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Abstract 
A Schrodinger equation with continuous, nonconstant coefficients appearing in the prin
cipal part of the differential operator is considered. Through the use of Littman and 
Taylor's general technique for proving boundary controllability of evolution equations, a 
simple proof of exact boundary controllability for the Schrodinger equation is obtained. 
Proof of the necessary regularity for the solution relies on an approximation argument 
and the spectral results for elliptic operators of Birman and Solomyak. 
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1 INTRODUCTION 

In the context of controllability, local smoothing properties for the Schriidinger equation 
were first addressed in Littman and Taylor (1992) where the Schriidinger equation with 
nonsmooth potential was considered. In this work, a very general technique for proving 
boundary controllability was developed which is applicable to many classes of equations. 
It can be summed up in the following way: 

local smoothing + uniqueness + reversibility ==* exact boundary controllability. 

Here "uniqueness" is the uniqueness property implying approximate controllability by 
duality. If control is to be exercised on the whole lateral boundary of a cylindrical domain, 

*This material is based upon work partially supported under a National Science Foundation Mathematical 
Sciences Postdoctoral Research Fellowship. 
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n x (0, T), in space-time, this means that every solution (in an appropriate space) of 
the homogeneous linear evolution equation in this domain having zero Chauchy data on 
the lateral boundary must vanish identically. "Reversibility" means that the backward 
problem (in time) is wellposed. For the Schrodinger equation, the difficulty of applying 
Littman and Taylor's approach lies in proving the necessary smoothing properties. 

Although various systems of equations have been considered and a variety of techniques 
developed in the context of boundary control, the appeal of this method is its generality 
and avoidance of many of the technicalities of other related works. In comparison, Lasiecka 
and Triggiani (1992) use the method of multipliers to obtain boundary controllability for 
the Schrodinger equation with constant coefficients. However, the estimates involved are 
very sensitive to the lower order differential terms which will be inevitably produced by 
the variations of the coefficients. While some oscillations of the coefficients can still be 
handled by the existing techniques, to treat the general case, new approaches need to be 
developed. 

In Lebeau (1992), the results of his work with Bardos and Rauch (1989) on exact 
controllability for hyperbolic equations are modified and applied to Schrodinger type 
equations. J:Iowever, in the statement of his results, Lebeau assumes constant coefficients 
and an analytic boundary. Although his work appears to extend to the case of nonconstant 
coefficients, our goal, as already stated, is to avoid the technical difficulties of applying 
his technique to the more general case. 

We note that this paper is a preliminary report. A more detailed and comprehensive 
treatment, including regions other than Rn, is planned for the future. 

2 STATEMENT OF THE PROBLEM 

In this paper, if our system exhibits local smoothing properties, the result is that the 
solution belongs to the class Gevrey-8, where this Gevrey class is defined with respect to 
the time variable t. We formulation this more precisely in the definition below. 
Definition A function f(x, t) belongs to the space -l (Gevrey-8 class) uniformly for (x, t) 
in a compact set I< if, for every (x, t) E I< and for every()> 0, 

Our study of Schrodinger equations with nonconstant coefficients in the principal part 
of the differential operator begins with the following system. 

i~ +Au = 0, x E R\ t > 0, 
u(x,O) = <fo(x), (1) 

where 

(2) 

Note that, by definition, any potential is included in the operator A. 
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2.1 Main results 

In Horn and Littman (1995), the authors prove the following regularity theorem. 

Theorem 1 Assume the coefficients of A are real and satisfy the following conditions: 

i) 
ii) 

iii) 

a;i(x) = ai;(x) 

Zi,i=I a;j(x)~i~i 2: o:l~l 2 

a;j(x)- 8;;,c(x) E Cg"(Rn), 

for all i, j, 
for some o: > 0, (3) 

where O;j is the Kronecker delta. Without loss of generality, we assume that the support 

of these functions is contained in the ball Ba = { x : lxl < a}. 
Assume rf>(x) E L2(Rn) and has compact support. Then the solution u(x,t) to the 

initial value problem (1) is of class Gevrey-2 with respect to t uniformly in compact sets 
ofRn X {t > 0}. 

Our goal is to reduce the smoothness assumptions on the coefficients of A. In Littman 
and Taylor (1992), the potential, c(x), needed only to be bounded to obtain regularity 
results for the solution when A = ~- However, we also wish to reduce assumption iii) 

of Theorem 1 from a;j(x)- O;j E Cg"(Rn) to a;;(x)- O;j E C0 (Rn), thus proving the 
following theorem. 

Theorem 2 Assume the coefficients of A are real-valued, satisfy conditions i.) and ii.) 

of Theorem 1, and 

(4) 

Assume rf>(x) E Y(Rn) and has compact support. Then the solution u(x, t) to the initial 
value problem (1) is of class Gevrey-2 with respect to t uniformly in compact sets of 
Rnx{t>O}. 

The proof of the Gevrey regularity in time (as given in Littman and Taylor (1992) and 
Horn and Littman (1995)) consists of solving the Schriidinger equation by the Laplace 
transform and showing that the inversion integral can be transformed into a contour 
integral along the boundary of what is essentially a union of two parabolas in the left 
hand plan of the transformed time variable A. 

The justification of this contour change consists of studying the modified resolvent, 
R(P;A) = x(x)(k2 + At1 x(x), (where x(x) is a cutoff function) and to show that 
R(P; A) can be continued as a bounded analytic operator function into a set of the type 

{k: SSmk 2: -b,?Rek >a}. 

This has been done in Horn and Littman (1995) for coo coefficients. To study nonsmooth 
coefficients, a perturbation argument is used below. The function u introduced below is 
essentially the continuation of the modified resolvent acting on f, 

u = .RW;A)f. 
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Thus, in this paper, we will focus on proving the modified resolvent exists and is bounded 
in this extended region. Once these bounds have been established, proof of the Gevrey 
regularity of the solution follows as in Horn and Littman (1995) and combines straight
forward estimation with the semigroup theory of Pazy (1983). 

3 PROOF OF GEVREY REGULARITY OF THE SOLUTION 

In a sense, we will treat the case of C0(Rn) coefficients as a perturbation of the Cg"(Rn) 
case. However, this does not allow us to apply a standard perturbation argument because 
the perturbation occurs in the principal part of the differential operator. Similarly to the 
proof of Theorem 1, we begin with the Laplace transform of the system but after this, we 
quickly diverge from the proof found in Horn and Littman (1995). 

3.1 Step 1: Laplace transform 

Taking the Laplace transform of ( 1) with respect to t, we find 

i>.u-Au =i<f;(x) 
or Au+k2u =i<f;(x)=f(x), (5) 

where >. = -iP. Define£ = A+ P, £ 0 = .0. + P. As in Theorem 1, without loss of 
generality, we assume a;j(x) = 1 outside a ball of radius a, Ba = {x: lxl <a}, and that 
the supports of both c(x) and <f;(x) are contained in B •. 

3.2 Step 2: Representation of solutions 

To facilitate the proof, we impose an "artificial" boundary condition, BulaB.+3 , = 0, on the 
system 5. This boundary condition could be, for example, either a Dirichlet or Neumann 
boundary condition. In order to localize the solution inside and outside of Ba, we define 
the following two cutoff functions, ?j>(x ), ((x) E Coo(Rn), 0 :::; 1/>(x ), ((x) :S: 1 Vx E R\ as 
follows. 

{ 0 lxl :S: a 
?j>(x)= 1 lxka+E 

((x)={ 1 lxi:S:a+2E 
0 lxl;::: a+3E 

(6) 

and let w = ?j>u (outer solution) and v = (u (inner solution). Then u can be written in 
terms of w and v. 

u = (1 - ?/> )u + 1/>u = (1 - V> )u + w 
= (1- 1/>)(1- ()u + (1- 7/>)(u + w 
= (1- ?j>)v + w, 

since (1- 1/>)(1- () = 0 for all x ERn. 

(7) 
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Applying£ tow and v, we find 

.Cw = £ 0w = .,P.Cu + [.C,.,P]u = [.C,.,P]v 

.Cv = (.Cu + [.C,(]u = f + [.C,(]w, 

where[·,·] denotes the commutator of the two operators and where .,P and (also represent 
multiplication operators. Solving for w, we find 

w = _c-l [£, .,P]v = £;)1[Lint, '1f1lv 

=> V = £-;;,.~{! + [Lext,(]£;)t[£;nt,.,P]v}, 

where 

(8) 
(9) 

(10) 

We note for future reference that, with the above definition, Lint is constant outside of 
Ba. 

3.3 Approximation of continuous coefficient problem 

At this point, in order to differentiate between the problem with coo coefficients and 
continuous coefficients, we define the following notation. 

• Aoo and Ac are defined as in (2) with coo and continuous coefficients, respectively. 
• .Coo := Aoo + k2 , .Cc := Ac + F · 

We choose the coefficients of Aoo such that given f > 0, maxx laoo,ij(x)- ac,ij(x)l < f. 
Thus, Aoo can be considered to be a perturbation of the operator Ac· 

3.4 Estimation of the inner solution 

Define 

(11) 

Then 

(12) 

(13) 

where 

(14) 



Local smoothing properties of a Schrodinger s equation 109 

By definition, we have chosen Coo,int such that 

Coo,int = Ce,int + P, 

where P is a small perturbation of the differential operator. Thus, 

Since IIPIIH' _ w' < f, I+ PC;;,~int ~I, therefore, 

Next, we need to bound 6M. Rewriting 6M, we find 

6M =Me- Moo =[Co, ()C()1 [Ce,int, 1/;)- [Co, ()C()1 [Coo,int, 1/;) 
=[Co, ()C()1 [Ce,int- Coo,int, 1/JJ. 

Note that in the above equation, 

supp[Ce,int, () c Ba+3< \Ba+2< 
supp[Ce,int, 1/;) c Ba+< \B. 
supp[Ce,int- Coo,int, 1/;) c Ba+< \B., 

and we know, by definition, that Cc =Coo in Ba+3<\B •. Therefore, 6M = 0. 
Combining the results for 6C;.~ and 6M, we find that for some constant Cv > 0, 

(16) 

(17) 

(18) 

(19) 

We note that the constant Cv (and Cw, Cv. that follow in the next section) is notational 
only and does not imply any dependence on v. 

3.5 Estimates for Uc - U00 

Using equation (8), we find 

We- Woo = C()1 [Ce,int, 1/J)ve- C()1 [Coo,int, 1/;)voo 
= C()1 {[Ce,int- Coo,int, 1/J)ve- [Coo,int, 1/;)( Ve- Voo)}. (20) 

for some constant, Cw > 0. 

Therefore, from (7), there exists a constant, Cu > 0, such that 

(21) 
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3.6 Step 6: Phragmen-Lindelof theorem 

From the proof of Theorem 1 in Horn and Littman (1995), if the coefficients of problem 
(1) are C 00 , we know that the modified resolvent corresponding to this problem satisfies 

(22) 

Hence, in particular, the inequality in (21) implies 

!IRW;A)IIH-'-H' < C Vk E {k: l8<mkl = b,~ek =a}, (23) 

i.e., the modified resolvent associated with Ac is uniformly bounded with respect to k on 
the boundary of the strip 

{k: l8<mkl:::; b,~ek >a}. 

In deriving the boundedness of v as a function of k, the boundedness of .C;;1 as a 
function of k is needed. Unfortunately, there is a sequence of poles (corresponding to the 
eigenvalues of the Dirichlet problem for Ac) which prevents the direct estimation of the 
modified resolvent in the strip. From the results of Birman and Solomjak (1972) on the 
distribution of eigenvalues, it follows that we can find a sequence of vertical line segments 
in the strip on which bounds for the modified resolvent will increase no faster than a 
power of ~ek. Then an application of the Phra$men-Lindelof Theorem (see Titchmarsh 
(1939), section 5.65) gives the boundedness of R(P; A) in the entire strip. 
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