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Abstract 
The relaxation methods, such as described by Warga (1972), are applied to the study 
of state-constrained optimal control problems governed by semi linear elliptic equations. 
The main issue is to prove the convergence of the solutions of the discretized control 
problems to optimal controls of the relaxed continuous problem. In order to obtain this 
result we make a stability assumption of the optimal cost functional with respect to small 
perturbation of the feasible state set. 
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1 INTRODUCTION 

In this paper, we are concerned with an optimal control problem of a semilinear elliptic 
equation, with control and state constraints. No convexity assumption is made on the 
feasible control set or the cost functional, therefore the existence of an optimal control 
can not be proved. However, after the discretization of the continuous problem (by using 
finite elements), we usually obtain a finite dimensional optimization problem having a 
solution. Then some questions arise: can we state any relation between these solutions 
and the continuous control problem?, do they converge to something in some topology 
when the dimension of the discretized problem is increased? 

The reader is referred to Chryssoverghi (1985), (1986) and Chryssoverghi and Kokki
nis (1994) for some related papers. We try to improve the existing theory by assuming 
less restrictive conditions on the problem (mainly on the state equation) and by includ
ing pointwise constraints in the control problem. On the other hand, in order to prove 
the convergence of the discretization of a state-constrained optimal control problem, it 
is usually required to enlarge the set of feasible states. Hereafter we will give a stability 
condition for the control problem in such a way that for the stable problems is not neces-
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sary to enlarge the set of feasible states to achieve the convergence of the discretizations. 
Moreover, we prove that almost all problems are stable; see Casas (1992). 

2 THE OPTIMAL CONTROL PROBLEM 

Let l1 be an open bounded subset of IRn, n = 2 or 3, with a Lipschitz boundary. To 
simplify the presentation we will also assume that l1 is convex. However this assumption 
can be removed if we assume r = al1 to be of class CI,I, we will come back to this issue 
below. In l1 we consider the operator 

n 

Ay = - L ax, [ai}(X)axiY], 
i,j=1 

where aij E CO,I(D), 1 :s: i,j :s: n and satisfy the usual ellipticity assumption 

:loX> ° such that L aij(X)eiej 2': ,\llell2 Vx E l1 and Ve E IRn. 
i,i=1 

Let /C be a compact subset of IRm, m 2': 1, and let f : l1 x (IR x /C) ---+ IR be a 
Carathedory function, monotone non increasing with respect to the second variable and 
satisfying 

Vu E /C and a.e. x E l1, 

{ 

:ltPo E L2(l1) such that If(x,O,u)l:S: tPo(x) 

VM> ° :ltPM E L2(l1) such that 

If(x, Y2, u) - f(x, YI, u)1 :s: tPM(x)IY2 - YII a.e. x E l1, VIYI!, IY21 :s: M, Vu E /C. 

(1) 

Let us denote by U the set of measurable functions u : l1 ---+ /C. For each u E U we 
consider the state equation 

{ 
AY=f(x,y(x),u(x» inl1, 
y = ° on r. 

The next theorem claims the well posedness of the state equation. 

(2) 

Theorem 1 Under the previous assumptions (2) has a unique solution Yu in HJ(l1) n 
H2(l1). Moreover there exists a constant C,;; > ° such that 

(3) 

This theorem can be proved by classical arguments. First we can consider f bounded 
q,nd use Schauder's fixed point theorem to deduce the existence of a solution in HI(l1), 
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the uniqueness being a consequence of the monotonicity of f w.r.t. the second variable. 
If f is not bounded, we can define 

{ 

+M 
fM(x,y,u) = -M, 

f(x,y,u) 

ify>+M, 
if y < -M 
otherwise. 

Thus we have a unique solution YM for every M. Then using again the monotonicity of 
f and (1), we can obtain the boundedness YM in 0 independently of M by Stampachia's 
method (1965). Thus fM(x,YM(x),u(x)) = f(x,YM(x),u(x)) for M large enough, which 
implies that YM is a solution of (2) in H1(0) n LOO(O), the uniqueness in this space is 
once more a consequence of the monotonicity of f w.r.t. y. Finally, the H 2(0)-regularity 
follows from the convexity of 0 and the Lipschitz regularity of the coefficients aijj see 
Grisvard (1985). 

Remark 1 In the case of a nonconvex set 0, the previous theorem remains to be true un
der the C1,1-regularity of r. Indeed the unique modification in the previous argumentation 
arises in the proof of the H2 (0) -regularity of the solution. This regularity is still true when 
the convexity assumption of 0 is replaced by the C1,1-regularity ofr; see Grisvard {1985}. 
It is known that the C1-regularity ofr is not enough to assure the H2(0)-regularity ofy; 
see Jerison and J(enig {1994}. 

Now we consider a CaratModry function L : 0 X (lR X K:) -----> IR satisfying 

"1M> 0 3rPM E L1(0) such that /L(x,y,u)/::; rPM(X) a.e. x E 0, V/y/ ::; M, Vu E K:.(4) 

Now we can state the optimal control problem as follows 

{

Minimize J(u) = i L(x,yu(x),u(x))dx, 
(Po) n 

u E U, g(x, Yu(x)) ::; 8 "Ix E n, 

where 8 E lR and g : n X IR -----> IR is a continuous function. 
We finish this section introducing the stability concept of (Po) w.r.t. perturbations of 

the set of feasible states. 

Definition 1 We will say that (P 6) is stable to the right if 

Analogously, (P 6) is stable to the left if 

lim inf (Po') = inf (Po). 
0'/0 

(P 0) is said stable if it is stable to the left and to the right simultaneously. 

(5) 

(6) 
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The next theorem establishes how often this stability condition is satisfied. 

Theorem 2 There exists 80 E IR such that (Po) has no feasible control for 8 < 80 . For 
every 8 > /io, except at most a countable number of them, problem (Po) is stable. 

Proof. From Theorem 1 we know the existence of a constant M > 0 such that IYu( x) I ::::: M 
for all x Efland u E U. Let us set AM and AM the minimum and maximum of 9 over 
OX [-M,+M]. Then it is obvious that (Po) has no feasible control for 8 < AM, while 
every element of U is a feasible control for every 8 2 AM. Let us set 80 = inf{8 : 
(Po) has at least one feasible control}. Then AM ::::: 80 ::::: AM. 

Finally we prove that (Po) is stable for almost all 8 > 80 • Let us consider the function 
h : (80 , +(0) --> IR defined by h( 8) = inf (Po). Then h is a monotone non increasing 
function and then continuous at every point 8, except at most a countable number of 
them. The theorem follows from the fact that the continuity of h in 8 is equivalent to the 
stability of (Po). 0 

3 THE RELAXED CONTROL PROBLEM 

In this section we apply the relaxation theory to immerse the control set U in a bigger 
class of controls such that the new control problem has at least one solution. To do this 
we follow the approach described by Warga (1972). As usual C(K) denotes the space 
of continuous functions endowed with the maximum norm and M(K) = C(K)* is the 
space of real regular Borel measures in K. We also set P(K) equal to the subset of M(K) 
formed by the probability measures in K. With R we denote the subset of the Banach 
space LOO(fl,M(K.:)) = L1(fl,C(K.:))* formed by the functions r such that r(x) E P(K.:) 
for almost all x E fl. Given a Caratheodory function cP : fl x K --> 1R, we denote by 
cPR : fl x M(K.:) ---> IR the function defined by 

In some sense, cPR can be considered as an extension of cP, simply by taken cP(x, k) = 
cPR(X, /i[kJ), where 8[kJ is the Dirac measure centered at the point k of K. Consequently, we 
can define the functions fR, LR : fl x IR x M(K) ----> IR by 

Now we define the relaxed control problem in the following way 

Minimize JR(r) = 10 LR(x,Yr(x),r(x))dx 

r E R, g(x,Yr(x))::::: 8 Vx E 0, 
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with Yr E HJ(O) n H2(O) being the solution of the problem 

{ 
Ay = fR(x,y(x),r(x)) in 0, 
y = 0 on r. 
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(7) 

Let us remark that U can be considered as a subset of R by identifying u( x) and 
r(x) = b[u(x)]' Moreover, with this identification we have JR(r) = J(u), Yr = Yu and 
fR(x,Yr(x),r(x)) = f(x,yu(x),u(x)). On the other hand U is dense in R; see Warga 
(1972). Therefore (RP s) can be considered as an extension of (P s). Furthermore (RPs) 
has at least one solution as we will prove below. Then a natural question is whether 
inf(RPs) = inf(Ps). Here we have the answer 

Theorem 3 Let 150 be as in Theorem 2. (RP s) has at least one solution for every 15 > 150 . 

Moreover inf(RPs) = inf(Ps) if and only if (P.) is stable to the right. 

Proof. It is well known that R is convex, metrizable (with coinciding metric and weak* 
topologies) and compact. Then the set of feasible relaxed controls is compact too. More
over this set is not empty due to the fact that 0 > 00. Finally, the continuity of JR on R 
allows to conclude the existence of an optimal relaxed control. 

To prove the second part of the theorem we first state the following inequalities 

inf (RP s') ::; inf(P s') ::; inf (RP.) ::; inf (P s) for every 0' > O. 

The first and the last inequalities are a consequence of the identification of every feasible 
control for (P s) (resp. (P~)) with a feasible control for (RP s) (resp. (RP~)). Let us prove the 
second inequality. If l' is a feasible control for (RP s), then we can take a sequence of controls 
{Ud~l such that rk(x) = o[u.(x)] -? r(x) weakly* in LOO(O,M(K)). Since YUk -? Yr 
uniformly in 0, then 0 2:: g(x,Yr(x)) = limk~oog(x'Y"k(x)), therefore g(X'Y"k(X)) ::; 0' 
for every x E ° and k bigger than a certain ko, only depending on 0'. Thus the controls 
{Udk~ko are feasible for problem (Ps') and 

which leads to the desired inequality. 
Finally, the proof will be concluded by proving that lims'',.s inf (RP s') = inf (RP s). Let 

rs, be a solution of (RP s') for every 0' > O. Using the compactness of R, we can take a 
sequence {rsJ~l' with bj '" 0, such that 1'., -? l' weakly* for some l' E R. Using the 
uniform convergence Yr, -? Yr in 0, we obtain , 

g(x,Yr(x)) = lim g(x,Yr, (x))::; lim OJ = 0, 
)-+00 J )-+00 

for every x E 0, Therefore r is a feasible control for (RP s). Thus we have 

o 
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Corollary 1 If problem (Po) is stable to the right and it has a solution U, then r(x) = 
8[ii(X)] is also a solution of (RP 0)' 

4 NUMERICAL APPROXIMATION OF THE CONTROL 
PROBLEM 

In this section we consider the numerical discretization of problem (Po). As we will see 
below, the discrete problems have at least one solution, the natural question is to relate 
these optimal discrete controls with the continuous problem. Since the existence of a 
solution of (Po) can not be stated under our assumptions, we look at the relaxed control 
problem, which has a solution. We will prove that the optimal discrete controls converge 
to optimal relaxed controls in some topology. 

Let {lhh>o be a regular family of triangulations in n satisfying the inverse assumption; 
see Ciarlet (1978). Let us take nh = UTEThT, Oh its interior and r h its boundary. Then 
we assume that nh is convex and the vertices of 11. placed on the boundary r h are points 
of r. To every boundary triangle T of 11. we associate another triangle Ten with two 
interior sides to 0 coincident with two sides of T and the third side is the curvilinear arc 
of r limited by the other two sides. We denote by ii, the family formed by these boundary 
triangles with a curvilinear side and the interior triangles to 0 of Th , so n = UTE7h· T. Now 
let us consider the spaces 

where PI is the space of the polynomials of degree less than or equal to 1. It is obvious 
that Vh c HJ(O). For each Uh E Uh we denote by Yh(Uh) the unique element of Vh that 
satisfies: 

Now we formulate the finite dimensional optimal control problem: 

{

minimize Jh(Uh) = 1 L(x,Yh(Uh)(x),uh(x))dx 
(P oh ) Oh 

subject to Uh E Uh and g(Xj, Yh(Uh)(Xj)) ::; 8 1::; j ::; n(h), 

where {x j} ji~) is the set of vertices of 1h. The following theorem state the existence of a 
solution for (P oh )' 

Theorem 4 For every 8> 80 there exists ho > 0 such that (Poh ) has at least one solution 
Uh for all h ::; ho. 
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Proof. Since Uh is a compact set and Jh is continuous, the existence of a solution of (P Sh ) 
will be assured if we prove that the set of feasible controls is nonempty. Let Uo E U be a 
feasible control for (P so) and let us take UOh E Uh such that UOh( x) ---> uo( x) for almost 
every point x E n as h ---> o. Then Yh(UOh) ---> Yuo uniformly in n. Since g(x,yuo(x)) ~ 80 

for every x E n, from the uniform convergence and the inequality 5 > 80 we deduce the 
existence of hs > 0 such that the inequality g(X,Yh(UOh)(X)) ~ 8 holds for all x E nand 
each h S; hs. Therefore UOh is a feasible control for (Poh ), which completes the proof. 0 

Finally we prove the convergence result of the numerical approximation. 

Theorem 5 Let us assume that (P s) is stable and let ho > 0 be as in Theorem 4. Giv
en a family of controls {uhh<h6! Uh being a solution of (P Sh ), there exist subsequences 
{Uhk hEN, with hk ---> 0 as k ---> 00, and elements r E R such that rhk (x) = 8[Uhk (xl] ---> r in 
the weak* topology of LOO(n, M(K)). Each one of these limit points is a solution of (RP s). 
Moreover we have 

Proof. Let fih be the state associated to Uh and let us write rh(x) = O[Uhk(x)]. Since 
{rhh:O;h; C Rand R is a weak* compact metrizable subset of the space LOO(n,M(K)), 
we can extract a subsequence {rhk} such that hk ---> 0 and rhk(x) = 8[Uhk(xl] ---> r weakly* 
in LOO(n, M(K)) for some element r E R. Now we prove that r is a solution of (RP s). Let 
11 be the state associated to r. Since ihk ---> Y uniformly in nand g(Xj,Yhk(Xj)) ~ 0 for 
every 1 ~ j ~ n(h), it follows that g(x,y(x)) S; 0 and therefore r is a feasible control for 
the problem (RP s). 

Let 8' E [00 + E,O), with 0 < E < 8 - 00 fixed, and let rs, be a solution of (RP s'). 
Since U is dense in R, we can take sequence {Uj}~l C U such that uj ---> rs, weakly* 
in LOO(n, M(K)). Taking into account the uniform convergence YuJ ---> Yr;" we deduce 
the existence of js' E N such that g(x,YuJ(x)) ~ 0' + E/2 for every x E nand j 2: js'. 
For each j fixed we take a sequence {uhh>o, with Uh E Uh and such that Uh(X) ---> 

uj (x) for almost all point x E n. From the uniform convergence Yh( Uh) ---> YuJ and the 
inequali ty g( X, YuJ (x)) S; 8' + E /2 < 8 for all x E n we deduce the existence of hj such that 
g(X,Yh(Uh)(X)) ~ 0 Vx E nand Vh ~ hj. Hence Uh is a feasible control for (P oh ) always 
that h S; hj. Then, we get JhkR(rhk) = Jhk(Uhk ) S; Jhk(Uhk) whenever hk ~ hj. Thus we 
have 

Now taking the limit when j ---> 00, we obtain that JR(r) S; JR(rs'). Finally, the feasibility 
of r for (RP s) and the stability condition (Definition 1) enables us to conclude that 

inf(RPs) ~ JR(r) S; lim JR(rO') = lim inf (RPo') S; lim inf (P8') = inf(P8) = inf (RP8), 
8'/0 8'/0 8'/8 

which proves that r is a solution of (RP8). The rest of theorem is immediate. 0 
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