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Abstract 
This paper revisits the classical model of ATM multiplexing. We exhibit 
an "exact" discrete-time model for the output queue of the switch, tak
ing into account all peculiarities of the hardware functions, especially all 
synchronization-related features. 

The model however happens to present a complexity proportional to both 
the queue size and the number of inputs. A batch arrival model can be built, 
where the dependency on the number of inputs disappears, and which we 
show to be equivalent to the previous one. 

The models are compared, in terms of cell loss probability and delay dis
tribution. Moreover, we address the issue of fairness, closely related with the 
synchronous nature of ATM multiplexes. 
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1 INTRODUCTION 

Statistical Multiplexing is certainly the basic paradigm of the ATM technique. 
Consider a given output link in a switch receiving M input links. Each input 
link carries VCs, some of which are to be switched to the output link under 
study. Since cells destinated to the link arrive at random, a queueing facility 
has to be provided in front of the outgoing link. The basic issue is then to di
mension the "output queue", and also to estimate the corresponding queueing 
delay. 

This very basic issue has already been dealt with (Minoli 1978, Louvion et. 
al. 1988, Gravey et. al. 1990, Cost224 1992, Bazanowski and Killat 1995) -
among others. Traditional studies assume more or less complex arrival pro
cesses. Assuming CBR connections, the multiplexing stage may be seen as a 
nD f D /1 queue (or L_ Di/ D /1 queue): see e.g. (Virtamo 1990). Actually, even 
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in case of strictly deterministic sources, the effect of jitter and previous multi
plexing allows the use of the Bernoulli process, while non-CBR sources ask for 
Markov Modulated processes taking account of correlations and "burstiness" 
of arrivals: see e.g. (Cost224 1992, Kouvatsos and Fretwell 1995). However, 
little work (if any), has been devoted to justify such models from details of 
the implementation. 

In this study, we take a microscopic view at the switching process, in order 
to try to justify or infirm classical models, and to build an "exact" model of 
multiplexing which takes into account the particularities of the hardware in
volved. Especially, our goal is to give a description of cell arrival and switching, 
at the physical level, from which the adequacy of the models can be discussed. 
Of particular importance is the asynchronism between incoming links, and the 
discrete-time nature of ATM technique. 

We show that, as far as queue dimensioning is concerned, the complexity 
of the resulting "exact" models (e.g., the "M*Geo/D/1/K" queue) can be 
avoided by using an equivalent bulk arrival model. Moreover, the bulk model 
is shown to give accurate estimations of queueing delays. The bulk model 
divides by M the complexity of the initial exact model. 

Another related issue concerns the nature of the Quality of Service ( QoS) ac
tually offered to the flows. Especially, the influence of traffic imbalances in the 
multiplexing stage, which has been addressed in (Bazanowski and Killat 1995), 
and possible "unfairness" effects. Actually, we show that one consequence of 
the microscopic behaviour of the multiplexing scheme is to induce unfair ac
cess to the output buffer, even in case of balanced traffic configuration. In 
order to meet its QoS requirements, CAC procedures must take such effects 
into account. This also suggests the need of more precise definitions of the 
(cell-level) notions of Quality of Service. 

A last introductory remark. Since this study focuses on the consequences 
of microscopic hardware behaviours, the arrival processes by themselves are 
assumed Bernoulli. More sophisticated models would assume Markov Mod
ulated Bernoulli processes- see for instance (Kouvatsos and Fretwell 1995). 
Since we only intend to stress the consequences of the discrete-time nature of 
ATM multiplexing, the point is of no concern. 

The paper is organized as follows: Section 2 reviews the basic hardware 
(electronic) mechanisms which run in ATM switches in order to actually pro
cess incoming cells. The queueing models have to mimic, as far as possible, 
any peculiar phenomenon which could appear at this physical level. Section 
3 recalls the "classical" Geo/D/1/K queueing model, and then presents the 
"exact" M*Geo/D/1/K model, which describes all the synchronisation effects 
related with the discrete-time nature of ATM streams. Then, the equivalent 
batch arrival model is presented, of far less complexity. 

In Section 4 these models are compared, in terms of cell loss probability 
and of delay distribution. The comparison is complemented in Section 5 by 
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the analysis of an unfairness behaviour of multiplexing, which takes it origin 
in the static synchronism between input and output slots. 

Note that - as far as queueing models are concerned - this paper does 
not pretend in great originality. The Geo/D/1 and Geo/D/1/K has received 
much attention (Minoli 1978, Louvion et. al. 1988, Cost224 1992). The batch 
geometric queue is addressed in (Bazanowski and Killat 1995, Cost242 1996) 
in its infinite-queue version. Rather, we intend to focuse on the description 
of the actual switch behaviour at the physical level, and on the adequacy 
between the models and this description. 

2 BASIC HARDWARE MECHANISMS 

Basically, any switching architecture has to perform a few elementary func
tions. These are namely synchronizing the external binary flow with the local 
time reference, routing the recognized cell to the output destination (link), 
and buffering the cell to solve contention until it can be sent. 

While many structures can be (and actually have been) imagined to give 
satisfactory solutions to the above issues, it is believed that a conceptual 
switch may be described, in terms of these basic operations. In what follows 
the description is "vaguely" based upon the experimental switch designed in 
the framework of the PRELUDE experiment, see (Devault et. al. 1988). 

2.1 The cell arrival process 

The cell-level synchronization of the physical layer is of basic importance here. 
The ATM technique relies on the discrete-time nature of the cell emission 
process. Cells are of constant length, and an idle link keeps on sending "empty 
cells", which aim at maintaining a cell-level synchronization and allow to get 
rid of the effect of frequency shifts. 

Each of the input links carries binary signals, the frequency of which are 
under the control of the sending node, and the phase of which depends on 
such complex items as the distance, the temperature gradients, etc. 

Let us denote as Ll the cell emission time (on a 155 Mbit/s channel, this is 
around 2.7p,s). Strictly speaking, Ll depends on the link under study. However, 
one may regard it as constant, independent of the multiplex: any possible 
frequency difference is seen as a slow continuous phase drift. 

Let us assume for instance that the equipments in the network run clocks 
with the same nominal frequency and with a precision 8 I/ I ~ 10-7 • The 
corresponding Ll's are within the same range of relative precision 10-7 and 
it takes 107 Ll = 27s to observe a difference of 1 cell arrival between two 
multiplexes (in 27 s, multiplex a sends N cells while N + 1 are sent by b). 
This is of little concern, at cell level. 

Let us consider the ingoing multiplex m, the arrival process is as follows: 
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cells enter continuously a shift register. Once the cell is completely received, 
it is copyied in a single-cell buffer, waiting for being processed, so that the 
shift register may keep on receiving the following cell. 

The model of the cell arrival in the single-cell input buffer is as follows: at 
times of the form t~ ( n) = T~ + nA, a cell may arrive from the ingoing link m. 
T~ is some constant epoch, depending on the link. It may be approximated 
as constant, although it varies continuously if local time is taken as reference, 
due to the above mentioned effects. The variation is however slow enough so 
as to be without noticeable effect (cf. the orders of magnitude above). 

2.2 The cell switching process 

According to the technical solution in use, the switching mechanism may vary. 
A canonical description of the switching operation is as follows: 

The switching process scans cyclically all ingoing links. Let M denote the 
number of input links. The process has to visit any link once every A seconds, 
devoting tif M to each link. We refer to these intervals as micro-slots. When 
visiting the ingoing link m, the process reads the cell in the single-cell buffer, 
if any, and processes it: update of the header, routing towards the output link, 
according to the routing table. 

The scan cycle and timing is under the control of the switch, and is indepen
dent of the ingoing link. So, cells arriving on link k are detected and switched 
at epochs t:n(n) = T:n, + nA, where T:n, is some constant delay accounting for 
the timing and ordering of the scan process. The cell waits in the buffer for 
a constant delay equal to T:n,- T~ > 0 (or T:n,- T~ +A, depending on the 
relative positions of the reference times). 

As a consequence, cells arrive in the output buffer as the superposition of 
theM discrete-time point processes { t:n}, m = 1· · · M. Possibly an additional 
processing delay has to be taken into account before cells are actually stored 
in the queue, this delay is independent of any traffic condition and may thus 
be ignored (or, equivalently, the definition of the T:n, takes it into account). 

2.3 The output process 

The automaton which runs on the output link has no timing relationship with 
the switching process which fills its output buffer. However, one may assume 
that the processes run exactly at the same speed, since they are under the 
control of the same local clock, but without any specified phase relation. 
The output process may thus be described as follows: at times of the form 
t 0 (n) = T 0 + nA, a slot begins on the link. H a cell is waiting in the buffer, it 
is sent during the slot. H the buffer is empty at that time, an "empty cell" is 
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generated and sent. Any cell arriving after the empty slot begins has to wait 
for the following one. 

The input links are assumed to be numbered so that the T:n 's are in ascend
ing order, m = 1 corresponding to the first possible arrival epoch following 
the beginning of the output link slot. 

Cell loss occurs as a cell tries to enter an already filled buffer. Since arrivals 
are scattered along the output slot, the problem of simultaneous events (an 
arrival and a departure) does not happen generally, except for cells coming 
from the (single) input multiplex which would be by chance synchronized with 
the output one (see e.g. Figure 2). In this case, only deep investigation into the 
switch specification could ascertain the actual ordering in which the events 
are processed. 

Figure 1 illustrates the global physical model of the switch. 

~ 
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MuxM-~~_/'1 +---S 

Mux 1 

Mux2 

M1 
2 

M2 19 

s 

Figure 1 General scheme of switching and output multiplexing. 

Remark: An effect of the difference between frequencies has been omitted. 
H the local clock has a lower rate than the distant one, the input link is 
scanned too slowly to detect all incoming cells. Actually, empty slots help in 
correcting the phenomenon (avoiding cell loss). Empty cells are overwritten 
as they enter the input buffer, so that the effective arrival rate is less than the 
scanning rate. In the above example, at least one empty cell every 27 seconds 
is sufficient to rub out the influence of the phenomenon. 
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3 BASIC QUEUEING MODELS 

3.1 Assumptions and notations 

We use the following notations: 

• M is the number of input links of the switch. 
• arrivals are assumed to occur according to a Bernoulli process: each slot 

of each input link carries a cell destinated to the output with probability 
q. The load offered to the link is denoted asp= qM. Note that all input 
links carry the same load (balanced configuration). 

• K is the capacity of the output buffer. 

3.2 The usual Geo/D/1/K queue 

The first model takes into account the discrete-time nature of the input pro
cess. The time axis is divided in slots, corresponding to the epochs of possible 
arrivals in the output buffer. The slots are in fact the microslots defined in 
the previous section. 

The model assumes a work conserving server, so that the cell may be sent 
as soon as it enters the queue. So, the model ignores the synchronization at 
cell level of the output link. The service begins as soon as a cell is in the 
queue, and the service duration is of length A (i.e. M microslots). 

Simultaneity is an important feature of this model: a departure and an ar
rival may occur at the same microslot, and a choice has to be made according 
to the way the events are processed. In (Gravey et. al. 1992) the results of a 
comparison between the option "Arrivals First" (AF) and "Departure First" 
(DF) are presented. In the following, AF is assumed: "Arrivals see Depar
tures". 

Assuming a Bernoulli arrival process (a cell arrives at any microslot with 
fixed probability q), this is the discrete-time model usually refered to as 
Geo/D/1 (or Geo/D/1/K) (Minoli 1978, Louvion et. al. 1988, Gravey et. 
al. 1990, Cost224 1992) It is illustrated in Figure 2 a) which exhibits typical 
differences among the models. Assume a switch with M = 4 input links. Each 
input link is scanned once every A seconds. Note that the cells are represented 
as they enter the output buffer. According to our numbering assumption, cell 
u comes from input multiplex m = 3, v comes from m = 1, w comes again 
from m = 1, etc. The small vertical lines represent possible arrival epochs they 
are the microslots. Cells u and w (from links m = 3 and m = 1) are served 
immediately upon their arrival, according to the Geo/D/1 queue mechanism: 
the model is able to take into account the discrete aspect of the arrival process. 
The service duration is equal to M = 4 microslots. 

We prompt the reader to the references for a comprehensive analyse of the 
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model. See also (Cnet I994} where a time-efficient accurate numerical method 
is developped (allowing, e.g. loads greater than I). 

3.3 The microscopic "exact" model M*Geo/D/1/K 

In an "exact" model, the asynchronism between the arrivals and the service 
process is taken into account. The time axis is the superposition of the mi
croslots t:n ( n), m = I, · · · , M, corresponding to the arrival epochs, and of the 
slots t 0 ( n) defined by the output server, where beginning of service may occur. 
The server may be idle even if cells are queued. The model is illustrated in 
Figure 2 b). The small vertical lines are here superposed with large lines which 
refer to the slot boundaries of the outgoing link. Clearly, model (b) takes ac
count of the asynchronism between arrival and sending processes. Cells u and 
w have to wait until the next slot boundary to be processed, and consequently 
all cells are sent on outgoing slot boundaries only. 

Microslots are numbered from I to M, according to their position inside 
the slot. The analysis proceeds by describing the state of the system by a pair 
(k,m). I$ m $ M denotes the rank of the current microslot attached to the 
input link, and: 

• when the server is active k is the number of cells in the system. 
• when the server is idle, k $ 0, and -k has the same meaning as above. In 

this case, one has I k I$ min(M -I, K), since at most M cells may arrive 
while the server is idle. 

The state evolves from (.,m) to (.,m +I}, up to (.,M) where it goes back 
to (.,I} : slot boundary. The state goes from (k, M) to (k- I, I} if k > 0. H 
the server is idle, the state goes from (k < 0, M) to (lkl, I). Let P(k,m) denote 
the stationary probability of the state ( k, m). The general equation giving the 
distribution reads: 

P(k,m) = qP(k-l,m-1) +(I- q.lck<K}) P(k,m-1) • (I) 

The equation holds for I < m < M, -K < k < K, k =F 0. Displaying 
the complete set of equations (taking account of all boundary conditions) is 
beyond the size of this paper. See (Cnet I994), where a comprehensive analysis 
(focusing on numerical aspects of the solution) is given. 

The order of magnitude of the state space size is M x K. The equations 
are solved by a recurrence method. From the state probabilities, one derives 
the distribution (and the mean value} of the waiting time. A cell entering the 
queue in state (k, m) has to wait forM- k microslots and then fork full slots. 

The loss probability is obtained from the state probabilities: a cell is lost if 
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it arrives in front of a queue containing already K other cells. Let IT denote 
the loss probability: 

M M 

IT= L PK,m + L P-K,m·l(K::;M-1} · (2) 
m=l m=K+l 

u v W X 

~ ~ ~ ~ , I I 'I I I I I 't I I I' 
(a) Geo/D/1 Model 

u v j ~ 9utgoing link 
t t / slots 

t I I I I I I I I I I I I' I I 

w,x~ 

Bulk Lrival ModJ 

equivalent batch process 

1 

Figure 2 Models of multiplexing. a: the Geo/D/1 queue; b: M*Geo/D/1 
queue; c batch Bernoulli model. 

3.4 A bulk arrival model 

In the bulk arrival model, time is sliced in slots (t0 (n)) according to the output 
process. Arrivals occur in batches at times t0 (n)- e (i.e. just prior to the slot 
boundaries). The batch at t0 (n)- e gathers all individual cells arriving on the 
ingoing link during the microslots between t0 ( n -1) - e and t0 ( n) -e. Figure 2 
c) examplifies the model, which allows to "forget" microslots while conserving 
all the particularities of the discrete time multiplexing. Cell u is replaced by 
a batch of size 1 arriving just before the slot (and so is cell v on the following 
slot). Cells w, x correspond to the batch of size 2. One verifies easily that the 
service beginning epochs are strictly identical for models (b) and (c). 

The distribution of the batch sizes is given by the Binomial distribution: 

f(j) = P{ batch of size j} = ( ~ ) qi (1 - q)M-i . (3) 
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Departures occur at t 0 ( n ), so that "arrivals see departures": AF assumption, 
see (Gravey et. al. 1992). This is the condition under which the model is 
equivalent to M*GeofD/1/K, where "simultaneity" is of no concern. Let us 
denote as Ln the queue size at time t 0 (n)+e (just after arrivals and departures 
have been processed). Let On+l denote the size of the batch at t 0 (n+1). Then, 

Ln+l = min(Ln + On+l, K] - 1 if Ln > 0 

Ln+l = min(an+l, K] if Ln = 0 . 

(4) 

(5) 

The second equation deserves special attention. It corresponds to the case 
where arrivals occur during an idle slot. This is the only way to enter the 
state Ln = K. 

Let Pk be the steady-state probability of finding k customers in the system: 

Pk = lim P(Ln = k) . 
n-+oo 

(6) 

From the recurrence ( 4,5) the Chapman-Kolmogorov equations are easy to 
write down: 

k+l 

pk = Pof(k) + L f(k- j + 1)PJ o::;k:s;K-2 (7) 
j=l 

PK-1 = Pof(K- 1) + t, Pi (,:;_, /(k)) (8) 

PK = PoL f(j) (9) 
j?:_K 

K 
LPJ = 1. (10) 
j=O 

They are readily solved, using classical inversion. The state space is of size 
K + 1. The loss probability is given by conditioning on the available room at 
the slot boundary: 

II= ~ LPm L (m+j-K)f(j). 
q m j>K-m 

(11) 

One may derive another, more concise form for II by using a conservation 
argument: 1 - Po is the proportion of time the server is busy (recall that the 
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Pk's give the stationary distribution, according to {6)). This is equal to the 
ratio of entering cells, namely qM(1- TI). Thus: 

I1= 1 _1-Po. 
qM 

(12) 

Note that this form may not yield accurate results for very low figures (less 
than 10-10). In such cases, the direct expression {11) may be preferred. 

The distribution of waiting delays is obtained from the state probabilities 
as follows. 

Let 8 denote the sojourn time of an entering customer, measured in time 
slots. It depends on the position of the cell inside the bulk it belong to. Let 
h(j) denote the probability that the test customer belongs to a bulk of size 
j > 0: 

h(J.) __ j X f(j) . > 1 
3- ' qM 

where the f(j)'s are given by eqn 3. 
Conditioning on the queue length at the arrival: 

{13) 

P{ 8 = yiLi = k} = L P(8 = yiLi = k, batch size= j) x P{batch size= j}. 
j~l 

If k > 0 cells are already queued, the entering test cell has a sojourn time equal 
to y provided it occupies rank r = y - k + 1 in the batch, which occurs with 
the probability 1/ j (j is the batch size, the cell is equally likely to occupy any 
position). If the queue is empty upon the batch arrival, however the condition 
becomes r = y (this is because if the queue is not empty, one of the cells is 
being served and departs at the slot without causing any delay). At last, 

P{8 = y} = I ~ IT [ :E h(j) Po + :t 1\ x :E h(j)] y~M 
j~y 3 k=l j~y-k+l 3 

= !~IT [ L; P,.x L; h(j)] 
k~y-M+l j~y-k+l 3 

M<y<K 

P{8 = K} = _1_ L h(~) Po. {14) 
1- I1 ">K 3 J_ 

Recall that Pk gives the probability of finding { Li = k} at an arbitrary 
slot. For entering customers P{Li = k} = Pk/(1- TI), which explains the 
correcting term. 
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4 A COMPARISON OF THE MODELS 

We compare the models presented above, in terms of cell loss probability and 
delay. In all the examples, we assume M = 16 input links, unless otherwise 
specified. 

• Model (1) refers to the Geo/D/1/K model. 
• Model (2) refers to the "exact" M*Geo/D/1/K model. 
• Model (3) refers to the bulk Binom/D /1/K model. 

4.1 Comparison of loss ratios 

The first curve (Figure 3) displays the loss ratio as a function of the queue 
size, for an offered load p = 0.8. As usual, the results show the exponential 
decay of the loss with the size. This characterizes memory less inputs: see, e.g., 
(Cost224 1992). It takes around 5 more buffer positions to decrease the loss 
ratio by a factor of 10, for a load equal to 80%. 

The second curve illustrates the influence of the load (Figure 4). As in the 
first case, on can remark that the bulk model gives exactly the same figures 
as the "exact" one, while the Geo/D/1/K gives slightly optimistic results. 

4.2 Comparison of delays 

Figure 5 displays the mean waiting delay, as a function of the load. The same 
curves apply for K between 16 and 64. Since the loss probability remains quite 
low, the queue size has no visible influence on the mean delay. 

The discrepancy on mean values is around 0.5, that is half the slot size, as 
can be expected, since the batch model amounts at rounding off the delay to 
its lower integer value. 

The distributions depicted on Figure 6 are both step functions. However, 
in the exact case, the step has a size equal to the microslot, which is almost 
unnoticeable. For the batch model, the step is equal to the slot, that is M 
times higher. 

To summarize, all the figures confirm the accuracy of the batch model, 
as compared with the exact one. The description of the physical processes 
ascertains the validity of both models. As for the numerical comparison, the 
batch model provides a far more easy approach by reducing the size of the 
matrices to be processed by a factor M. 

The discrepancy in delay distributions is well explained by the rounding 
effect in the batch model. From a practical viewpoint, this effect is of no 
importance. 
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Figure 4 Loss Probability, vs Link Load 
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Figure 6 Comparison of the waiting time distributions (load = 0.8) 
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5 ON THE FAIRNESS OF ATM MULTIPLEXING 

The cyclic scan of input links produces some kind of unfairness due to the 
strict synchronism between multiplexes. Let us first consider for simplicity the 
usual case where K > M, so that PK = 0, according to the remark of Section 
3.4. Now, the exact scheme proceeds by scanning inputs in a given order. So, 
the "first" scan fired after the output slot (first microslot, according to the 
numbering defined) is such that with certainty an empty position exists in the 
output queue - since here PK = 0. 

So, the first input buffer to be scanned is guaranteed access to the output 
buffer, while the second one and the following ones may find the buffer full. 

Although the phenomenon should be studied from the M*Geo /D /1 /K model, 
we now proceed to derive the probabilities as seen by the input links from the 
solution of the bulk model, Let IIm denote the loss probability experienced 
by cells from the input link m. 

For the input link number 1, in the general case, one has: 

{15) 

For the link m, let us assume that the state was k {there are K- k idle 
positions in the buffer) at the last slot. The cell is rejected if K - k cells or 
more arrive from the m - 1 links which have already been scanned. So, 

{16) 

The expression is better estimated by recurrence. It comes: 

K-1 ( ) m -1 K-k m+k-K 
IIm+l = lim + L pk K- k- 1 q {1 - q) . 

k=K-m 

{17) 

Note that one has: 

{18) 

Figure 7 examplifies the phenomenon, for p = qM = 0.8 and forM= 8 or 
32. In each case, the curves display the maximum value {liM) and II2 (since, 
here, II1 = 0). The amplitude of the discrepancy increases with M, while the 
ratio liM /I12 happens to remain almost constant. Remark that this ratio is 
around M, so that its importance must not be discarded. 

As a consequence, a VC connection from an input link experiences a QoS 
depending on the rank of the link. However, the effect cannot be controlled, 
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since the numbering we have introduced is almost impossible to monitor. 
As a matter of fact, it depends on the synchronization pattern, and varies 
continuously. The variation is due to to all phase shifts and frequency drifts, 
which are seen as long term effects. 

For a connection settled for a long period, its loss ratio averaged on the 
whole connection duration (say, one hour) may as well approach the average 
value given by 11. The connection will however experience short term varia
tions in the loss ratio, for periods say around a few seconds or a few minutes, 
which can possibly result in serious QoS degradations. 

A conservative approach would be to set liM as a loss objective, which would 
possibly result in an underutilization of resources. Anyway, any discussion of 
these points, in terms of network engineering, imposes a clear agreement on 
the meaning of the cell loss criteria. 

~ 
:c 
tU ..c e 
ll. 
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(/) 

.9 

1 
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Figure 7 Comparison of Loss probabilities experienced by the input links 

6 CONCLUDING REMARKS 

In this paper, we have presented three different models for the basic issue 
of buffer dimensioning in the ATM multiplexer. A detailed analysis of the 
hardware operations the switch has to perform shows that the "exact" model 
is the so-called M*Geo/D /1/K queue, where each input link feeds the buffer at 
its own pace, and where the emptying process has no synchronization with the 
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input processes. The system may be analysed (under the usual memoryless 
properties for the ingoing flows}, but its (combinatorial} complexity raises 
numerical problems. 

A bulk arrival model is shown to give exactly the same results, in terms of 
loss probabilities, and is thus the good choice for dimensioning purposes. The 
discrepancies between the 2 models, concerning delay analysis, are shown to 
be of no importance (difference in the quantiles always less than a cell emission 
time). The complexity of the set of equations to be dealt with is however M 
times less than the exact one. Note that the results are presented for the 
finite-queue model, but the analysis of the infinite queue model is feasible 
too. Reference (Bazanowski and Killat 1995} presents such results. Appendix 
A shows how to relate the results from the infinite case to the finite one. 
It presents briefly a generating function approach which gives approximate 
solutions for the loss ratio. 

Another phenomenon related with the discrete-time nature of ATM traffic 
has been presented, which gives rise to an unfair access to the buffer. The 
phenomenon results in: 

• an unfair access and thus unequal cell loss ratios according to the link the 
Virtual Circuit belongs to, 

• an under-estimation of the actual cell loss ratio (II being less than liM) -
alternately, it questions the queue dimensioning process. 

Beyond these practical dimensioning aspects, this paper raises again the 
need of a comprehensive discrete-time theory, according to which all these 
behaviours could be described and understood. The unfairness phenomenon 
has to be taken into account in discrete-time systems, as well as the simul
taneity choices (Gravey et. al. 1992} or the effect of load imbalances presented 
in (Conway and Rosenberg 1996} and (Bazanowski and Killat 1995}. 
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Appendix A: Finite-capacity vs Infinite-capacity model 
The finite-capacity bulk model can be reconsidered by removing the con

straint on K. The infinite capacity model has been studied in (Bazanowski 
and Killat 1995) by quite another approach. 

In fact, one can link the two models by the following argument. First, the 
recurrence equation 7 holds for the infinite model as well, for the states 0 to 
K -1. That means that the state equations are the same for the two systems, 
for the ranks 0 to K - 2. Let us denote as Pi and P{ the state probability, 
respectively for the infinite and finite system. 

Remark now that a possible way to solve the set of equations would be to 
express directly P1 in terms of Po, then P2, etc. endind by using the normal
isation condition. In other words, one could get the following: 

Pk = f3kPo 
P/! = f3kP{ kS:K-1 

the f3k being the same for the 2 cases, so that the vectors {Po, P1, ... , PK -d 
and { P{, P{, ... , Pff _1 } are proportional. Let b stand for the proportionality 
factor, the normalization condition yields: 

OS:mS:K-1 (A.1) 



Microscopic models of ATM multiplexing 419 

P/f = bPo L f(j) (A.2) 
j'?_K 

b = 1 
(A.3) 

As long as the maximum bulk size remains lower than K, which ought to 
be the usual case, Pff = 0 and b simplifies. Note too that for the infinite case, 
Po = 1 - qM. A little algebra gives the following for the loss probability: 

II= 1 - qM X (b -1). 
qM 

As long as II remains low, b- 1 "'I:m'?.K Pm: 

1-qD " II~ D x L...J Pm . 
q m'?_K 

(A.4) 

(A.5) 

This shows the error one makes in approximating the loss in the finite queue 
by the truncated distribution. 

Appendix B: Brief analysis of the infinite-capacity bulk model 

See (Cnet 1994) for the full proofs. The recurrence equation 4 applies as 
well to the infinite-capacity case. So does the solution, which is restricted to 
the equation 7- without the limitation on K. The equation can be given a 
more synthetic form, using the generating functions formalism. Let: 

F(z) = l:zkf(k) = (1-q+qz)M, 

P(z) = l:zkpk. 

Simple algebraic manipulations yield the following: 

P( ) = M(z -1)F(z) 
z q z- F(z) · (B.l) 

The denominator has a degree equal to M, and so has M complex roots, 
which we denote as (zi), with ZM = 1. The solution B.1 may be rewritten: 

(B.2) 
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where the ai are given by L'Hospital's rule: 

Zi(Zi - 1) 
ai = 1- F'(zi) · (B.3) 

Now, let z1 denote the root of smaller modulus. As n increases, the Pn's are 
given mainly by the z1 term in the developpment. 

An interesting application is to mix the above result with eqn. A.5: 

II ,..., 1- qM -K+l 
- qM z1 

(B.4) 

(B.5) 

The following table displays results obtained with M = 16, q = 0.05. It shows 
the accuracy of the approximation. 

K Loss, by eqn.ll 

10 .361375 w-2 

20 .367057 w-4 

30 .378106 w-6 

40 .389544 w-s 
50 .401279 w-10 

Approximate value (B.5) 

0.356782 w-2 

0.367987 w-4 

0.379543 w-6 

0.391463 w-s 
0.403757 w-10 
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