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Abstract 
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1 INTRODUCTION 

Optimal control problems for stationary Von Karman's equations were investigated in the 
joint papers of (Bock, Hlavacek and Lovlsek, 1984, 1985, 1987) Here we consider in the 
role of state equations evolutionary Von Karman's equations describing large deflections 
of thin viscoelastic plates. The first part of the paper is devoted to the deriving and solving 
the state problem, whose canonical form is a nonlinear pseudoparabolic equation with an 
integra-differential part. Optimal control problems with controls in the right-hand sides 
are solved in the second part. 

2 FORMULATION OF THE STATE PROBLEM 

Let us assume a thin viscoelastic plate made of a short memory material of the Voigt type 
(Brilla, 1973), (Christensen, 1971). It occupies the domain 

Q = {(x,z) E If; X= (xt,X2) E fl, -h/2 < Z < h/2}, (1) 
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where 0 is a bounded simply connected domain in R2 with a Lipschitz boundary an. After 
the linearization of the Kirchhoff hypothesis we obtain the strain-displacement relations 

(2) 

(3) 

where ( w1 , w2) is the plane displacement vector, y is the deflection of the middle surface 
of the plate and 

8w· a,wj =-a 1, 
Xi 

The viscoelastic stress-strain relations have the form 

(733 = 0 

The third order tensors Aljk1 are symmetric and positively definite 

A (r) _ A(r) _ A(r) 
ijkl - jikl - klij 

A(r) ~. ·T I > r ~· ·~·. klij It} k - '-'r 11) 11}) Cr > 0; 

for all { Tij} E /t!ym and r = 0, 1. 

Let us introduce the matrices 

1111' ( 
A (r) 

Ar = A~1w 
A(r) 

2211l 

and 

A(r) A(r) ) 1112l 1122 

A (r) A(r) 
!212l 1222 ' 

A(r) A(r) 
2212l 2222 

G(t) = exp( -A}1 A 0t)A}1 

r = 0, 1; 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

We recall that exp At is the matrix exponential function. The matrix G( t) is regular and 
symmetric due to the expansion 

(11) 
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We express it in the form 

(12) 

Assuming that the plate is clamped and the forces acting on the parts n X { -h/2} and 
!! X {h/2} are vectors (0,0,0) and (O,O,v(t,x)) respectively, we obtain employing the 
principle of virtual displacements the integra-differential equation connecting the Airy 
stress function C) and the perpendicular deflection y: 

r 1 lo H;jkl(t- s)8ijkl()(s)ds = - 2h[y,y), (13) 

where 

(14) 

(15) 

1 
H1212(t) = 4G1212(t), H2222(t) = Guu(t) 

and 

(16} 

(13) is the Volterra integra-differential equation of the first kind with respect to (). After 
differentiating it with respect to t we obtain the boundary value problem for the Volterra 
equation of the second kind 

(17) 

(18) 

In a similar way as in the elastic case the initial-boundary value problem for the pseu
doparabolic equation with respect to the deflection y = y(t,x) can be derived: 

(19) 

8y 
y(O,x)=y(t,C)= 80 (t,C)=0, t>O, ~E8!! (20) 
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The initial-boundary value problem for the system (17) - (20) represents the strong for
mulation of the generalized Von Karman's equations for a viscoelastic plate. 

In order to solve it we proceed with a weak formulation of the problem in a Sobolev 
space V = HJ(fl). Let us introduce the operators A., H(t): V-+ V* (V* is a dual space 
of V) by 

(A.y, w) = ~; j j A~j~18;;y8ktwdx; y, wE V; r = 0,1 
0 

(H(t)y, w) = J J H;;kt{t)8;;y8ktwdx; y, w E V 
0 

The problem (17) - (20) has then a following weak formulation: 
For arbitrary T > 0 find a couple {~,y}: [O,T]-+ V x V fulfilling 

H(O)~(t) + l 8tH(t- s)~(s)ds = -h[8ty(t), y(t)] 

A18ty(t) + Aoy(t)- [~(t), y(t)] = v(t) 

y(O) = 0 

(21) 

(22) 

(23) 

(24) 

(25) 

The operator H(t) is for every t E [O,T] symmetric and positively definite. Moreover 
it fulfils the assumptions of Corollary 4.1. from (MacCamy and Wong,1972) and it is 
nonnegative in the following convolutive sense 

(26) 

for every T > 0 and ~(.) E C([O, T], V), 
where C([O, T], V) is the set of all continuous functions defined on [0, T] with values in 

the space V. 

Further, we can define the bilinear and bounded operator B : V x V -+ V by the 
uniquely solved equation 

(H(O)B(y,w),¢>) = j j[y,w]¢>dx for all y,w,¢> E V 
0 

(27) 

The equation (23) can then be expressed as the Volterra integral equation of the second 
kind in the Hilbert space V: 

~_(t) -l I<(t- s)~(s)ds = -hB(8ty(t),y(t)), (28) 

where I<(t) : V-+ V are the operators defined by 

(29) 
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The equation {28) has due to the theory of Volterra integral equations (Balakrishnan,l976) 
a unique solution ci> E L2(0, T; V), which can be expressed in a form 

ci>(t) = -hB(81y(t), y(t))- h l M(t, s)B(8,y(s), y(s))ds 

M(t,s): V-+ Vis the iterated kernel defined as the series of 

00 

M(t,s) = L K,.(t,s) 
n=l 

of the iterated kernels 

K,.(t, s) = l K(t- u)K,._1 (u, s)du, 

K1(t,s) = K(t- s) 

(30) 

(31) 

(32) 

(33) 

Inserting the Airy stress function ci> from (30) into (24) we arrive at the canonical initial
boundary value problem for the determining the deflection function y: [0, T)-+ V: 

A181y(t)+Aoy(t)+h[B(8ty(t), y(t)), y(t)]+h[[ M(t, s)B(8,y(s), y(s))ds, y(t)) = v(t)(34) 

y(O) = 0 (35) 

Using the method of elliptic regularization (Lions,l969) the problem (34), (35) can be 
solved in the spaces of Bochner integrable functions 

W = {y E V: OtY E V, y(O) = 0}. 

V is the Hilbert space with the inner product 

((u,v)) = foT(u(t),v(t))vdt 

We express the initial value problem {34), (35) in the operator form 

A(y) = v, yEW, v E L2(0, T; L2(n)) c V* 

where the operator A : W -+ v· is defined by 

( (A(y ), w)) =loT (Al8ty(t) + Aoy(t), w(t))dt+ 

(36) 

(37) 

(38) 

(39) 

(40) 

+h foT([B(o1y(t),y(t))+ l M(t,s)B(o,y(s),y(s))ds,y(t)],w(t))dt, yEW, wE V. 
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We introduce further the operators L : W --+ V and A. : W --+ W* by 

Ly = 8ty, y E W; 

((A.(y),w)) = c((Ly,Lw)) + ((A(y),w)), y,w E W. 

A.(y.) = v 

(41) 

(42) 

(43) 

The operator A. : W --+ W* is coercive and pseudomonotone and then there exists for 
every v E W* a solution y. E W of (43). The convolutive positivity (26) plays the crucial 
role in the coercivity argument. 

After the limit procedure we obtain the existence theorem for the canonical form of the 
original problem. The theorem has been more detaily verified in (Bock, to appear). 

Theorem 1 For every v E L2(0, T; L2(n)) there exists a solution y = y( v) E W of the 
problem (34}, (35} or {39). 

3 OPTIMAL CONTROL PROBLEMS 

Let Umrl C L2(0, T; L2(n)) be an arbitrary convex closed and bounded set of admissible 
controls. We introduce the cost functional J : W x Umrl --+ R of the form 

J(y, v) = .J(y) + j(v), yEW, v E Umd· 

We shall investigate the following 

Optimal Control Problem P: To find a couple (y0 , u) E W x Umrl such that 

J(yo,u) = min J(y,v), 
(y,v)EA: 

where 

IC = {(y,v) E W x Umrl: A(y) = v}. 

Theorem 2 If the functionals .J, j are weakly lower semicontinuous on W and 

(44) 

(45) 

(46) 

L2(0, T; L(n)) respectively, then there exists a solution (y0 , u) E IC of the Optimal Control 
Problem P. 

Proof. A solution is a weak limit of a minimizing sequence {yn, un} for a functional J on 
/C. This limit exists due to the boundedness in V of sequences {yn} and { 8tYn} of solutions 
and their derivatives corresponding to a bounded sequence { un} C Uad· 0 

The operator A : W --+ V* is Frechet differentiable with the derivative A'(y) E 

.C(W, V*) defined by 

(A'(y)z, w)v = kT { (At8tz + Aoz, w)+ 
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+h([B(&ty,y) + l M(t,s)B(a.y(s),y(s))ds,z(t)]+ 

+[&tB(y, z) + l M(t, s )o.B(y(s ), z(s ))ds, y(t)], w(t))o}dt, 

where (y, w) =If y.wdO. 
{} 

Let us define the set Wy ={wE V: 81w E V,w(T) = 0}. The adjoint 
operator A'(y)*: Wy --tV* has then the form 

+h([B(&ty, y) + l M(t, s)B(o.y(s), y(s))ds, w(t)]

-[8tB(y, w) + 81 1T M*(s, t)B(y(s ), w(s ))ds, y(t)], z(t))0 }dt. 
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(47) 

(48) 

Using the general extremal principle in smoothly convex problems (Joffe and Tichomirov, 
1984) we obtain the following necessary optimality conditions: 

Theorem 3 Let the couple (yo, u) E w X u.d be a solution of the Optimal Control Problem 
P with a convex functional j and continuously Frechet differentiable functionals .J, j. Then 
there exists an element p E Wy such that 

A(yo) = u 

A'(yo)P = -.J'(yo) 

foT(j'(u)-p,v-u)dt;:::O forall vEUad 

(49) 

(50) 

(51) 

Using the method of penalization an Optimal Control Problem with a cost functional 
involving all solutions of the state problem can be solved. 

Let :F : w X Uad --t v· be the state operator of the form :F(y, v) = A(y) - v. We 
introduce the cost functional 

J(v) = sup [.J(y) + j(v)], v E Uad· (52) 
yEW,F(y,v)=O 

In an analogous way as in the case of stationary Von Karman's equations (Bock, 
Hlavacek and Lov!Sek, 1987) there can be verified the existence of an optimal control 
u E Uad fulfilling }(u) = min }(v). The element u is a weak limit of a subsequence 

vEUad 

{ u,n} c u.d fulfilling lim C:n = 0, C:n > 0 and 
n-oo 

J,( u,) = min J,( v ), 
vEUad 

(53) 
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J.(v) = sup [.J(y) + j(v)- ~IIF(y,v)llv•], 
!iEWr e 

w. ={yEW: IIYIIw ~ r}, 

where r > 0 is chosen such that for every v E Uad we have y(v) E W •. 
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