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Abstract 
We investigate optimal control problems governed by variational inequalities. and more 
precisely the obstacle problem. Since we adopt a numerical point of view, we first relax 
the feasible domain of the problem; then using both mathematical programming methods 
and penalization methods we get optimality conditions with smooth Lagrange multipliers. 

Keywords 
Optimal control, optimality conditions, variational inequalities, mathematical program
ming 

1 INTRODUCTION 

In this paper we are going to investigate optimal control problems where the state is 
described by variational inequalities. Moreover, we consider constraints on both the con
trol and the state. Our purpose is to give some optimality conditions that can be easily 
exploited numerically. These kind of problems have been extensively studied by many 
authors, as for example Barbu (1984), Mignot and Puel (1984) or Friedman (1982,1986). 
Let us present the problem we are interested in more precisely now. 

Let n be an open, bounded subset of lRn (n ~ 3) with a smooth boundary an. We con
sider a continuous, coercive bilinear form a(.,.) defined on HM!l) x HMO); the "associate" 
partial derivative operator is A E L:(H~(O), n-1(0)) and we assume that the coefficients 
are smooth enough.( We shall denote II llv, the norm in the Banach space V, and more 
precisely II II the L2(0)-norm. In the same way, ( , ) denotes the duality product between 
n-1(0) and HMO); we shall denote similarly the L2(0)-scalar product when there is no 
ambiguity.) 

Before we describe the optimal control problem itself (cost functional and constraints) 
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we present the sta.te-"equa.tion" which is a. variational inequality: let U be a. non empty, 
closed, convex subset of 1 2(0). For each v in U we define y = y(v) (the state function of 
the system) as the solution of the variational inequality : 
yEKanda(y,rp-y)~(v,rp-y) VrpeK. (1) 

Following the paper of Mignot and Puel (1984) we may interpret this variational in
equality as a. state equation, introducing another control function, so that (1) is equivalent 
to: 

Ay=v+{inO, y=Oonf, y~O, {~0, ({,y)=O. (2) 

It is well known that the system (2) has a unique solution ( Ba.rbu 1984, Friedman 
1982). Moreover, as v E 12(0), then y(v) belongs to H2(0) (Friedman 1982 p. 29 ) so 
that { E V(O). We set also 

k = {{ I e E 12(0) ' e ~ 0 a.e. in 0} and K = k ()HMO). (3) 

The set K is a. non empty, closed, convex subset of HMO); now, let us consider the 
optimal control problem defined as follows : 

min { J(y, v) = ~ k (y- zd)2 dx + i k v2 dx}, (Po) 

a(y,rp- y) ~ (v,rp- y) V rp E K, 

vEU,yEK, 

where Zd E 12(0), v E 12(0), and v > 0. 
This optimal control problem appears as a. problem governed by a state equation 

(instead of inequality) with mixed state and control constraints : 

min { J(y, v) = ~ k (y- Zd)2 dx + i k v2 dx}, 

Ay=J+v+{ in 0, y=O on r, 

(y,v,{) E 1J, 

where 

1J = {(y,v,e) E HMO) X 1 2(0) X 1 2(0) I v E u, y ~ 0, e ~ 0, (y,{) = 0}. 

(P) 

(4) 

We assume that the set iJ = { (y, v, {) E 1J I relation ( 4) is satisfied } is non empty; 
we know, then that problem (P) has at least an optimal solution (not necessarily unique) 
that we shall denote (ii, v, () (see Mignot and Puel ( 1984) for instance). 

Similar problems have been studied also in Bergounioux and Tiba (1994) when the set 
1J is convex. Here, the main difficulty comes from the fact that the feasible domain 1J is 
not convex because of the bilinear constraint "(y, {) = 0". So, we cannot use directly the 
convex analysis methods that have been used for instance in Bergounioux and Tiba (1994). 
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To derive optimality conditions in this case, we are going to use methods adapted to 
quite general mathematical programming problems. Unfortunately, the domain V (i.e. 
the constraints set) does not satisfy the usual (quite weak) assumptions of mathematical 
programming theory. This comes essentially from the fact that the L00-interior of V is 
empty. Nevertheless, our aim is to compute the solutions of the original problem. As we 
have a numerical purpose, we are going to consider the domain 'Da instead of V, with 
a> 0 and 

'Da = {(y, v,{) E HMn) X L2(fi) X L2(0) I v E u, y ~ 0, e ~ 0, (y,{) :5 a}. (5) 

This point of view is motived and justified numerically, since it is not possible to ensure 
"(y,{) = 0" during a calculus with a computer but rather "(y,{) :5 a" where a may be 
chosen as small as wanted, but strictly positive. 
First, we define the "relaxed" problem. 

2 A RELAXED PROBLEM 

As we mentioned it in the previous section, we consider the problem (P) with 'Da instead 
of V. More precisely, we investigate the following problem : 

minJ(y,v), 
Ay = v+{ in n, y E HMn), 
(y,v,{) E 'Da. 

Remark 2.1 In fact, we are also obliged to bound e by a constant R ~ IIlii as well, to 
ensure the existence of a solution of the relaxed problem, but this constraint is not very 
restrictive. We don't mention it to make the presentation of the method more clear. 

Then we may say that problem {Pa) is a "good" approximation of problem (P) in the 
following sense : 

Theorem 2.1 Let a > 0. Then problem (Pa) has at least one optimal solution that we 
call (ya, Va, {a)· Moreover, when a tends to 0, Ya converges to fj weakly in Jfo(O) {and 
strongly in L2(0)), Va converges to i'i strongly in L2(0) and {a converges to { weakly in 
L2(0), where (fj, i'i, tJ is a solution of {P ). 

Now, we would like to derive optimality conditions for problem (Pa). 

3 THE MATHEMATICAL PROGRAMMING POINT OF VIEW 

As we have already mentioned it, the non convexity of the feasible domain, does not allow 
to use convex analysis to get the existence of Lagrange multipliers. So we are going to use 
quite general mathematical programming methods in Banach spaces and adapt them to 
our framework. The following results are mainly due to Zowe and Kurcyusz {1979) and 
Troltzsch (1983,1984) and we briefly present them. 
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Let us consider real Banach spaces X, V, Zl> Z 2 and a convex closed "admissible" set 
u ~ v. In z2 a convex closed cone p is given so that z2 is partially ordered by X ~ y # 

x - y EP. We deal also with : 

f : X x V -+ 1R , Frechet-differentiable functional , 

T : X X v -+ Zt and G : X X v -+ z2 continuously Frechet-differentiable operators 

Now, let be the mathematical programming problem defined by: 

min { f(x,u) I T(x,u) = 0, G(x,u) $0 ,u E U}. (6) 

We denote the partial Frechet-derivative of f, T, and G with respect to x and u by a 
corresponding index x or u. Assume that the problem (6) has an optimal solution that 
we call (x0 , uo)i we introduce the sets : 

U(uo) = { u E V I 3.\ ~ 0, 3u• E U, u = .X(u•- U 0 ) }, 

p+ = { v e z; 1 (y,p) ~ o, Vp e P }. 

(7) 

(8) 

(9) 

One may now announce the main result about the existence of optimality conditions. 

Theorem 3.1 Let U0 be an optimal control with corresponding optimal state X0 and sup
pose that the following regularity condition is fulfilled : 

V( ) Z Z h { T'(x 0 ,uo)(x,u) = Zt 
Zt, z2 E 1 x 2 t e system G'( )( ) 

X 0 ,U0 x,u - p = Z2 

is solvable with (x,u,p) EX X U(uo) X P(G(x0 ,U0 }). 

Then a Lagrange multiplier (Yb Y2) E z; X z; exists such that 

Y2 E p+ , (y2, G(xo, Uo)) = 0 . 

(10) 

(11) 

(12) 

(13) 

The mathematical programming theory in Banach spaces allows to study problems 
where the feasible domain is not convex : this is precisely our case (and we cannot use 
the classical convex theory and the Gateaux differentiability to derive some optimality 
conditions). The Zowe and Kurcyusz condition is a very weak condition to ensure the 
existence of Lagrange multipliers. It is natural to try to see if this condition is satisfied 
for the original problem ('P) : unfortunately, it is impossible (see Bergounioux 1995) and 
this is another justification (from a theoretical point of view) of the fact that we have to 
take 'Da instead of 'D. 
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On the other hand, if we apply the previous general result "directly" to (P"') we obtain 
a qualification condition a little complicated which seems difficult to ensure. So we would 
rather mix these "mathematical-programming methods" with a penalization method in 
order to "relax" the state-equation as well and make the qualification condition weaker. 

4 PENALIZATION OF THE PROBLEM 

Now we are going to "decouple" the different constraints : the (linear) state-equation is 
going to be penalized in a standard way, and the non-convex (state) constraints are to 
be treated via the Zowe and Kurcyusz condition and with the methods of the previous 
section. 

First we penalize the state equation to obtain an optimization problem with non convex 
constraints. Moreover, as we want to focus on the solution (Ya, Va, ea); so, following Barbu 
(1984), we add some adapted penalization terms to the functional J. 

From now, a> 0 is fixed; so we omit the index a for convenience (when no confusion 
is possible). For any c we define a penalized functional Je > 0 on H~(!l) x 12(!1) x 12 (!1) 
as following : 

{ 
J(y,v) 

Je(y,v,e)= 

+oo 

+ ;c IIAy - v - elll•(O) 

+~IIY- Yaii1-~(0) + ~llv- Valll•(O) 

and we consider the penalized optimization problem 

min { J.(y,v,e) I (y,v,e) E 1J,} 

if Ay- v-eE 12(!1) 

else 

(14) 

Theorem 4.1 The penalized problem (P:) has at least a solution (Ye, Ve, ee) E (H2(!l) n 
HMO)) X L2(!1) X L2(!1). Moreover, when c tends to 0, (ye, v., e.) strongly converges to 
(ya, Va, ea) in Jfo(n) X L2(!1) X L2(!1). 

Now, we apply the general theorem of the previous section to the penalized problem (P:). 
We set 

x = H 2(!1) n HMn) , Z2 = x ; 

u = (v,e) , V = 1 2(!1) X 1 2(!1) , U = U X K, 

p = { y E X I y ;::: 0} X JR+ ' 

G(y, v,e) = ( -y , (y,e)- a) and J(x) = J.(y, v) , (x., u.) = (y., v., e.) . 

There is no equality operator, G is C1 and G'(y., v., e.)(y, v, 0 = ( -y, (y., e) + (y, ee)) 
Here 



128 Part Three Control and Optimization 

U(uo) = { (A(v- v.),Jt(e- e.)) I A~ O,Jl ~ O,v E u,e ~ 0 }, 

P(G(xo,uo)) = {(-p+ Ay.,--y- A((y.,e.)- a)) E H2(0) nHMn) x Rb,A ~ O,p ~ 0}. 

Let us write the condition (10) : for any (z, (3) in X x R we must solve the system : 

-y + p- AYe z 

(y.,Jt(e- e.))+ (y,e.) + 'Y + A((y.,e.)- a) (3' 

with Jl, -y, A ~ 0, p ~ 0, e E V, v E U and y E X. 

It is not difficult to see that the condition (10) is always satisfied and that we may apply 
theorem 3.1, since J. is Frechet-differentiable. So we obtain some optimality conditions 
on the penalized system, without any further assumption: 

Theorem 4.2 The solution (y., v., e.) of problem (P;) satisfies the following optimality 
system: 

(p. + q., A(y- y.)) + (r.e., y- y.) + (y.- Ycx, y- y.) /fo(o) ~ 0 , V y E K (15) 

(Mv.- q. + (v.- Vex), v- v.) ~ 0 V v E U , (16) 

(r.y.- q., e- e.) ~ 0 V e E V , (17) 

r. E JR!", r.((y.,e.)- a)= 0, (18) 

where p. is the solution of 

A*p. = y. - Zd on n, p. E J?o(n) , 
1 

and q. = -(Ay.- v.- e.) E L2(0) (A* is the adjoint operator of A}. 
€ 

(19) 

Now we would like to study the asymptotic behaviour of these relations when c tends 
to 0, and we need estimations on q. and r •. So we have to assume some qualification con
ditions to pass to the limit in the penalized optimality system; first, to get an estimation 
for r • we assume : 

'<Ia such that (Ya, ecx) = a ':J(Y, v, [) E J( X Uad X V.d such that 

Ay = v + [ and (ii,ea) + (Ya,[) < 2a. 

and an estimation on q. is given with the following assumption : 

:J p > 0 , '</X E 1 2(0), llxllu(O) S 1 , :J(yx, Vx, ex) uniformly bounded 

with respect to x, such that Ayx = Vx +ex+ PX inn. 

Then we may obtain some optimality conditions : 

(20) 

(21) 
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Theorem 4.3 Assume {20} and {21} and let (ya, va, ~a) be a solution of (Pa); then there 
exists a Lagrange multiplier (qa,ra) E L2(f!) x m:t", such that 

where Pa is the solution (E X} of 

A*pa = Ya- Zd on n, Pa E Jfo(n) . 

Example 4.1 One can prove that assumption {20} is fulfilled if 

OE U. 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

So the previous theorem is valid when U = L2(f!) since assumptions {27} and {21} are 
obviously satisfied. 

When U = { v E L2{f!) I v;::: 1/J ;::: 0 a.e. on f!} {21} is satisfied as well, but {27} may 
not be true any longer. Anyway, we can prove that the general form of the qualification 
condition {20} is satisfied {see Bergounioux 1995}; this allows to claim that the result of 
the previous theorem is still valid. 

5 CONCLUSION 

We have established optimality conditions for the relaxed problem only. Nevertheless, as 
we have already mentioned it, it is good enough for the numerical experimentation. The 
optimality system may be solved with usual algorithms of optimization (see Glowinski et 
al. (1976) and Fortin-Glowinski {1982) for instance). In conclusion, we shall add that this 
kind of "mixed" method should be efficient to study more general variational inequalities 
for the state equation. It seems that it could be also used for optimal control problems 
where the state equation is nonlinear. In addition this method allows to give some regu
larity results for the multiplier, or conversly gives the existence of less regular multipliers 
with a some weaker qualification condition. 
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