to no substantial difference between CPU time consumption in both schemes. 

7 SUMMARY AND CONCLUSIONS 

1. A physically based approach that integrates a mechanically based CAGD module and a 
mechanical analysis module over a uniform B-spline finite element environment was 
introduced. The structure of the CAD system implementing this idea was presented. For 
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the CAGD module a mechanical approach is taken, making the design process independent 
of the mathematical representation and, therefore, intuitive. The proposed system was 
shown to allow for intensive interaction between design and analysis modules. 

2. The same solution method, B-spline finite element, is used for both geometrical design 
and mechanical analysis, leading to desired unification. When the design oriented and 
analysis oriented models coincide, only one solution per design iteration is required. 

3. The same mathematical B-spline representation of the design object is used for both 
geometrical design and mechanical analysis, eliminating the need for a conversion stage to 
communicate between the two modules. 

4. Convergence characteristics of the B-spline finite element were explored, as applied to 
a space curve design problem based on a linear Euler-Bemoulli rod model. It was shown 
that solution precision may be improved in several ways, based on inherent properties of 
the B-spline functions: 
(a) By increasing the number of B-spline base functions in the elementwise expansion 

(n-retinement). The convergence is at a degree-dependent rate. 
(b) By elevating the degree of the elementwise expansion (p-refinement). The 

convergence is exponential, with the rate asymptotically independent of the number 
of utilized base functions. 

(c) By alternating the knot vector without increasing the number of degrees of freedom 
involved (k-refinement). This procedure is believed to be of much greater potential 
than in conventional FEM, since, unlike the isoparametric elements, very few 
restrictions on the knot location exist. This issue seems to be worthy of further 
study. 

(d) Method adequacy was established through comparison with the spectral element 
method, as applied to a space curve geomet1ical design problem. The BSFE solution 
was found to have better precision with no substantial difference in convergence 
rates, except for the case of approximation with a low number of high-degree base 
functions. 

5. A typical surface design process was outlined and basic design examples were provided 
for regular surfaces, illustrating the intuitiveness and simplicity of design using the· 
proposed system. 

6. The issue of trimmed surfaces is still being researched, where a trimmed surface is 
considered as a collection of elements in which each element is defined over a regular 
parametiic space. 
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