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Abstract 
In this note the local continuity of any bounded local weak solution of degenerate multi
phase Stefan problem is proved. Moreover the modulus of continuity can be determined 
a priori only in terms of the data. 
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1 INTRODUCTION 

In this note we study the partial regularity of bounded weak solutions of nonlinear 
parabolic equations of the type 

(;3(u))t = Div (j'VujP-2Vu) in D'(fh) 
u E Lfoc(O, T; W1~:(D)) and p 2 2 

Here D is a domain in RN' T > 0 and Dr is the cylindrical domain Dr = D X (0, T). 
Assume ;3( ·) be a maximal monotone graph in R x R satisfying: 

for some given constant Co > 0, 

sup I;J(u)l < oo 
lui<;M 

(1) 
(2) 

(3) 

(4) 
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for every M > 0. Lastly we assume that u is the limit of a sequence of local smooth 
solutions of approximating problems. 

Let K be a compact set contained in !l. In what follows we say that c = c(data) if c 
is a constant that can be determined a priori only in terms of N,M,p and the distance 
between K x (e, T) and the parabolic boundary of !lT. Now we can state our main result. 

Main Theorem 1 Let {9}-(4) hold and let u be a locally bounded weak solution of {1}, 
{2}. Then there exists a continuous nonnegative increasing function Wdata, w(O} = 0 such 
that 

l 
lu(P1)- u(P2)I $ w(lx1- x2l + lt1- t2IP) 
for everyP; = (x;,t;) E K x (e,T}, i = 1,2. 

In the last years several authors studied equations of the type (1} not only for their 
mathematical interest, but also for their application in many physical phenomena like the 
transition of phase or the Buckeley Leverett model of two immiscible fluids in a porous 
media (see Alt and Di Benedetto (1985}, Caffarelli and Evans (1983}, Chavent and Jaffre 
{1986}, Di Benedetto (1982}, Di Benedetto (1993)}. In Caffareli and Evans (1983}, Di 
Benedetto (1982} and Ziemer (1982} the case of a p with only a singular point is studied. 
In DiBenedetto and Vespri (to appear) was faced the case of a general P but the continuity 
theorem was proved only for local solution of equation of the type (1} with p = 2. In this 
paper we will apply the technique developed in Di Benedetto and Vespri (to appear} ; 
therefore we will point out only what is really new from this work. 

2 NOTATION AND LOCAL ESTIMATES 

We denote with BR a ball of radius Rand center in the origin of RN, with Kp a cube 
centered in the origin of wedge 2p, p > 0 and with Q(p, p") = Kp x ( -pf', 0) the cylinder 
of vertex at the origin, height p" and cross section Kp, while for a point (x0 , t0 ) E RN+l 
we let (x0 , to)+ Q(p, pf') be the cylinder of vertex at (x0 , to) and congruent to Q(p, pf'). In 
what follows we always assume that u is a locally bounded weak solution of (1} and that 
pis so small that (x 00 to)+ Q(p, 9p"} is contained in {}T, where 9 > 0 will be chosen later. 
For k E R we define the truncations 

(u- k)+ = max(u- k, 0} (u- k)_ =max( -u + k, 0), 

the numbers 

and the function 

simply denoted by IJ!. Further we assume e is a smooth cut off function defined in ( Xo, to)+ 
Q(p, pf') such that e E [0, 1], I'Y'el < oo, 0 $ et < oo. We will be working with the smooth 
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approximations to derive a modulus of continuity for smooth solutions of (1 ). The following 
two propositions can be proved as in DiBenedetto and Vespri (to appear). 

Proposition 2.1 There exists a constant c = c(data) such that 

Proposition 2.2 There exists a constant c=c(data} such that 

3 SOME BASIC RESULTS 

After a translation we may take (xo,to) = (0,0). Set 

For e± E (0, 1) define 

At+)t)={xEKp: u(x,t)>p+-e+w} 

Az-)t) = {x E J(P : u(x,t) <I'- +e-w} 

(5) 

(6) 

Proposition 3.1 There exists a number v+ E (0, 1) depending upon w, p, data such that if 

IAt+) < v+IQ(p,OpP)I 

then 

u(x,t) <I'+- ~e+w V(x,t) E Q(~,o(~)} 
If also 

u(x, -OpP) < J-l+- e+w Vx E J(P 

(7) 

(8) 

(9) 

there exists a number v+ E (0, 1) depending upon B, data, independent ofw,e+, such that 
{8} implies 

u(x,t) < p+- ~e+w V(x,t) E Q(~,BpP). (10) 
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Remark 3.1 By the proof we get the number v+ given by 

( ( (e+wp-p)~)-1 
v+=c(data)91+ () P (11) 

Sketch of the proof 
For n = 0, 1, 2, ... consider the sequence of radii 

and the sequence of numbers 

+ 2 + 1e+ 
Kn = 1-' - 3e w - 3 2n w 

We rewrite (5) over the pair of cylinder Qn = K;;n X ( -9iJ:., 0) and Qn = KPn X ( -8fl':., 0) 
and using the sequence of cutoff functions en defined over Qn = KPn such that en = 1 
over Qn, I'Venl $ 2nP+', Been E [0, 2P(n+I) /9pf']. After some calculations (see Di Benedetto 
and Vespri (to appear) we get 

Yn+I $ c(data)(1 + (e+~)l-p)()~y~+Nt.; (12) 

where Y,. = IAI~S'I. To prove (9) we apply Lemma 4.1 of DiBenedetto (1993). For (11) 
we argue in a similar way using a sequence en independent of t. 

We can state an analogous result for Ae-.r(t)• with 1-1+- ~e+w replaced by 1-1- + ~e-w. 
As the proof is similar to the one in DiBenedetto and Vespri (to appear) we omit it. 

Proposition 3.2 Suppose that for some et E (0, 1) the number() satisfies 

9 ~ (etw)~'- 2 (13) 

and that 

(14) 

then for any v+ E (0, 1) there exists a number e+ E (0, e: I 4) depending upon ()' e:' c( data) 
such that 

(15) 

An analogous proof enables us to get the logarithmic estimate near 1-1-. 
If (7) holds, then arguing as in DiBenedetto and Vespri (to appear, the first alternative) 

we get: 

osc u $ TJ0 (w)w \l(x,t) E Q(~,()(~Y) (16) 

where TJ 0 (w) E (0, 1). 
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The unfavourable case, is when both conditions (7) and the analogous one for Ae-.P are 
violated in the fixed cylinder Q(p, OpP), thus in particular in the coaxial boxes 

(0, r) + Q(r, OrP) 

where r E [-O(p'l'- rP), 0], r E (8p, p) and 8 E (0, I) is to be chosen. 

Proposition 3.3 There exists a constant c = c(data,w) such that 

10 1 ()wP pP :::; c IVujP dx dt 
-QpP {5P<iixii<P} 

(17) 

Proof 
Arguing as in DiBenedetto and Vespri (to appear), the second alternative] we get the 

existence of two cylinders Q; both contained in {8p < llxll < p} x [-OpP, 0) such that u is 
near p+ in Q11 u is near 1'- in Q2 (see DiBenedetto and Vespri (to appear), Proposition 
8.I]). Let f 1,2 be a path piecewise parallel to the coordinates axes joining P1 to P2 , P; 
belonging to the cross section of Q;, i = I, 2. Then we obtain 

w < £. .. j'Vuj dr (I8) 

By integration we get (I7). 

4 PROOF OF THE MAIN THEOREM 

Consider first the case N = p. Rewrite (I7) for the cylinders 

(19) 

where t~ = -j(){JnPpP, j = 0, I, ... ' s-np- I. 
We suppose s-t be an integer number. After adding over n, n = 0, 1, .. , n 0 - 1, with n0 

to be chosen, we obtain 

(20) 

Inequality (5) written for the value k = p+ - ~ and using a cutoff function e = I on 
Q(pl2, ()pP 12), I Vel :::; 2P I p, et E [0, 2P+l I pP] gives 

(2I) 

Equations (20) and (2I) imply 

n0 :::; c(data,w) (22) 
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with c(data,w). We choose an n0 so large that 

n0 > c(data,w) (23) 

This implies a contradiction. Therefore (7) or the analogous one for A{-,p must hold 
for the cylinders Q~. If we start from (7), we fix a value e± = -&_, we use proposition 3.1 
to arrive at 

u(x, t) < p.+- ~ V(x, t) E [(0, t~) + QWp/2, 0(8npf2)P) (24) 

Setting onp = 8r, u = ¥U + 1/2P)0 

w 
u(x, -4urP) < p.+- 18 Vx E I<,. 

We choose v+ for the largest value of u i.e. v+ = c(data)f08noP, n0 as in (23). From 
Proposition 3.1 we get 

We can repeat the method of the first alternative: there exists 
7Jl(w) E (0,1) such that 

oscu ~ 1)1(w)w in QWopf8,0Wopj8)P) (25) 

Therefore arguing as in Di Benedetto and Vespri (to appear), Corollary 12.1, we have 
that 

The case N > p is more complicated. We follow sections 13-29 of Di Benedetto and 
Vespri (to appear). We partition the original set into disjointed boxes of the type (0, t;) + 
Q(p,pP), with t; = 0,-pP, .. ,-(0 -1)pP and divide each of these boxes in the disjoint 
cylinders 

Either the first or the second alternative holds for these sets. Since they are not centered 
in the origin, we prove that an estimate similar to (24) holds by means of a comparison 
function. Propositions 24.2, 24.3 of Di Benedetto and Vespri (to appear) show that a 
number (} > 1 li!llw!O B(w) = oo, which can be determined a priori in terms of the data 
and w, implies that the first alternative holds. 
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