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Abstract 
The use of technology to facilitate algebraic learning has recently flourished. Using 
graphing technology, researchers have found that it becomes very natural to add 
visualisation to the standard algebraic techniques used in the mathematics curriculum. 
In particular, students utilising computer graphing have been found to solve more 
complex equations, even equations that do not admit an algebraic solution. The 
research literature also supports the enhancement of algebraic thinking in students 
through open-ended and exploratory activities that focus on applications, alternative 
representations of functions, and the use of graphing technology. This case study 
investigated a pre-service education course for prospective secondary school 
mathematics teachers which utilised activities, such as those described above, that 
were especially well facilitated through the use of graphing technology. 
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1 INTRODUCTION 

Studies of content and methods of teaching algebra have tended to emphasise the 
value of problem solving approaches, open-ended inquiry, and the allowance of ample 
time for the development of concepts, generalisations, and skills (Rachlin, 1987). 
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Alternative approaches for teaching algebraic functions, for example, those that focus 
on the relationships between tabular and graphical representations, have also received 
favourable reviews in the literature (Kaput, 1988; Ruthven, 1990). Other studies have 
concentrated on the development of the fundamental algebraic concepts of function 
and variable through explorations of problems while much of the graphing work is 
relegated to computing tools. These technologically enhanced approaches intend to 
place mathematical decision making in students' hands while engaging them in 
analysis of realistic problems (Kieran, 1992; Reid, 1990). In a teaching experiment 
Yerushalmy and Schwartz ( 1993) applied a corrective approach that enacted 
simultaneous, linked representations of functions to build understanding of algebraic 
entities. The researchers concluded that effective instruction should restructure the 
curricular emphasis in algebra and provide environments in which students can 
explore their understandings and test generalisations from these understandings. 

Overall, research on instruction in algebra has focused on didactic approaches that 
minimise the amount of symbolic manipulation and introduce algebraic situations in 
less abstract environments. A basis of these approaches consists of using hand-held 
and other graphic technology as an aid in learning algebraic representations, while 
another component often involves the recording of case studies of instruction in 
algebra that show the effective use of these technologies. 

2 THE CASE STUDY 

A series of case studies to investigate teacher preparation programmes for secondary 
school mathematics teachers from selected institutions in the USA was a basis of the 
current report. In particular, this report was based on one case study that explored an 
instructor's efforts to integrate graphing technology into students' pre-service teacher 
education programme in mathematics. The instructor in this case study was a 
professor at a four-year state university in which there is a programme that graduates 
approximately 15 secondary school mathematics teachers per year. The instructor's 
students in this case study were enrolled in a course in methods of teaching secondary 
school mathematics, and the instructor permitted two researchers to observe each of 
the class sessions during the entire term. The instructor was particularly concerned 
with instructional techniques in algebra since each student was student teaching in one 
or more algebra classes at local secondary schools. As a result, the instructor devoted 
considerable class time to alternative approaches for enhancing algebraic thinking and 
many of these approaches incorporated the use of graphing technology. 

After observing and taking notes during the instructor's classes, the researchers 
independently completed rating scales. At the conclusion of the course, those classes 
that received the highest ratings were analysed with respect to content and 
pedagogical approach. This report outlines the most highly rated algebraic activities 
among those observed. Subsequent analysis of the instructor's classroom activities 
showed that seven types of activities dealing with algebraic thinking were especially 
well facilitated through the use of graphing technology. 
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2.1 Identifying equations with their graphs 

In this activity the instructor displayed a co-ordinate grid showing parts of the graphs 
of three quadratic functions. Students were asked the following questions: (1) How 
many parabolas are displayed in the graph? (2) Which of the equations do not 
correspond to points in the graph? (3) What range of values for the graph would 
clearly show all four parabolas? The observers noted that new and unfamiliar aspects 
of algebra were apparent in the types of questions the instructor asked. Moreover, the 
students needed to use ingenuity and graphing technology skills to answer these 
questions. In a concluding summary of the lesson, the instructor noted that similar 
types of activities were helpful in reinforcing students' understanding of other types of 
algebraic graphs: rational expressions, piecewise functions, and transformations. The 
instructor's application of previously acquired knowledge to new and unfamiliar 
situations appeared to the observers to accentuate many essential components of 
algebraic thinking and problem solving. 

2.2 Fitting data to lines: the mile record 

In this activity the instructor presented a chart showing selected men's mile world 
records from 1865-1993. The chart indicated that the world record had dropped 
steadily. Using graphing technology students were asked to work in teams to graph 
the data (year and record time), find the equation of the line of best fit and graph this 
equation. Once equations of the line of best fit had been determined, the instructor 
asked the teams to use these equations in order to respond to the following: ( 1) Cole 
set a world record in 1981. Estimate this record time. (2) Bannister was the first to run 
the mile in under four minutes (3 minutes 59.4 seconds). Estimate the year of this 
record time. and (3) Assuming a linear trend continues, when might a 3:30 record be 
set? The instructor emphasised that there were several subtleties involved in algebraic 
solutions to these kinds of problems. Specifically, these related to the empirical nature 
of the discernible relationship, the assumption of steadily decreasing records, and 
physiological limits for such records. In viewing this activity the observers were 
impressed by the instructor's ability to make students aware of the preceding types of 
subtleties. Such awareness appeared to enable students to gain a better understanding 
of the algebraic modelling of practical problems. 

2.3 Fitting data to curves: Challenger failure data 

In a next class session, the instructor provided students with data from the Challenger 
space shuttle. These data, the instructor explained, provided an opportunity to model 
the gasket failures that led to the explosive destruction of the shuttle just after its 
launch. Particularly, the data indicated the temperature at launch and the number of 
damaged gaskets in each of the preceding launches. The instructor asked the students 
to predict the expected number of gasket failures for a specific temperature at the time 
of launch. By using data in which there was (and was not) evidence of gasket damage, 
students were able to find that the restricted data set was best modelled by a linear 
function, and the entire data set was best modelled by a logarithmic function. With 
both data sets, students had the opportunity to observe the appropriateness of the fit 
and to predict the failure rates of the gaskets that evidently caused the disaster. 
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2.4 Solving traditional algebraic equations 

These activities ranged from the solution of polynomial equations to solving non
linear equations simultaneously. In each instance the graphical solution provided an 
alternative and exploratory counterpart to traditional approaches. Linear equations 
were solved by inputting the left and right sides of the equations as separate functions, 
graphing these functions, and finding the value for which the two expressions were 
equal. Solutions of this kind appeared to help these students better understand which 
transforms preserve the equivalence of the equations and why. Approximate solutions 
of higher order and systems of equations provided another example of how graphing 
technology could provide an alternative solution as well as a check on an algebraic 
solution. These approximations frequently involved applications of the zoom and 
trace options in the graphing technology. By using the graphing technology and then 
describing their estimation techniques, students appeared to be developing an 
improved understanding and articulation of algebraic thinking. 

2.5 Solving non-traditional algebraic equations 

In this activity the instructor offered the class a single example: Solve the equation 2x 
= xiO. Working in groups the students found that traditional algebraic methods 
produced no headway. Consequently, graphical or numerical procedures were the only 
recourse. By defining the left and the right sides of the equation as separate functions, 
many of the students were able to use the zoom-and-trace feature of a grapher to find 
two intersection points. But, some students were also able to locate a third root by 
means of graphing the difference function. 

2.6 Modelling with linear programming 

Two entire class sessions were devoted to this topic by the instructor. The sessions 
emphasised the fact that function graphers provided an excellent vehicle for graphing 
systems of linear inequalities, locating comer points, and evaluating objective 
functions at the comer points to find the optimum value. In one project students were 
able to model the production of graphing calculators by a company intending to 
maximise profits. These modelling activities provided examples of applications that 
appeared to stimulate and develop higher level thinking without sacrificing mastery of 
conventional algebraic skills. 

2. 7 Verifying identities 

The class session devoted to verifying identities included the verification of a variety 
of algebraic and trigonometric identities. These activities appeared to motivate as 
well as enhance existing algebraic thinking among the prospective teachers. For 
example, students were readily able to verify the difference of cubes factoring formula 
by entering the left and right sides as separate functions, graphing these functions, and 
visually checking that the graphs coincide. Similarly, students were able to confirm 
various identities involving the sine, cosine, tangent and other basic functions. The 
observers noted that in attempting these confirmations students had an opportunity to 
refresh their knowledge of basic identities and verify these identities without the use 
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of lengthy algebraic proofs. The experience gained in these types of verifications 
appeared to sharpen thinking skills and provide a visual reinforcement of algebraic 
thought processes. 

3 IMPLICATIONS 

The preceding activities were those rated most highly in enhancing algebraic thinking 
during the course of the case study. Based on the accompanying review of the 
literature, there are several educational implications that can be drawn. 

This report described how one secondary teacher educator addressed algebraic 
misconceptions with prospective teachers and used graphing technology as a means of 
alleviating these misconceptions. Consequently, a potential benefit of using graphing 
technology is to offer classroom teachers a tool that will aid in making sense of their 
students' algebraic thinking and thereby help in better understanding the varied 
responses that are effective among different learners. 

This case study was derived from the work of an instructor whose views were 
consistent with those expressed in current reform initiatives. Research (for example, 
Kieran, 1992) suggests that many prospective secondary school mathematics teachers 
do not have a well developed concept of algebraic processes, particularly as these 
processes relate to technology. This is in spite of these students having memorised 
numerous formulae and algebraic manipulation techniques. The lack of conceptual 
development observed in these prospective secondary school teachers is apt to reflect 
a more widespread problem. The understanding of algebraic processes is a complex 
issue, and this study has identified some of the key instructional components of such 
understanding within the context of a teacher education course that has been enhanced 
through the use of technology. 
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