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Abstract 
Constructive methods of control for dynamical systems subject to bounded controls are 
proposed. Lagrangian systems governed by nonlinear ordinary differential equations and 
linear systems governed by partial differential equations are considered. The approach 
is based on the decomposition of the original system with a finite or infinite number of 
degrees of freedom into simple subsystems with one degree of freedom each. Methods of 
optimal control and differential games are applied to the subsystems. Explicit feedback 
control laws are obtained which bring the original dynamical systems to the prescribed 
terminal states in finite time. Upper estimates on the control time are obtained. Control
lability of systems subject to bounded controls is discussed. The proposed methods are 
applicable to robots and elastic systems. 
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1 INTRODUCTION 

The well known classical methods of automatic control present the control u as a linear 
operator of the state x: u = Lx. Thus, in the vicinity of the terminal state x = 0, the 
control u becomes small: u -t O. Here, not all control possibilities are used, and the control 
time is infinite: x -t 0 as t -t 00. On the other hand, far away from the terminal state, the 
control u becomes large enough and may violate constraints usually imposed on control. 

Methods of optimal control (Pontryagin et aI, 1972) are free from these drawbacks, take 
account of control constraints and can bring the system to the terminal state in minimal 
time. However, it is very difficult to obtain optimal feedback controls for nonlinear systems. 

In this paper, we propose a constructive approach for obtaining bounded controls in 
dynamical systems. We consider systems of two types: nonlinear systems described by 
the Lagrangian ordinary differential equations and linear systems described by partial 
differential equations. To obtain the control laws, we use the decomposition of our systems 
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with a finite or infinite number of degrees of freedom into simple subsystems with one 
degree of freedom each. After that, methods of optimal control and differential games are 
applied to the subsystems. Explicit feedback control laws are given. The results presented 
here were obtained in (Chernousko, 1990, 1992a, 1992b, 1993a, 1993b, Ananyevskii et ai, 
1995) where full proofs, upper estimates on the total time of motion, more details and 
examples can be found. 

2 LAGRANGIAN SYSTEMS 

Consider a nonlinear dynamical system governed by Lagrange's equations 

i = 1, ... ,no (1) 

Here t is time, q = (ql, ... , qn) is an n - vector of generalized coordinates, T is the kinetic 
energy, Qk are control forces subject to the constraints 

k = 1, ... ,n (2) 

where Q2 are given constants, Fk are all other forces including uncertain disturbances. 
The kinetic energy of the system T is given by 

T = ~(A(q)q,q) = ~ t Aij(q)qiqj 
i,j=l 

(3) 

where A( q) is a symmetrical positive definite n x n - matrix, and ( . , . ) denotes a scalar 
product of vectors. Substituting (3) into (1) we obtain 

A(q)q = Q + F(q, q, t) + S(q, q) (4) 

where the following notation is introduced 

Sk( q, q) = L rkij( q)qiqj , k = 1, ... ,n, (5) 
i)j=l 

The problem is to find a feedback control Q(q, q) satisfying (2) and bringing the system 
(1) (or (4)) from any given initial state 

q(to) = it (6) 
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to the prescribed terminal state 

(7) 

in finite time. Here, the instant to and the vectors qO, gO and ql are fixed whereas tl is 
free. The case of nonzero terminal velocity g(tl) =1= 0 was considered in (Ananyevskii et 
ai, 1995). We shall discuss two approaches to the control problem stated above. 

3 THE FIRST APPROACH 

Multiplying (4) by the matrix A(ql)A-l(q), we get 

Alq = Q + R(q, q, t, Q), 

(8) 

Suppose all motions under consideration as well as the initial and terminal states (6) and 
(7) lie in some domain W of the 2n-space (q,q) where 

k = 1, ... ,n (9) 

for all t;:: to, (q,q) E Wand Qk satisfying (2). Here RZ are constants. The inequalities 
(9) can be verified by means of the following Lemma given in (Chernousko, 1990, 1993a, 
1993b ). 

Lemma Suppose the following inequalities 

II [A(q) - Allzil ~ f.lllzll, 

IFk + Ski ~ IIQ~, k = 1, ... , n, 0 < f.l < f.lJ, II> 0 

hold for any z E Rn, all t ;:: to, and all (q, q) E W where f.ll' f.l, and II are constants. Then 
for all t;:: to, all (q,q) E W, and all Q satisfying (2) we have 

IRkl ~ IIQ2 + f.l(f.ll - f.l)-l(l +II)QO, 

QO [t(QZ)2f
/

2 k=I, ... ,n. 

It follows from the Lemma that the inequalities (9) are satisfied, if A( q) is close to Al 
and QZ are sufficiently large. By the change of variables Al (q - qt) = y we reduce the 
system (8), constraints (2) and (9), and terminal conditions (7) to the form 

iik = Qk + Rk, IQkl ~ Q~, IRkl ~ R~ < Qz, 

Yk(t 1 ) = Yk(t 1 ) = 0 (10) 
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We regard the terms Rk in (10) as independent and arbitrary uncertain disturbances 
sub ject to the constraints (9). Applying the approach of differential games, we can treat 
(10) as a set of n separate independent subsystems with one degree of freedom each. Here, 
Qk and Rk are the controls of the two players acting on the kth subsystem. We shall find 
the feedback control Qk of the first player and thus obtain the solution of our control 
problem. 

Using the change of variables 

(11) 

we reduce the kth subsystem (10) to the normalized form 

x=u+v, lui::; 1, Ivl::;p<l, X(T)=X(T)=O (12) 

where T is the terminal time. 
Let us find the feedback control u( x, x) as a time-optimal control of the first player in 

the differential game (12). This linear differential game is reduced (Krasovskii, 1970) to 
the time-optimal control problem for the system 

x=(I-p)u, lui::; 1, X(T)=X(T)=O, T-+min (13) 

obtained from (12) through replacing v by (-pu). The optimal feedback control for the 
system (13) is (Pontryagin et aI, 1972) 

u(X,X) 
u(x,x) 

1/;p(x,x) 

sign1/;p(x, x) 
sign x = - sign x if 1/; p = 0 , 

-x - x Ixi [2(1 - pWI 

(14) 

where 1/;p is the switching function. Returning to the original variables using y = Al (q-qJ) 
and (13), we obtain the desired feedback control as follows 

Qk(q, q) = Q~u(x, x), x = (Q~rl[AI(q - ql)h, 

x = (Q~rl(AIq)k (15) 

where u(x,x) is defined in (14) and p is given by (11) for each k. The total time of 
control is finite and does not exceed the maximum (over all k) of the control times for 
the subsystems (13). We have the following upper estimate for the terminal instant tl: 

tl - to < maxT(x~,X~), 
- k 

k = 1, ... ,n, 

X~ = (Q~)-I [Al(qO - ql)L' :i;~ = (Q~)-I(AlqOh, 

T(t,l)) = (1 - p)-I {[21)2 - 4(1 - p)hr!2 -I),} , 
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4 SOME GENERALIZATIONS 

The approach described above consists of two stages: 1) decomposition of the original 
system into simple subsystems; 2) design of the feedback control for the subsystem. Both 
stages can be modified. 

At the first stage, the system (4) can be reduced to the set of subsystems other than 
(13). Namely, the following subsystems with linear or nonlinear damping can be used 

x + AX = U + v, A = const > 0; x + J(x) = U + v (16) 

where u and v are again the control and disturbance, respectively. Here the smooth func
tion J(z) has the following properties: 

zJ(z) > 0, J'(z»O if ziO, J(O) = o. 

Some results for equations (16) are presented in (Chernousko, 1993a, 1993b). 
At the second stage, the game approach can be replaced by other methods for control 

design. The simplest possibility is to ignore the disturbance v while designing the control u 
and then to use thus obtained control for the system subject to the disturbance. Applying 
this simplified approach to the system (12), we should take the control u(x, x) in the form 
(14) with p = O. The analysis presented in (Chernousko 1990, 1993a, 1993b) shows that 
the dynamics of the system (14) under this simplified control depends essentially on the 
parameter p, the critical value of p being equal to the golden section ratio 

p' = (51
/

2 
- 1)/2 = 0.618 .... 

If p < p*, then the system (12) under the simplified control and arbitrary disturbance 
v,lvl :::; p, reaches the terminal state x = x = 0 in finite time. If p = p*, then the system 
stays in the bounded domain of the phase plane, and there exists an admissible disturbance 
such that the system has a periodic solution and never reaches the terminal state. If 
p> p*, then there exist admissible disturbances such that the system (12) has unbounded 
solutions: x -+ 00 as t -+ 00. Hence, our system (12) under the simplified control is 
controllable, if and only if p < p*, whereas under the game control it is controllable, if and 
only if p < 1. The same conclusion is true also for the systems (16). Hence, the bounded 
disturbance can be ignored while designing the control, if the ratio of the amplitudes of 
the disturbance and control is less than the golden section ratio p'. Obviously, the game 
approach is preferable to the simplified one. 

5 THE SECOND APPROACH 

We consider again the system (1) (or (4)) and assume that all its motions under investi
gation belong to the set D of the q-space. The set D may coincide with the whole space 
Rn. Suppose that 

mllzl12 :::; (A(q)z,z) :::; Mllz112, 0 < m < M, 

i,j,k=l, ... ,n. (17) 
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for any z E Rn and all qED. Here m, M, and C are positive constants. Let the 
uncontrollable forces F in (1) and (4) consist of two terms 

(18) 

subjected to different constraints. 
The dissipative forces G( q, q, t) satisfy two conditions: 

I)(G,q)::;O forallqED, andallt~to; 

2) IGkl::; G~(a), k = I, ... ,n, if 14il::; a < co for all i = I, ... ,n. 

Here co > 0 is a positive number, GZ(a) are continuous monotone increasing functions 
for a E [0, co], and GZ(a) = 0, k = 1, ... , n. 

The forces iP in (18) are arbitrary but bounded disturbances such that 

i=l, ... ,n (19) 

where ,\~ > 0 are given constants. 
Let us introduce the sets in the 2n-space (q, 4) 

111 = {(q,q) qED; :3k, 14kl > c}, (20) 

112 = {(q,i}) qED; Vk,14kl::;c}. 

The number c > 0 will be chosen later. We define our feedback control in Dl as follows 

Qk(q,q) 
Qk(q,q) 

-QZ sign 4k if 4k i' 0, 

o if 4k = 0, k = 1, ... , n . (21) 

By taking into account equations (18), (21), and the assumptions made, we obtain from 
(4) 

n 

dT/dt ::; (Q + iP,i}) ::; - 2:)QZ - ,\~) 14kl ::; -1'lql, 
k=1 

l' = min(QZ - ,\~) > 0, 
k 

k=I, ... ,n. 

The upper estimate (17) for T implies that Ii}I ~ (2T/M)I/2. Hence, we have in D1 : 

2TI/2dTl/2jdt::; -1'(2TjM)I/2, or dT1/2jdt :S _1'(2M)-1/2. 

Integrating the latter inequality, we obtain that,if the motion starts in 111 , then the control 
(21) steers our system (4) to the boundary between 111 and 112 in finite time. The system 
reaches this boundary at the instant t. such that 
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In fl2, we rewrite equation (4) as follows 

(22) 

Let us regard U and Vas a control and disturbance, respectively. It follows from (17)-(20) 
that 

(23) 

We impose the following constraints on U 

(24) 

It follows from (17), (22), and (24) that 

Hence, if the inequalities (24) hold, our original constraints (2) are satisfied. Equations 
(22) and constraints (23) and (24) can be rewritten in the form 

(25) 

quite similar to (12). The only difference is that the solution of the system (25) must 
satisfy the state constraint 

k = 1, ... ,n (26) 

following from the requirement that our system should not leave the set fl2 from (20). The 
feedback control satisfying this additional condition can be obtained as a modification of 
(14), if p = Va/Un < I. We take 

Uk(qk,qk) 

Uk(qk,qk) 

?j;(x) 

?j;(x) 

UO sign Xk = _Un sign qk if qk = ?j;(Xk); 

-[2U°(1-p)lxI]1/2signx if Ixl~x*, 

-8 sign x if Ixl:::: x*; Xk = qk - q!, x* = 82 [2U°(1 - pW~ 
8E(0,E), p=Vo/Uo<l, k=l, ... ,n. 

(27) 

Here, 15 is an arbitrary number from the interval (0, E), and x* is chosen so that the function 
?j;(x) is continuous. The switching curve qk = ?j;(Xk) defined by (27) is symmetrical with 
respect to the point Xk = qk = 0, lies in the band (26), and consists of two arcs of 
parabolas for IXkl s: X* and two rays qk = ±8 for IXkl :::: X*. As shown in (Chernousko, 
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1992a, 1993b), if p < 1, the feedback control (27) brings the system (25) to the terminal 
state (7) in finite time under any admissible Vk, IVkl ::; V o, and the constraint (26) is 
satisfied. To ensure the condition p < 1, we should choose c so that 

(28) 

Since GO(c) -+ 0 as c -+ 0, the condition (28) can be satisfied, if and only if 

(29) 

Hence, if (29) holds, our control problem is solvable by the second approach described in 
this section. The condition (29) is always satisfied, if the disturbances are absent (qj = 0). 

Let (29) hold. Then the parameter c in (20) should be chosen so that c ::; co and (28) 
holds. Then the feedback control Q( q, q), defined by (21) in 0 1 and by Q = A( q)U and 
(27) in O2, brings our system (4) from any initial state (6) to the prescribed terminal state 
(7) in finite time under any admissible disturbances. The upper estimate on the total time 
of motion is given by 

tl - to ::; 5-1 mt;x IqZ - q!1 + (2M)I/2,-1 [T~/2 - (m/2)1/2c] 

+(M/rn)1/27·-15-I(To - mc2 /2) 

+(2c2 + 4c5 + 352 )5-1 [2U°(1 - p)]-I , k = 1, ... , n, 

p=Vo/Uo, 5E(0,c). 

Note that the parameter 5 should be taken close to c, because the greater is 5, the smaller 
is the time of motion. 

6 DISCUSSION 

Let us compare the two approaches described in Sections 3 and 5. The first approach is 
based on the assumptions imposed in the 2n-dimensional (q, q)-space, whereas the second 
one deals with assumptions in the n-dimensional q-space. Hence, the assumptions of the 
second approach are less restrictive. On the other hand, the second approach incorporates 
motions with low velocities in the set O2 and, hence, the total time of motion may be 
greater for the second approach. 

Both approaches do not presume that the external forces are known. These forces may 
be uncertain, with only the bounds on them being essential. 

Equations (1) or (4) are typical for robotic manipulators. Here, qk are generalized coor
dinates of a robot (angles of rotation and linear displacements for revolute and prismatic 
joints, respectively), whereas Qk are control torques, forces, or electric voltages. Computer 
simulation of the proposed control laws for robots with different kinematics showed quite 
satisfactory results. 
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7 DISTRIBUTED PARAMETERS SYSTEMS 

Let us consider briefly the decomposition of controlled distributed parameters systems 
described by linear partial differential equations of one of the two following types 

Wt 

Wtt 

Aw+v 
Aw+v 

(30) 

(31) 

Here w(:v, t) is a scalar state depending on time t and n-vector :v, v is a scalar control, 
and A is a linear selfadjoint differential operator of the even order 2m ( in :v) independent 
of t. For example, if m = 1, A = 6., then (30) is a parabolic equation, whereas (31) is 
a wave equation; if m = 2, A = _6. 2

, then (31) describes elastic vibrations of a beam 
(n = 1) or a plate (n = 2). Equations (30), (31) are considered in the domain :v E n, 
t :2': ° under the homogeneous boundary conditions 

Mw=O, x E r = an (32) 

where M j is a linear differential operator of the order less than 2m with coefficients 
independent of t. The initial conditions for equation (31) are 

w(X,O) = wo(:V) , Wt(X,O) = Wto(X) , (33) 

whereas in case of (30) the second condition (33) should be omitted. The control v in (30) 
and (31) is subject to the constraint 

Iv(:v, t)1 ::; vo , (34) 

where Vo > ° is a given constant. 
We are to find the control v satisfying (34) and such that the corresponding solution 

of the initial boundary value problem described by (31)-(33) becomes zero at t = T: 
w( x, T) = Wt(x, T) = 0. For equation (30), one should omit the latter equality and the 
second condition (33). The time T is not fixed a priori. 

Let us consider the eigenvalue problem 

A<p = -A<p, x En; M<p = 0, XEr (35) 

and assume that all eigenvalues Ak > 0, k = 1,2, ... , and Al ::; A2 ::; .... If there is also a 
zero eigenvalue, we put AO = 0. We present the state and control as series in orthonormal 
eigenfunctions <Pk 

(36) 

Substituting (36) into (30) and (31) and using (35), we obtain the respective equations 
for qk 

(37) 
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The initial conditions (33) are replaced by 

qk(O) = J wo'Pkdx, 
n 

qk(O) = J WtO'Pk dx . 
n 

Let us impose the constraints on controls Uk: 

t:2: O. 

(38) 

(39) 

The bounds Uk > 0 should be chosen so that the constraint (34) holds. It is sufficient to 
require that . 

(40) 

Since each equation (37) is controllable, we can choose the time-optimal control Uk bring
ing the kth mode to the zero terminal state under the constraint (39). For the first-order 
equations (37), we have 

-Uk sign qk , qk i= 0, Uk(O) = 0, 

A;lln[l + Ak Iqk(O)1 Uk1
] , Ak > 0, (41) 

Iqo(O)1 Uo1 
, Ao = 0 

where Tk is the minimal time for the kth mode. To minimize the total time of motion 
T = maXk Tk, we should choose Uk in such a way that all Tk are equal: Tk = T, k :2: o. 
We obtain the following condition on T 

(42) 

It can be shown that the series (42) converges for all T > 0, and its sum decreases 
monotonically from 00 to 0 as T changes from 0 to 00. Hence, there exists T such that 
(42) holds, and our control problem is solved by the proposed method. The control for 
each kth mode is given in an explicit form. 

For the second-order equations (37), the situation is more complicated. The feedback 
time-optimal control Uk( qk, qk) for each subsystem (37) under the constraints (39) is again 
given in an explicit form (Pontryagin et ai, 1972), but the corresponding minimal times Tk 
are not expressed explicitly. We have obtained upper estimates on these times and used 
them to derive sufficient controllability conditions for the system (31). These conditions 
can be presented as convergence conditions for certain series (Chernousko, 1992b). For 
example, if the following two series 

(43) 

converge, then the system (31) is controllable by the proposed method. 
Using (43), sufficient controllability conditions for various specific cases were obtained, 

including control of elastic systems (membranes, beams, and plates of various shapes 
under different boundary conditions) by means of bounded distributed forces. 
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. For example, let us consider vibrations of an elastic beam controlled by distributed 
forces. Equation (31) and the control constraint (34) can be presented as follows 

Wtt = -Wxxxx + v , 

The boundary conditions for the case of hinged support at the both ends of the beam 
are W = Wxx = 0 for x = a, x = b. It can be shown that the both series (43) con
verge, if the initial distributions of elastic displacements wo{x) = w{x,O) and velocities 
WtO{x) = Wt{x,O) of the beam satisfy the following smoothness conditions: 

x E [a,b]. 

8 CONCLUSION 

The results presented above are based on the decomposition of the original system into 
simple subsystems and use optimal control methods. Since the time of motion is minimized 
for each subsystem, these methods may be regarded as suboptimal. The total time of 
motion is finite: the motion stops when the last degree of freedom reaches its terminal 
state. Upper estimates on terminal times are given. 
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