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Abstract 
In this paper, we explore the potential of applying sojourn-time analysis in 
QoS metrics specification and in CAC algorithm design for ATM networks. 
We propose using the probability a link overflow occurs during a connection's 
life as a measure of its QoS. Such sojourn-time based QoS metrics have big 
impacts on many network traffic management components, e.g., CAC and 
routing. A CAC policy is accordingly designed which guarantees the so spec
ified QoS for the entire life of each connection in the system. For a basic 
model, simple formulas are obtained for the estimate of the probability that 
a link overflow occurs within certain time interval. The analytical approach 
used and presented in the paper is a set of general results for estimating 
the probability distribution function and the mean of the sojourn-time of a 
Markov process being in a subset of its state space, which may correspond to 
a system's underload status. 
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1 INTRODUCTION 

The asynchronous transfer mode (ATM) is an emerging standard transfer 
mode for broadband integrated service digital networks (B-ISDN). An ATM 
network is expected to be multi-service and multi-quality-of-service since B
ISDN traffic is statistically heterogeneous (e.g. voice, video, data) requiring 
varied qualities of service (QoS) in terms of cell loss probability and/or cell 
delay. On one side, ATM has to be capable of offering high efficiency by 
integrating diverse services onto a common platform, on the other, it has to 
be able to meet varied and often very stringent QoS requirements. 

Call admission control (CAC) is a major component o£ an ATM network 
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for achieving the goal of both high efficiency and high qualities of service. 
It makes decisions in real time on whether to admit or block new arriving 
calls, i.e., sources, based on the sources' traffic characteristics, their QoS re
quirements and the temporal network conditions. In the following, we discuss 
three correlated issues that are the major concerns in designing an efficient 
call admission policy: 

The trafBc nature and its modeling. It is impossible to guarantee high 
quality of service if we don't know what the traffic will look like. It is also 
unlikely that we can design any efficient CAC algorithm if we cannot capture 
the nature of the traffic in models which are of certain degrees of accuracy 
and are easy to use. Characterizing and modeling various sources (real time 
video, LAN to LAN data, etc.) via experiments and analytical models has 
been a major research area for many years. Despite many recent progresses, 
still a lot remains unknown. 

The QoS metric specifications. Up to now, all the QoS metric speci
fications are based on the system's steady-state behavior. For instance, the 
meaning of a specified cell loss ratio of 10-9 for a video conference connection 
is long-term statistical, i.e., for a connection that lasts forever, there would 
be approximately one cell lost in every 109 cells, or, among a large number of 
connections from the same source, the average cell loss ratio is 10-9 • Note that 
none of these two explanations can tell the user about the cell loss ratio that 
a specific connection will actually experience in its entire life. Since cell losses 
tend to occur in clusters, many busy hours will have no cell loss whatsoever 
while an occasional busy hour will experience a cell loss ratio much higher 
than 10-9• In fact, steady-state behavior based QoS specifications provide 
convenient performance criteria for studying how the performance of ATM 
networks depends on different traffic characteristics. They are not necessarily 
sufficient, however, to define quality of service: the way cells are lost (the cell 
loss process) may have a significant impact on perceived quality of service. As 
was pointed out by the authors of COST 224(1992), the probability a cell loss 
occurs during a given period is a relevant measure of quality of service, there
fore, some system transient behavior based QoS metric specifications would 
be more meaningful from, at least, a user perspective. Lau and Li(1996) also 
discusses the necessity of sojourn-time based QoS metrics for real-time broad
band services and suggests considering a minimum requirement (specified in 
terms of percentile or average) on the length of non-blocking/no-loss period 
as one of them. 

The efBciency and easy-to-use of the CAC algorithm. This is a 
methodology issue and is apparently dependent on how the last two issues are 
addressed. A key goal is to keep things as simple as possible. To achieve this 
goal, approximation techniques are very often used in traffic and system mod
eling. Currently proposed CAC algorithms or bandwidth allocation policies 
fall into two categories. One is the effective bandwidth approach, and the other 
is based on real-time system evaluations. All these algorithms are designed 
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based on a system's steady-state assumption, as maybe partially a result of 
the standardization of the steady-state based QoS metrics. The effective band
width is a natural measure of a connection's bandwidth requirement relative 
to the desired QoS constraints, e.g., delay and/or cell loss experienced by a 
connection's cells. The CAC works by virtually assigning each connection its 
effective bandwidth and rejecting a connection request when the remained ca
pacity is less than the connection's effective bandwidth. In general, the same 
source with more stringent QoS requirement will demand a larger value of 
effective bandwidth from the network. But this does not mean that, once ad
mitted, this connection will actually receive higher quality of service, because 
there is no dedicated bandwidth assigned to it to guarantee that. In other 
words, the steady-state based CAC does not really guarantee the QoS at the 
individual connection level in real-time. 

This paper explores the potential of using sojourn-time analysis results 
in QoS metrics specification and in CAC algorithm design. We address the 
above issues by employing Markov models in traffic modeling, by proposing 
sojourn-time based QoS metric specifications to supplement long-term steady
state metrics and by using simple and accurate analytical formulas in efficient 
CAC algorithm design. Our analysis and presentation will be focused on a very 
useful unbuffered model, but the analytical approach and the idea of sojourn
time based QoS metrics and CAC apply (or can be extended) to more general 
models. 

The rest of the paper is organized as follows. The next section, in the con
text of a basic ATM multiplexer model, introduces the concept of sojourn-time 
based QoS metrics and sketches a CAC scheme that takes into account such 
QoS specifications from all connections. Since sojourn-time analysis is essen
tial to the application of these new concepts, in Section 3 we present some 
general results on the sojourn-time of a Markov process. This part is of inde
pendent interest and is applicable in designing other systems. In Section 4, for 
our basic model, the general results are applied to obtain simple formulas for 
estimating the link overflow probabilities. Efficient real-time computation is 
achieved for the designed CAC. Numerical examples are provided in Section 5 
to illustrate the new concepts and to show the accuracy and efficiency of the 
formulas. The paper is concluded in the Section 6 followed by the Appendix 
that contains the proof of an asymptotic result given in the formulas. 

2 SOJOURN-TIME BASED QOS AND CAC 

In the finite-source version of our model, an ATM link with transmission rate 
C (cells/second) is shared by heterogeneous, bursty sources which alternate 
between random periods in the "on" and the "oft" states. In the "on" state, 
a source emits cells at its peak rate, while in the "oft" state, it emits no 
cells. Assume there are J types of sources. For type j K; denotes the number 
of sources and d; its peak rate. Let N;(t) (5 K;) be the number of active 
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sources of type j being multiplexed at the link at timet and define N(t) = 
(Nt(t), N2(t), · · ·, NJ(t)). Then the aggregate of the J different source types 
represents the total load at the link at time t, which is 

J 

S(t) := Ld;N;(t). {1) 
i=l 

When the load exceeds the link rate, we say the link is overloaded and a link 
overflow occurs. We assume that a buffer is either not provided or is of a 
small size to accommodate simultaneous cell arrivals and to cope with cell 
delay variation. In this case, a link overflow is likely to result in cell losses 
for some sources. Denote by Be (i.e., the B complement) the subset of the 
state space S of N(t) containing all the states representing the status of a 

link overflow, i.e, for {nt,n2,··· ,nJ) E Be, Ef=l dini >C. Define 

rs = inf{t ~ 0: S(t) > 0}, (2) 

then r is the sojourn-time of N(t) in B, or equivalently the time until the first 
time a link overflow occurs from an arbitrary reference time point 0. And the 
probability a link overflow occurs before time T is 

(3) 

which is a function ofthe process N(t)'s initial phase N(O). Since when rs ~ T 
occurs any connection that is alive before time T may suffer from cell loss, it 
is desirable from a viewpoint of quality of service that the network maintains 
this probability under certain limit. This limit may vary with time and may be 
different for different connections when specified as a user QoS requirement. 
In the above model, for type j sources, this requirement can be specifically 
given as a pre-defined pair ( f.j ,T;) to mean 

(4) 

For example, a two-hour video conference call requiring the chance of any link 
overflow within its lifetime below 10-6, may specify {10-6 , 2hr). This type of 
QoS metrics is referred to as sojourn-time based (see also Lau and Li(1996)), 
as compared to existing steady-state based. In the above format, the system's 
initial phase N(O) has to be taken into account. This requires the control 
schemes to make observations on the transient link load status, which makes 
things complicated. An alternative is to take an average of PN(o) ( r ~ T) over 
the steady-state distribution 1r of N(t). Consequently, the QoS specification 
in ( 4) is modified as 

(5) 
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This is the approach we are taking in the paper. 

The above QoS requirement can be viewed as a constraint to the system 
on the length of non-blocking/no-loss period. The objective is to guarantee 
quality of service for a connection's entire life. Therefore, it is particularly 
meaningful to the sources with known holding-time statistics for which we can 
estimate the number of lossy periods they most likely encounter. In the model 
considered above, when a link overflow occurs, connected sources will suffer 
from cell loss in different degrees depending on their instantaneous activities. 
The link overflow probability is an upper bound for the connections' loss 
probabilities. This upper bound is tight for very active sources and not that 
tight for the idle ones. It is realized that there is no direct translation from 
the system blocking to the actual cell loss of each connection. 

When sojourn-time based QoS is introduced, traffic management elements 
(e.g., CAC and routing) should be designed accordingly to cope with the new 
situation. Here we outline a CAC scheme for the above model with an addi
tional assumption that the "on" and the "off" periods are independent and are 
exponentially distributed. So the the model becomes Markovian. Specifically, 
N(t) is a multi-dimensional Markov process and is reversible with respect to 
its steady-state distribution 1r. The CAC is to make a call admission decision 
to satisfy all connections' (including the new one's) sojourn-time based QoS 
requirements. Note that for the existing connections, it makes sense to only 
guarantee the quality of service for their remained life. Therefore, for these 
connections, Tj is changed to Tj- tj assuming tj is the elapsed time since 
the individual connection was made. This implies that the CAC needs some 
timing function or service. Real-time computation of type P1r(TB ~ Tj) for 
all sources is carried out to assess QoS performance. Since the new arrival 
is taken into account, in the model and the computation, Nj(t) is replaced 
by Nj(t) + 1. Hall QoS requirements can still be met, the new request will 
be admitted, otherwise, rejected. Some computation savings can be obtained 
when the sources in the same group have the same holding-time statistics, 
since in which case, computations need only be done for the connection with 
the longest residual life. 

In the next two sections, our focus will be on the computation of P1r ( TB ~ 
T), since the efficiency and ease of use of the CAC can only be achieved 
by the accurate and simple estimate of this probability. As will be seen in 
the next section, accurate bounds of the probability involving only two pa
rameters, ..\0 (B) and Gap, are available for general Markov models. For both 
homogeneous and heterogeneous cases of out model, simple formulas for their 
computation are presented in the followed section. These results show the 
potential of practical uses of the sojourn-time based QoS and CAC in real 
networks. 
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3 GENERAL RESULTS ON SOJOURN-TIME 

In this section, we present general analytical results on the sojourn-time of 
time-continuous Markov jump processes. Our discussion will be focused on 
the so-called time-reversible processes since these results are immediately ap
plicable to the previously established ATM CAC model. The readers may find 
more general results in Jscoe and McDonald(1994) and Qian(1996). 

Let (X,; t ~ 0) be an irreducible finite-state time-reversible Markov chain in 
continuous time. The state space is Sand the transition rate matrix (or the in
finitesimal generator) is -L = (q(i, j); i, j e S) where q(i, i) = - Ei7'' q(i, j). 
Let 1r be the stationary distribution. Because of the reversibility of the chain, 
the matrix L is symmetrizable and therefore only has real eigenvalues. Since 
the smallest positive eigenvalue is the distance between the eigenvalue 0 and 
the rest of the spectrum of L, it is called the gap and is denoted by Gap(L} 
or simply Gap. Let B be a proper non-empty subset of S and TB be the 
sojourn-time in B. Note that TB is also referred to as the first hitting time 
of Xt on Be (the complement of B). So 0 < E1rTB < oo. We are interested 
in the tail of the distribution of TB starting from the stationary distribution 
or P1r(rs > t). Let -LB be the transition rate matrix -L restricted to B 
and 0 <~(B)< ..\1(B) ::5 ..\2 (B) ::5 ···be eigenvalues of LB, then the exact 
solution of P1r(T.B > t) can be given as 

P1r(rs > t) = LCse-Ao(B)t, 
,~0 

(6) 

where ea are positive coefficients that can be determined by the correspond
ing eigenvectors of ..\,(B) and the stationary distribution. Apparently, it is not 
practical to use this expression for large systems. In most cases, we seek ap
proximation approaches such as asymptotics or bounds. The following general 
results on the mean of the sojourn-time rs and its probability distribution 
function P.(TB ::5 t) are found in Aldous and Brown(1993), Jscoe and Mc
Donald(1994) and Qian(1996). 

Lemma 1 For the sojourn-time rs defined above, the following inequalities 
provide upper and lower bounds over its probabUity distribution and its mean: 

( 1- ~(B)) e-.\o(B)t < P, (TB > t) < e-lo(B)t 
Gap - 1t - ' 

1 1 1 
~(B) - Gap ::5 E.rB ::5 ..\o(B). 

(7) 

(8) 

In Qian(1996), these results with additional negligible higher order terms are 
also obtained for general nonreversible Markov jump processes. Here ..\0 (B) 
and Gap are the only two parameters that need some computation. These 
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results are therefore easy to use since various methods are available to ob
tain bounds or estimates for these parameters. The Gap is such an important 
parameter since a strictly positive Gap makes the chain converge to station
arity exponentially fast. The following useful result regarding Gap(L) of a 
multi-dimensional Markov process is provided by Liggett(1989). Let -L be 
the generator of a vector Markov process whose components are independent 
Markov processes with generators - L~e and stationary distribution 'Irk. 

Lemma 2 Assume that the stationary distribution 1r of the vector process is 
the product of the 'IrA: 's, then 

Gap(L) = inf Gap(L~e)
k 

(9) 

Since .X0 (B) is the smallest eigenvalue of LB which is symmetrizable, stan
dard algorithms are available for its efficient calculation. The computational 
complexities of the algorithms are well understood. For small models with not 
too many sources, it is possible to use some of the algorithms in real-time. 

For large models, the following simple formula can be applied to estimate 
.XO(B) (see Qian(1996)). 

Lemma 3 Let f/Jo be the nonnegative eigenvector of LB coJTeSponding to the 
principal eigenvalue .Xo(B) such that EieB 4Ju(i)1r(i) = 1. Then 

.Xo(B) = L( L q(i,j))f/Ju(i)7r(i). (10) 
iEB jEBc 

This result is especially useful if the process has no long-range correlation, e.g. 
the birth and death process. In this case, the "kill~g" rates EjeBc q(i,j) are 
zero except at the boundary of B where they are just the birth rates. So this 
proposition says that .X0 (B) very much depends on the values ofthe stationary 
distribution and the eigenvector at the boundary of B. Therefore, capturing 
the boundary behavior of those values will help in estimating .Xo(B). 

Many teletraftic models that have applications in communications and com
puter systems, such as ATM and wireless communications, belong to the gen
eral class of continuous-time Markov jump processes. The loss or blocking 
problem arises in a system with shared resource may often be characterized 
by the first hitting time of a rarely-visited set (Be) of states of the modeling 
process. The results presented in this section are of general interest to the 
system analysts. 
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Figure 1 State transition diagram 

4 COMPUTATIONS IN CAC 

In this section, we address the computation problem involved in the CAC 
scheme designed in the second section. For both the homogeneous and the 
heterogeneous cases, simple formulas are obtained for efficiently calculating 
the estimate o£ the probability a link overflow occurs in a time interval corre
sponding to a connection's residual life. 

4.1 Homogeneous case 

The simple homogeneous case o£ our model is when all the sources are identical 
in terms o£ traffic characteristics as well as QoS requirements. Assume the 
peak rate o£ the sources is normalized to one and the link rate is devided by 
the peak rate. Denote by 01. and {j the transition rates from of£ to on and from 
on to of£ respectively. Let N be the total number o£ sources and N(t) be the 
number o£ sources in the system at timet. Then N(t) is a birth and death 
process on the state space S = {0, 1, 2, · · ·, N}. The transition diagram o£ this 
process is shown in Figure 1. It is known that N(t) in steady state has a 
binomial distribution: 

1r(k) = (~) pA:(1- p)N-A:, 

Q 

p = a+fl. 

Define B := {0, 1,2, · · ·, [C]} and TB = inf{t ~ 0: N(t) ~ [C] + 1}, we apply 
(7) to the link overflow probability, i.e., 

(11) 
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Easy computations of the values or the estimates of Gap and .\o(B) are es
sential in applying the bounds in real-time CAC. Simple formulas are given 
in the following two propositions. 

Proposition 1 In the homogeneous case of out model, for the generator - L 
of N(t), the gap between the smallest eigenvalue 0 and the rest of the spectrum 
is given by 

Gap(L) =a+ {J. (12) 

Proof Let .X be an eigenvalue of the generator -L of N(t) and q, be the 
corresponding right eigenvector. Then, for 0 ~ k ~ N, 

(.X+ (N- k)a + k{J)t/J(k) = (N- k)arp(k + 1) + k{Jt/J(k- 1). (13) 

Define the weighted generating function of q, as following 

N 

~(z) := L: rp(k)zk1r(k). 
k=O 

Multiply zk1r(k) on both sides of equation (13) and sum over k from 0 toN 
we get 

(.X+ Na)~(z) + ({J- a)z~'(z) = ({J- az2)~'(z) + Naz~(z). 

This is equivalent to 

~'(z) Na(z -1)- .X 
~(z) = az2 + ({J- a)z - {J 

A solution to this equation is 

Since q, is polynomial function, a!.B must be a non-negative integer. This 
implies that the eigenvalues of -L must be multiples of a+ {J, in particular, 
Gap(L) =a+ {J. • 

Proposition 2 Let 1r(B) = LiEB 1r(i), then the smallest positive eigenvalue 
.\o(B) of L8 has an upper bound as in the following. 

(14) 



208 Part Three Connection and Admission Control 

In addition, as N-+ oo and C-+ oo, 

~o(B) ""(N- [C])a ([~) _vk(1- p)N-[OJ. (15) 

Proof Applying Equation (10) in Lemma 3 to the birth and death process 
N(t), we immediately have 

~(B) = q([C], [C] + 1))1r([C])tPci([C]) 

= (N- [C])a ([~) _vk(1- p)N-[O]cPo([C]). 

In the following, we only prove the upper bound of~ (B) by showing r/Jo ([C]) < 
1j1r(B), and leave the proof of the asymptotic property to the Appendix at 
the end of the paper. Essentially what we explain there is the approximation 
of <Po ([ C]) "" 1 in the above equation. 

Since - L 8 is a bounded matrix, there exists a positive number M such 
that -L8 + MI is a positive matrix, where I is the identity matrix. By 
Perron-Frobenius theorem, this matrix has a maximum positive eigenvalue 
of multiplicity one associated with the positive right eigenvector p. Appar
ently, p is also an eigenvector for L 8 and is associated with the least positive 
eigenvalue, i.e., ~(B). Let <Po be p and normalized so that 

:E <Po(i)'ll"(i) = 1, (16) 
iEB 

then tPcl(i) ~ 0 for all i E B. Let tPo be extended such that tPci([C] + 1) = 
<Po(-1) = 0, then similar to Equation (13), for 0 ~ k ~ [C], 

-~o(B)<Po(k) = (N- k)a(<Po(k + 1)- r/Jo(k))- kf3(<Po(k)- <Po(k- 1)). 

Multiplying 1r(k) to both sides of the above equation, we obtain 

- ~o(B)1r(k)<Po(k) = (N- k)a'll"(k)(r/Jo(k + 1)- <Po(k))
k{31r(k)(tPcl(k) - tPcl(k- 1)) 

= (N- k)a1r(k)(tPc1(k + 1)- <Po(k))-
(N- k -1)ct'll"(k -1)(<Po(k)- <Po(k -1)), (17) 

here the following local balance equation of the reversible process is used 

k/31r(k) = (N- k- 1)ct'll"(k- 1). 
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In Equation (17), sum up both sides from k = 0, then 

lc 

-..\o(B) L 1r(i)¢o(i) = (N- k)a1r(k)(¢o(k + 1)- ¢o(k)). 
i=O 

Since Ao(B) > 0 and ¢o is positive, the left-hand side, and therefore the 
right-hand side, ofthe equation is less than 0. This implies that, for all k E B, 
t/Jo(k + 1) < ¢o(k), i.e., ¢o(k) is a strictly decreasing function of k. Especially 
we have, for k < [C), ¢o([C)) < t/Jo(k). Applying this in Equation (16), we 
obtain 

¢o((C)) = L: ¢o((C))1r(k)/1r(B) 
lcEB 

< L: ¢o(k)1r(k)/1r(B) 
lcEB 

= 1j1r(B). 

This completes the proof of the first part of the proposition. • 
It is important to note that, using the upper bound of ..\o{B) in the upper 

bound in the link overflow probability in (11), we get a conservative estimate. 
This can be seen from the fact that f(x) = 1- (1- x)e-zt is an increasing 
function of x when t > 0 and 0 < x < 1 (which is true for a well engineered 
link since E'/(T > 1/..\o(B)- 1/Gap). 

4.2 Heterogeneous case 

In the heterogeneous case, our model contains J different types of sources. 
N;(t) is the number of active sources of type j currently being multiplexed 
at the link at time t. The aggregate of the J different source 1pes repr&o 
sents the total load at the link at time t, which is S(t) := Lj=l d;N;(t). 
N(t) = (N.(t),N2(t), · · ·,NJ(t)) is a multi-dimensional reversible Markov 
process which takes values in the state spaceS= 81 x ~ x · · · x SJ with 
S, = {0, 1, · · ·, N,}, and has stationary distribution 1r given by) for n = 
(n1 ,~,···,nJ) E S, 

J 

1r(fi) = II ?ri(ni) (18) 
i=l 

where 
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Pi = 

1r• (r) = :E 1r(n). (19) 
nES:/(fE)=r 

Let B := {n e S: /(n) < C}, then the sojourn-time TB from an arbitrary 
reference time point 0 to the first time link overflow or cell loss occurs is 
TB = inf{t ~ 0: f(N(t)) e B}. We now present formulas for the computation 
of the two parameters Gap and ~o(B). 

Since the steady state distribution (18) has a product form, combining 
Equation (9) in Lemma 2 with the result (12) in Proposition 1 we obtain the 
following. 

Proposition 3 Jn the heterogeneous case of our model, for the generator - L 
of N(t), the gap between the smallest eigenvalue 0 and the rest of the spectrum 
is given by 

Gap= min{ a,+ p,,i = 1,2,· ·· ,J}. (20) 

Let cfJo(n) be the eigenvector corresponding to the principal eigenvalue 
~(B) and 

:E ¢o(n)1r(n) = 1. 
nEB 

Then, according to Equation (10) in Lemma 3, 

~(B) = :E :E q(n, m)cfJo(ii)1r(n). 
nEBmEBc 

Since N(t) is a multi-dimensional birth and death process, q(n, m) = 0 unless 
n = m ± Ji, where Ji are the basis vectors. Therefore, 

~(B) = L L (Ni - n,)ai¢o(ii)?r(ii). 
nEB i:f(n)S,O,f(n+6;)>0 

For the same reason as in the homogeneous case, we have: 

Proposition 4 Let 1r(B) = LnEB 1r(ii), then the smallest positive eigenvalue 
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~o(B) of LB has an upper bound as in the following. 

~(B) ~ ~ ~ (N,- n,)a,1r(ii)j1r(B). 
nEB i.:O-do</(n)~O 

In addition, if for all i, N, --+ oo and C--+ oo, then 

~(B) ,.... ~ ~ (N, - n,)a,7r(n). 
nEB i:O-tlo</(n)$0 

Before closing off this section, we make a few remarks on the accuracy of 
the bounds and approximations in order to qualitatively justify their use in 
real-time CAC. 
Remark 1. Both the lower bound and the upper bound given in (11) on the 
link overflow probability are tight. In fact, they are different in a factor of 
1 - ~(B)/Gap which is very close to L This is due to the fact that ~(B) 
has to be extremely small to have a large value of Ew(r) (see Lemma 1), a 
true fact in a well engineered system. Meanwhile, the values of Gap are known 
before hand. The minimum value of Gap can not be too small, at least not at 
the same order as ~(B). In addition, the upper bound of the link overflow 
probability provides conservative estimate when used with the upper bound 
on ~(B). 
Remark 2. Whenever appropriate, the model should be modified to reduce 
the number of underload states (see a numerical example later). This proce
dure may result in a small matrix LB, espesially when the link carries a small 
number of connections with medium to large values of peak rates (relative to 
link rate). Then the exact value of ~o(B) can be computed using well known 
standard algorithms. When a large number of small to medium connections 
are present, the asymptotics of ~o(B) would be accurate based on the asymp
totic property. Numerical examples shown in the following section provide 
additional evidence to this fact. 

5 NUMERICAL EXAMPLES 

To illustrate the sojourn-time based QoS concepts and to show the accu
racy of the formulas presented in the previous sections, we consider the fol
lowing model of a single connection type (i.e., the homogeneous case): link 
rate=45Mb/s, source peak rate=L5Mb/s and source activity p = O.L Let the 
burst length be the time unit and divide the link rate by the source peak 
rate. We leave the number of connections in the system as a variable to con
struct examples at different link utilizations. Using the notation introduced 
in early sections, we have C = 30, f3 = 1 and a= p/(1- p) = 0.11. Therefore, 
Gap= 1-1111. The matrix LB is of dimension 31 x 31, which is not too big 



212 Part Three Connection and Admission Control 

Table 1 Comparison of basic statistics. 

No. conn. Ao(B) A(j(B) 1-1r(B) EwT 

60 1.48E-14 1.67E-14 5.99E-16 6.74E13 
70 3.09E-12 3.64E-12 1.35E-13 3.23Ell 
80 2.06E-10 2.54E-12 9.85E-12 4.85E09 
90 6.24E-09 8.06E-09 3.26E-10 1.60E08 
100 1.05E-07 1.43E-07 6.05E-09 9.49E06 
110 1.13E-06 1.62E-06 7.18E-08 8.83E05 
120 8.51E-06 1.29E-05 5.99E-07 1.18E05 
130 4.77E-05 7.71E-05 3.75E-06 2.10E04 
140 2.09E-04 3.62E-04 1.85E-05 4.78E03 
150 7.43E-04 1.39E-03 7.49E-05 1.34E03 
160 2.21E-03 4.47E-03 2.56E-04 4.52E02 
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Figure 2 Comparison of exact eigenvaules and the upper bounds. 

for the standard algorithms to find exact eigenvalues. Table 1lists some basic 
statistics for the number of sources from 60 to 160. In this table, ~(B) and 
~(B) are respectively the exact eigenvaule and its upper bound computed 
from Proposition 2, 1 - 1r(B) is the link overflow probability in steady-state 
and E.,,.,.. is the mean time until the overflow occurs. From the Table 1 we 
see that the upper bound on ~(B) is tight. Note that it does not show the 
convergence to ~(B) as the number of connections increases. This is because 
the link rate is fixed. The tightness can also be seen in Figure 2 where the 
logarithm of the eigenvalues is plotted against the link utilization. In Figure 3 
and Figure 4, in the time interval of from 0 to 1200 bursts, we plotted the 
bounds (in logarithm)of the probability distribution functions for the number 
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of connections N = 60, N = 70 and up to N = 160, in a sequence of from 
bottom up. If the connection's QoS is specified as (10-4 , 600), i.e., the prob
ability of a link overflow occurs in 600 bursts is less than or equal to 10-4 , 
then only less than 100 connections could be accepted by the system. How
ever, it is interesting to note that the steady-state blocking probability is only 
6.05E-09 even when all 100 connections are in the system. This means that 
the requirement of guaranteeing QoS continuously for certain time is much 
more stringent than that of maintaining a long-term average QoS. 
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6 CONCLUSION 

This paper explores the potential of applying sojourn-time analysis in QoS 
metrics specification and in CAC algorithm design for ATM networks. It dis
cusses the necessity of using sojourn-time based QoS metrics and correspond
ing traffic control schemes to supplement existing steady-state based ones. 
Specifically, we propose using the probability a link overflow occurs during a 
connection's lifetime as a measure of its QoS. A CAC policy is sketched which 
is aimed at guaranteeing specified minimum link overflow for the entire life of 
each connection in the system. Applying these novel ideas, we are essentially 
able to implement a CAC scheme for a basic model, for which simple formu
las are obtained for estimating, in real-time, the probability a link overflow 
occurs within certain time interval. These results are accurate as shown by 
the theory and by the numerical examples. 

Also presented in the paper are some general results for estimating the prob
ability distribution function and the mean of the sojourn-time of a Markov 
process being in a subset of its state space. They can be applied to other areas 
such as congestion control or priority systems, and are therefore of indepen
dent interest. 
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7 APPENDIX 

The use of the approximations t/lo([C]) ,..,. 1 and 1r(B) ,..,. 1 in the Proposition 2 
is explained in this appendix. 

In the case of an infinite-source version of the homogeneous model, bursts 
arrive in a Poisson stream of a constant rate. The burst durations are in
dependent (and independent of the arrival process) and are exponentially 
distributed. Let a and 1/b respectively denote the arrival rate and the mean 
duration period, and also p = afb. In steady state, the superposed demand 
process N00(t) now has a Poisson(p) distribution, i.e., fork~ 0, 

It is well known that this model can be obtained as the Poisson limit of 
the finite-source model .. by making N -+ oo and p -+ 0 such that N p = p. 
Therefore, statistics of the infinite-source model are asymptotics of the same 
statistics of the finite-source model. For example, taking the limit of p -+ 0 
(same as a -+ 0) in Gap = a + {3 in the finite-source model, we obtain 
the Gap = {3 = b for the infinite-source model. Let i be the link rate and 
B = {0, 1, 2, · · · ,l - 1} be the set of underload states of the process N(t)oo
It is easy to see that 1r(B) ..w 1, as l -+ oo. We now prove ql(i - 1) ,..,. 1, as 
l-+ oo, where q,l. is the eigenvector of the principal eigenvalue .\o(i) := .\o(B) 
and is normalized so that q,/.(0) = 1. Proof Let (z,y),.. be the inner product 
of vectors z and y with respect to the distribution 1r restricted on B, and 
llzll~ = (z,z),.. then 

.\o(i) = (cPI.,LBq,t),..fllcP/.11! 
1.-l 

= ~ 2ll~ll~ [(q,t(k + 1)- q,t(k))2a + (cPI.(k- 1}- q,t(k))2 kb] 1r(k) 

/.-1 

= L(cPI.(k + 1}- q,l.(k))2a1r(k)/llt/JI.II!, (by reversibility) (21) 
A:=O 

where q,t is extended so that q,t ( l) = q,t ( -1) = 0. Since q,t ( k) is a decreasing 
function of k (same as in the proof of Proposition 2} and q,I.(O} = 1, we know 
that q,1. is uniformly bounded, i.e. q,t(k) ~ 1 for all k and i. In addition, 

1.-l 
llcP,_II! = I:<q,l.(k))2 < 1. 

A:=O 
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There£ ore 

where 1 is the vector with all its elements equal to 1. By a result in Qian(1996), 
we have 

(t/Jt, ls)~ .\o(i) 
1 ~ llt!Jlll~ ~ 1 - Gap(L) -+ 1, as l-+ oo 

since Gap(L) = b, and .X.,(i) ""'a1r(l-1)-+ 0 as can be seen in the expression 
below. Applying (10) we get 

L(l) _ (t/JI.,Ks)1f af/JI.(l-1)1r(l- 1) l 
~ - (q,l, ls)1r ""' lltPlll1r ' as -+ oo. 

So 

~(t)llt/J'-II! ""'t/Jt(t -1)llt/Jtll as t-+ oo 
a1r(l- 1) ffo · 

By (21) and t/Jl(t -1)llt/JI.IIff S 1, we conclude that there is a constant M such 
that, for llarge enough, 

and, as 1r(k) is decreasing in k after some large value, 

Since 1r(l- 2)/1r(l- 1) = (t -1)/>.-+ oo asl-+ oo, we have 

1.-2 

E<"'l.<k + 1> - "'l.(k))2 -+ o, as t-+ oo. 
r-oo 

So, uniformly for k = 0, 1, • • · , l - 2, 

lt/JI.(k + 1) - t/JI.(k)l -+ 0, as t-+ oo. 
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A1so 

~(~l(k + 1) - ~l(k))21r(l- 3) S ~(~l(k + 1) - ~l(k))2 1r(k) S M 
lli=O 1r(l- 1) lli=O 1r(l- 1) 

and 

w~-~-~ = w~-~-~~~ 

Finally, 

= ~(9'(k+ 1) _ ;l(k))r 

l-3 

S (l- 2) E<~l(k + 1) - ~l(k))2 (Cauchy-Schwarz) 
lli=O 

S (l- 2)M1r(l- 1) 
1r(l- 3) 

).2 

= M l-1 --+0, asl--+ 00. 

l~l(l-1) -11 S l~l(l-1)- ~l(l- 2)1 + l~l(l- 2) -11-+ O,asl--+ oo. 

We conclude that 

lim max l~l(k) - 11 = 0. • l-+coO;S;lll<l 
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