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Abstract 
In this paper we study the relationship between solutions of the algebraic Riccati equation 
and invariant subspaces of the corresponding Hamiltonian. We show that there is a one
to-one relation between solutions of the algebraic Riccati equation and a class of invariant 
subspaces of the Hamiltonian. This class of subspaces is shown to be invariant under 
the inverse of the Hamiltonian as well. With this we generalize the results obtained by 
Potter (1966), Martensson (1971) and Willems (1971) to infinite-dimensional systems. As 
an example we characterize all solutions of the ARE for a class of unitary systems. 
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1 INTRODUCTION 

For finite-dimensional systems it is standard to calculate solutions of the algebraic Riccati 
equation (ARE) via the eigenvectors of the corresponding Hamiltonian. It is well known 
that for a minimal system the stabilizing solution of the ARE is in one-to-one relationship 
with the stable eigenvectors of the Hamiltonian. The span of all these stable eigenvectors 
form the stable subspace of the Hamiltonian, i.e., it is an invariant subspace and the 
restriction of the Hamiltonian to this subspace is stable. For an overview of the finite
dimensional results we refer to Kucera (1991 ). In this paper we shall investigate the 
relation between the ARE and the Hamiltonian for infinite-dimensional systems. We study 
a general ARE, thus not only the one related to optimal control theory. The organization 
of the paper is as follow. In the next section, we shall see that there is a one-to-one 
correspondence between solutions of the ARE and certain invariant subspaces of the 
Hamiltonian. For infinite dimensional systems the Hamiltonian is an unbounded operator, 
and it is known that for unbounded operators invariant subspaces are hard to characterize. 
So the invariance result may seem not that useful. However, for our class of invariant 
subspaces we can show that they are invariant under spectral projections as well. Hence 
if the Hamiltonian has compact resolvent, then they are spanned by eigenvectors. With 
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this we can in the last section generalize a famous result of Willems (1971) to infinite 
dimensional systems. 

2 GENERAL RELATIONS 

In this section, we shall investigate the relation between the algebraic Riccati equation 
(ARE) and invariant subspaces of the Hamiltonian. We begin by introducing some nota
tion and definitions. 

Let Z be a Hilbert space. By .C(Z) we denote the set of bounded, linear operators on Z. 
If Q is an linear operator on Z, then Q* denotes its adjoint. A is a closed operator on Z 
with domain D(A) C Z. Furthermore, by Q1 and Q2 we denote two bounded, self-adjoint 
operators on Z. With this notation we can define the ARE and the Hamiltonian operator. 

We say that X E .C( Z) the Algebraic Riccati equation, ARE, if 

on D(A). (1) 

For the same A, Q1 and Q2 , the corresponding Hamiltonian operator is given by 

H := ( -~2 =~! ) on D(H) = D(A) E& D(A*) 

In the next lemma, we shall present one of the important relation between solutions of 
the ARE and invariant subspaces of the Hamiltonian. 

Lemma 1 The following relation holds between the Hamiltonian operator and the ARE. 

X E .C(Z) is a solution of th~ ARE if and only if ran( i ) is an invariant subspace of 

H and X D(A) c D(A*). 

Proof. Let X be a solution of the ARE, then from (1) it follows easily that X D(A) C 

D(A*). Hence 

ran ( i ) n D(H) = { ( ;z ) I z E D(A)} (2) 

and 

H ( lz) ( -~2 -Aq1
) ( lz) = ( (~~;_Qf.l)z) 

(!) CJ~ = ~~~)z) = ( ltA~QQ~l)z) C ran ( i) · 
Assume next that 

(3) 
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Since X D(A) C D(A•), we have that (2) holds. This together with (3) implies that for 
any z E D(A), there exists an y such that 

fi ( z ) _ ( (A- Q1X)z ) _ ( y ) 
Xz - (-Q2 - A•X)z - Xy 

Combining both equalities gives X(A- Q1X)z = ( -Q2 - A• X)z, or equivalently 

Since this holds for all z E D(A), we conclude that (1) holds. 0 

So we see that the ARE has a solution if the Hamiltonian operator has an invariant 

subspace ran ( _f ) . From Example 1.6 of Zwart (1989), we know that invariant subspaces 

of unbounded operator can be very strange. For instance, even for a simple operator as the 
Laplacian there are invariant subspaces such that the Laplacian restricted to this subspace 
is nowhere invertible. It also follows from Zwart (1989) that if the subspace is invariant 
for the inverse of the operator as well, then the situation is more standard. The following 
theorem shows that our invariant subspaces of the Hamiltonian have this property. To 
simplify the proof we introduce a transformation of the Hamiltonian. Let X E .C(Z) be 
such that XD(A) C D(A•), then fix is defined by 

Theorem 2 Define for X E .C( Z) the subspace Vx := ran ( i ) . Then the following 

assertions are equivalent: 

1. X is a solution of the ARE; 
2. X D(A) C D(A•), and the subspace Vx is an invariant subspace of fi; 
3. XD(A) C D(A•), and for all A E p(fi) n p(A- Q1X), we have that 

(AI -fit1Vx c Vx. (6) 

Proof. The equivalence between 1. and 2. is already proved in Lemma 1. We shall first 
show that 2. implies 3. 

First we remark the following. A subspace W is S-invariant if and only if TW is T ST-1-

invariant, where T is a boundedly invertible operator. Using this we see that we can 

replace the condition in 2. by fix ( Db A) ) C ( ~ ) . Furthermore it is easy to see that 

p(fi) = p(fix ). So we know that 

fix ( DbA) ) c ( ~ ) (7) 



186 Part Three Control and Optimization 

For >. E p(A- Q1X) we have that (>.-A+ Q1X)D(A) = Z. Hence with (7), it follows 
that for ). E p(A- Q1X) 

(>.I -1ix) ( D~A) ) = ( ~ ) (8) 

Let>. E p(A- Q1X) n p(Hx) and z E Z, then 

where ZA E D(A). So we have shown 3. Now we shall prove that 3. implies 2. 
Assume that 3. holds. By the remarks made at the beginning of this proof, we see that 

we may as well assume that 

(>.I -1-lx t 1 ( ~ ) c ( ~ ) . 

We write (>.I -1-lx t 1 = ( ~~~ ~~: ) with P;j E C(Z) i,j = 1, 2. 

Since ( )..J - 1ix t 1 ( g ) C ( g ) we have that P21 = 0. 

h . (, ) ( >. - A+ Q1X QI ) Furt ermore, we wnte _...f -1ix = Q3 ). +A*_ XQ1 for some Q3• 

So we have that 

(9) 

Thus in particular, there holds (>.I- A+ Q1X)P11 = Iz and since>. E p(A- Q1X), this 
implies that 

Furthermore, we see from (9) that Q3Pn = 0, and so Q3 = 0 on D(A). Hence 

and so Z EB {0} is 1ix-invariant. This implies that 2. holds. D 

It may seem strange that whereas the left-hand side of equation (6) has meaning for 
every >. E p(1i), the equality is only valid on a smaller set. In the next example, we 
shall show that (6) need not to hold on the whole p(1i). Note that for finite-dimensional 
systems, p(H) C p(A- Q1X). Thus in that case, one can just write >. E p(H) in part 3. 
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Example 3 We take A to be the shift on f 2(N), i.e. 

(10) 

Furthermore, we take Q1 = I, Q2 = 0 and X = 0. Then it is clear that X satisfies the 
ARE. So 

Next we shall show that 

H-t = ( A* -I ) , 
-P1 -A 

(11) 

wh're P, ( ~: ) ~ ( ~ ) . From th~ U M '"'11 to"' thot Z <!) {0) M not 1{-' inoariant. 

An <MY 'ablation gio" that A• ( ;: ) ~ ( ;; ) . H'm' 

AA*=I-P1 andA*A=I. (12) 

Using this we see that 

( A -I ) ( A• -I ) _ ( AA* + P1 -A+ A ) (~) ( I 0 ) 
0 -A • - P1 -A - A • P1 A • A - 0 I 

Furthermore 

( ~;~ -~ ) ( ~ ~1. ) - ( ~;:A ;:: ~1: ) - ( ~ ~ ) · 
Hence {11} holds. Note that 0 E u(A) n u(A*). 

So the previous example shows in particular that in general the resolvent set of 1t 
need not to be equal to the union of the resolvent set of A- Q1X and of -A*+ XQ1. 
However, for an important subclass of systems there is equality. Without proof we state 
the following result. 

Lemma 4 Let X be a solution of the ARE, if the spectra of1t, A- Q1X, and A- Q1X* 

are all point spectra, then u(H) = u(A- Q1X) U u( -A*+ XQ1). 
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3 ALL SOLUTIONS OF THE ARE FOR SKEW-ADJOINT 
GENERATORS 

In this section we shall assume that A is skew-adjoint, i.e., A*= -A, and has compact 
resolvent. Furthermore, we assume that Q2 = Q1 ~ 0, and E(A, -, Qt) is approximately 
observable (see Curtain and Zwart 1995). Since A has compact resolvent, so has every 
bounded perturbation of A, or of A*, see Kato (1984), Theorem 1.16 of chapter IV. 
Furthermore, it follows easily that the Hamiltonian operator has compact resolvent as 
well. Hence, from Theorem 6.29 of chapter III ofKato (1984), A-Q1X, -A*+XQ~, and 
'H. have pure point spectrum. The following results are standard and easy to prove. 

Lemma 5 Let A, Q1 and Q2 have the properties as stated above, then 

1. I and -I are solutions of the ARE; 
2. A- Q1 is stable, i.e., all eigenvalues have real part negative; 
3. -A*+ Q1 =A+ Q1 is completely unstable, i.e., all eigenvalues have real part positive. 

Associated with the solutions I and -I of the ARE, we have the invariant subspaces 

VI:= ran ( ~) and V-I:= ran ( !I), respectively. It is easy to see that 

(13) 

Let PI and p_I denote the projection on lt/ and v_I, respectively. Note that (13) is 
equivalent with I= PI+ P-I· From this it is easy to see that 

(14) 

We shall show that these projections can also be seen as spectral projections. We recall 
that for a closed curve r which has empty intersection with the spectrum, the spectral 
projection is defined as 

To define the spectral projection associated with the ·stable eigenvalues of 'H. we take a 
sequence of curves, r n, all lying in the left-half plane, such that the interior of r n becomes 
the whole left half plane for n going to infinity. Now the spectral projection associated 
with the left half plane is defined as 

(15) 

Similarly we define Sunstable as the spectral projection associated with the right-half plane. 
Now we can prove the following lemmas. 
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Lemma 6 Assume Sstable and Sunstable are well-defined, and that X is a solution of the 
ARE, then 

Sstable Vx C Vx and Sunstable Vx C Vx, (16) 

where Vx is defined in Theorem 2. 

Proof. Let v E Vx, then by equation (6) there holds that ('yi- r{)-1v E Vx. Thus since 
Vx is a closed linear subspace, Srv E Vx. Since this holds for any closed curve r, the 
result follows. D 

Lemma 7 If S.tabte and Sun•table are well-defined, and I = Sstable + Sunstabie, then PI = 
Sstable and p_I = Sunstable· 

Proof. Recall that the range of PI and P_I are the Hamiltonian invariant subspaces Vi 
and V_I, respectively. So by Lemma 6 we know that both spectral projections map these 
subspaces into themselves. We shall show that Sstable V_I = 0. Let r n be a closed curve in 
the left-half plane, and let (z, -z)T be an element of V_I, then we see that 

1 J ( I 0 ) _1 ( I 0 ) ( z ) 21ri -I I ("ti-rLI) I I -z d'"'f 
rn 

( I 0 ) 1 J _1 ( z ) -/ I 27ri ("{I -'H-I) 0 d'"Y 
rn 

( I o)~J(bi-A-Q1t1z)d'"'f=(o) 
-I I 2n 0 0 

rn 

since by Lemma 5 A+ Q1 has no poles insider n· From the definition of Sstable it follows 
directly that Sstable V_I = 0. Similarly one can show that Sunstable Vi = 0. From these 
relations it follows easily that s.table = SstablePI. Letting PI operate on this equation gives 
PISstable = PISstabiePI = SstablePI, since ranS.tablePI C ranPI = Vi. Hence combining 
these equalities gives 

(17) 

Similarly, one can show that 

(18) 

For z E Z we have that 

Z PIZ + p_IZ =PI [Sstab!eZ + Sunstab!eZ] + p_I [SstabJeZ + Sunstab!eZ] 

Sstab!eZ + P[SunstableZ + p_ISstab!eZ + Su~stabJeZ = Z + PISunstableZ + p_ISstableZ• 

Since ranPin ranP_I = {0}, we see that PISunstable = P_/Sstable = 0. Now it follows 
directly that PI = Sstable and p_I = Sunstable· D 
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With these lemmas we can characterize all solutions of the ARE. 

Theorem 8 Assume that S.tabl• and S,.n.tabl• are well-defined, and that I = S.table + 
Sunstable· If X is a solution of the ARE, then X can be written as X= I- 2P, where P 
is a projection. If X is self-adjoint, then -I ~ X ~ I. 

Proof From Lemma 7 we know that PI= Sstable and P_I = SUIIBtable· Let X be a solution 
of the ARE, and thus Vx is an invariant subspace of the Hamiltonian. Now from Lemma 
6 it follows directly that PI Vx C Vx. Thus for all z E Z, there exists a y E Z such that 

p ( z ) _! ( z + Xz) _ ( y ) 
I Xz - 2 z+Xz - Xy 

Thus for all z E Z, z + Xz = 2Xy = X(z + Xz), and so 

I=X2 • (19) 

If we write X = I- 2P, then we see that (19) implies that P 2 = P. Hence P is a 
projection. 

It is easy to see that X is self-adjoint if and only if P is self-adjoint. Since for a self
adjoint projection one always has that 0 ~ P ~ I, the assertion follows directly. D 

Note that the assumptions in the theorem are always satisfied if 1i has a Riesz basis 
of eigenvectors. One can use this Riesz basis to characterize all solutions of the ARE, 
even if A is not skew-adjoint, see Kuiper and Zwart (1995). Theorem 8 is a generalization 
of Theorem 6 of Willems (1971). As in Willems (1971), one can make the result in this 
theorem if and only if. However, due to space limitations, we cannot present a proof here. 
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