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Abstract 
We show that a suitable small parameter limit of a family of (possibly partially observed) 
risk-sensitive stochastic control problems is a deterministic dynamic game. We identify 
the corresponding cost functional through large deviations techniques. 
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1 INTRODUCTION 

The aim of this paper is to investigate connections between risk-sensitive stochastic op
timal control and dynamic games. The existence of a link between these two families of 
optimization problems was first noticed by Jacobson (1973, 1977) in the case of linear 
systems with quadratic cost, where the explicit solutions are available. In the nonlinear 
setting the relation is more subtle: a deterministic game is recovered from a risk-sensitive 
stochastic control problem through a limiting procedure, consisting in letting the noise 
variance and the risk parameter going to zero and infinity respectively, at the same rate. 
As pointed out by Whittle (1990, 1991), large deviation theory is a natural probabilistic 
tool to study small-noise high-risk limit of stochastic control problems, providing rather 
convincing heuristic arguments but, so far, no rigorous proof. 

In the case of continuous time diffusion processes, a different approach to the limit of 
risk-sensitive control problems was proposed by Fleming and McEneaney (1992, 1995). 
Their method relies on the theory of viscosity solutions for Hamilton-Jacobi (Dynamic 
Programming) equations, and has been applied to both finite time horizon and infinite 
time horizon problems. 

When mimicking Fleming's method for discrete time models, one has to deal with a 
Dynamic Programming equation, for the risk-sensitive control problem, having the form 
of an integral difference equation, in which the noise distribution enters explicit ely. The 
structure of this difference equation naturally suggests, in the analysis of its small-noise 
high-risk limit, the use of large deviation techniques, exploiting thus some of Whittle's 
ideas. Such large deviation analysis of the Dynamic Programming equation has been 
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completed by James, Baras and Elliott (1994) for nonlinear discrete time systems driven 
by a Gaussian additive noise. 

The aim of this paper is to extend the results of James, Baras and Elliott by making 
a systematic use of large deviation methods. We give here a rather wide class of systems 
whose small noise-high risk limit can be identified as a dynamic game. The models in 
James, Baras and Elliott (1994) are covered by our approach, that in turn does not rely 
on any specific assumption on the distribution of the noise. In particular, we can treat 
nontrivial models with non-Gaussian and/or non-additive noise. 

We finally mention that different, but close in spirit, limit theorems for risk-sensitive 
control problems have been obtained by Barron and Jensen (1989), and Runolfsson (1994). 

The paper is organized as follows. In Section 2 we introduce the (new) concept of 
Uniform Large Deviation Family, that is used in Section 3 to analyze the limit of totally 
observed risk-sensitive control problems. Section 4 is devoted to the partially observed 
case, and to the discussion of a relevant example. 

2 UNIFORM LARGE DEVIATION FAMILIES 

We introduce here the main technical tool of this paper. In what follows we let X be a 
Polish (metric, separable and complete) space, and e be a set. 

Definition 1 We say that a family {P' (dx; 0) : E > 0,0 E e} of probability measures on 
X is a Uniform Large Deviation Family (ULDF) if there exists a function H : X x e --T 

[0, +00] such that 
i) x --T H(x; 0) is lower semi continuous (I.s.c.), for every fixed 0 E e; 
ii) for C c X closed 

lim sup sup [dogP'(C;O) + inf H(x;O)] :::; 0; 
/':----1-0 OEe xEC 

iii) for A E X open 

liminf inf [dog P'(A; 0) + inf H(x; 0)] ~ O. 
(--+0 (lEe xEA 

(1) 

(2) 

The function H is called the rate function. The following result is a version of Varadhan's 
Lemma (Varadhan (1984)); its proof requires a modification of the classical argument in 
Varadhan (1984), and can be found in Dai Pra and Rudari (1995a). 

Lemma 2 Let F" F : X -> IR be bounded continuous functions such that F' -> F 
uniformly as E -; O. Then 

lim E log J e,-'F,(x) P'(dx; 0) = sup[F(x) - H(x; 0)] 
(-+0 xEX 

(3) 

uniformly in 0 E e. 
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3 SMALL-NOISE HIGH-RISK LIMIT: THE CASE OF COMPLETE 
OBSERVATION 

Let x"u = (x:,:U):;=o be a stochastic process, defined on a probability space (n, F, P), 
taking values in a Polish space X and adapted to a filtration (Fn):;=o' The process is 
indexed by a parameter E > 0 and by a (Fn)-adapted process u = (uo, . .. , UN-I), taking 
values in a metric space U. The law of the process x"u is determined by a Fo-measurable 
initial condition Xo, and by the following transition probabilities: 

where the probability kernels p~ satisfy the following 
Assumption A. 

(4) 

1. For fixed E > 0, n = 0, ... , N -1, the map (x, u) -t p~(-; x, u), from X x U to MI(X) 
(space of probability measures on X) is continuous in x, uniformly for u E U, with respect 
to the weak topology in MI(X); 
2. For n fixed, {P~('; x, u) : E > 0, (x, u) E X xU} is a ULDF with rate function Hn(z; x, u). 

We denote by U the class of admissible controls, i.e. the (Fn)-adapted, U-valued s
tochastic processes. The aim of the controller is to minimize over U the cost functional 

N-l 
J'(u) = E{ exp [E-I (L gn(x:;u, un) + 9N(X~,u))]} (5) 

n=O 

where the gn's are bounded functions, continuous in x, uniformly for u E U. 
The value J: = infu J'(u) can be obtained through the Dynamic Programming equation 

(Bertzekas (1976)) 

{ 
V,:(x) = infuEu [e,-lgn{X,U) JV':+I(XI)P~(dxl;X,U)] 
VN(x) = e,-lgN{X) 

(6) 

which yields J; = E(Vo'(xo). The function (n,x) -t V,:(x) is called the value function 
for the risk-sensitive stochastic control problem (4)(5), where c I plays the role of a risk 
parameter. Under Assumption A 1., it is easily proved that V; is a bounded continuous 
function of x. 

To the above risk-sensitive stochastic control problem we will associate a deterministic 
dynamic game of the following type. The dynamics are given by the difference equations 

Xn+l == fn(Xxl Un, W n ) 

Xo given 
n = O, ... ,N-l 

(7) 

with Xn E X, Un E U, Wn E W, W being an arbitrary set. The controls u = (uo, ... , UN-I) 
are such that Un is a function of (xo, ... , xn). Letting it denote this class of controls, and 
w = (wo, ... , wN-d, the aim of the controller is to minimize over if the cost functional 

N-I 
K(u) = s~p { L Gn(xn,un,wn) + GN(XN)} 

n=O 

(8) 



166 Contributed Papers 

where the Gn's are given functions. The quantity I<. = infu I«u) is the (upper) value for 
the game. The dynamic programming equation for this game is 

infuEu supwEW {Gn(x, u, w) + Sn+l(Jn(X, u, w))} 
GN(X). 

(9) 

Also in this context the map (n, x) ---+ Sn( x) is called the (upper) value function for the 
game, and I<. = So(xo). The main result of this Section is the following Theorem, which 
identifies the E ---+ 0 limit of the stochastic control problem (4)(5). 

Theorem 3 Suppose Assumption A is satisfied and, for n = 0, ... ,N - I, let fn : X x 
U x W ---+ X be functions such that for each (x,u) E X x U the map w ---+ fn(:r,u,w) is 
onto. Then the value function V;(x) defined in (6) is such that 

limflogV: = Sn 
<-->0 

(10) 

uniformly on X, wher'e Sn is the value function of the dynamic game (7)(8) with 

gN(X) 
gn(x,u)-Hn(Jn(x,u,w);x,u) for n=O,Oo.,N-l. (11) 

Proof. The proof consists in a simple use of Lemma 2. Indeed, we define S~ = E log V;, 
and write (6) in the equivalent form 

(12) 

Since S'tv == 9N = SN, we can proceed by induction, and assume S~+l ---+ Sn+J uniformly, 
as f ---+ O. Then, by Lemma 2, 

uniformly. Thus 

sup[Sn+J(X') - Hn(x';x,u)] 
x' 

infuEu sUPx'EX[gn(x, u) - Hn{x'; x, u) + Sn+J (x')] 
infuEu sUPwEw[gn(x, u) - Hn(J(x, u, w); x, u) + Sn+l{X')] 
infuEu sUPWEW[Gn(x, u, w) + Sn+l(X')] 
Sn(x) 

where the limit is uniform. 0 

4 THE CASE OF PARTIAL OBSERVATION 

(13) 

Consider a risk-sensitive stochastic control problem of type (4)(5). When the state process 
(4) is only partially observed one changes the class of admissible controls to the set of those 
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control processes u that are adapted to the filtration (TX);:=o generated by an observation 
process y"u. This observation process, that takes value in a Polish space Y, is assumed to 
obey to the following requirements: 

(14) 

(15) 

where the Q~ are given probability kernels. Clearly, (4),(14) and (15) together determine 
the joint law of the process (x"U, y"U). Denoting by UY the class of control processes that 
are adapted to the filtration (TX), the aim of the controller is to minimize over UY the 
cost functional J'(u) given by (5). 

The following (rather long!) list of requirements make the problem tractable with our 
method. 
Assumption B. 
1. For fixed E > 0, n = O, ... ,N -1 the map (x,u) -+ P~(dx';x,u) is continuous in x 
uniformly for u E U, and the map x -+ Q~(dy;x) is continuous. 
2. For any n, {P~(dx';x,u) : E > O,(x,u) E X x U} and {Q~(dY;X);E > O,X E X} are 
ULDF's with rate functions H:;(x'; x, u), H;:(y; x) respectively. 
3. The spaces X, Yare locally compact Polish spaces, and U is a compact metric space. 
4. The functions gn, n = 0, ... , N, in the cost function (5) are uniformly continuous. 
5. There are sequences (G",)",>o, (/{m)m>O of compact sets in X and Y respectively, such 
that, for n = 0, ... , N - 1 - -

lim sup lim sup sup dogP~(G;;';x,u) =-00 
m-oo (-+0 (x,u)EXXU 

lim sup lim sup sup dog Q~(f{~,; x) = -00. 
(-+0 xEX 

6. Let Gl, G2 be arbitrary compact subsets of X, and An( Gl , G2 ) = {(x', x, u) : H:;(x'; x, u) 
< oo}. Then H:; is uniformly continuous in An(G1 , G2 ), for any choice of GJ, G2 • 

7. The rate function H;:(y; x) is uniformly continuous in /{ x X, for any /{ C Y compact. 
For simplicity, we also assume from now on that the initial condition Xo for the state 

dynamics is deterministic; this requirement can be considerably weakened. 
The E -+ ° limit of the partially observed stochastic control problems defined above will 

be described as a dynamic game of the following type. The state-observation process is 
determined by the difference equations 

{ 

Xn+l 
Xo 

Yn 

!n(Xn, Un, wn) 
given 
hn(xn,vn) 

(16) 
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with Xn E X, Yn E Y, Wn E W, Vn E V, Wand V being arbitrary sets. The class UY of 
admissible controls is given by those controls u such that Un is a function of (Yo, . .. ,Yn)' 
The aim of the controller is to minimize over UY a cost functional of the form 

N-J 

I«u) = sup { I.: Gn(Xn, Un, Wn, Vn) + GN(XN)}. 
w,V n=O 

(17) 

In order to use the machinery introduced in Section 3, we transform the problem (14)(5) 
into an equivalent (i.e. having the same cost functional) problem with complete observa
tion. 

The transformation consists in defining the process z"U = (z~,u, ... , z'NU) , with z;;:u = 
(y~,u, ... , y~,U, Uo, ... , Un-d. The process z"u is adapted to the filtration (FX), and it can 
be shown that there are probability kernels P:,'(dzn+1; Zn, un) such that 

(18) 

for any admissible u E UY. Moreover, the cost functional J'(u) can be rewritten in terms 
of the process z"u as 

(19) 

with 

N-J 

i'(Z;VU) = dogE{ exp [E- J (I.: 9n(X:;u, un) +9N(XN))] IzW}. 
n=O 

We have therefore transformed the partially observed problem (14)(5) into the equivalent 
totally observed (18)(19). The value function V;(zn) for this last problem will be referred 
to as the value function for (14)(5). 

It turns out that Theorem 3 cannot immediately applied to this transformed problem, 
since the probability kernels p:" do not necessarily satisfy Assumption A. However, using 
Assumption B and a refinement of Lemma 2, the proof can be repeated in its essential lines, 
yielding the Theorem that follows. The details are, however, rather long and technical, 
and are omitted. The complete analysis of the partially observed case is the subject of a 
forthcoming paper (Dai Pra and Rudari (1995b)). 

Theorem 4 Suppose Assumption B is satisfied and, for n = 0, ... , N - 1, let fn : X x 
U x W -> X, hn : X x V -> Y be functions such that for each (x, u) E X x U the maps 
W -> fn(x,u,w) and v -> hn(x,v) are is onto. Then the value function V;(zn) for the 
problem (14)(5) is such that 

limElogV: = Sn 
,~O 

(20) 
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exists, uniformly on yn X un-I. Moreover, sUPzo So(zo) is the value function of the dynamic 
9ame (16)(17) with 

GN(X) 
Gn(x,u,w,v) 

Go(u,w) 

9N(X) 
9n(X, u) - H;:Un(x, u, w); x, u) - H;:(hn(x, v); x) 

for n = 1, ... ,N - 1 
9o(Xo, u) - Ht;Uo(xo, u, w); Xo, u). 

(21) 

Example 5 Consider the risk-sensitive stochastic control problems with cost functional 
given by (6), and dynamical equations 

X~~l 
X~,U 

y~,U 

F (an(x:;u, Un) + Cn(X~U, Un)W~) 
Xo (22) 

G(bn(x~U) + d,Jx~U)v~) 

where x~u,w~ E IRd
, y~,U,v~ E IRk, un E U c IRq compact, an,bn are bounded uniformly 

continuous functions, cn , dn are matrix valued functions, uniformly continuous, bounded, 
and such that cnc~, dnd~ have a spectrum which is uniformly bounded away from zero. 
Moreover F, G are injective, uniformly continuous functions, and w~, ... , wJv_l' v~, ... , vJv 
are two sequences of i.i.d. random variables with the following distribution: 

v~ ~ G2 L ,13m exp[;c Ilv - m11 2
] 

mEN 

where am,,Bm > 0, M, N are finite subsets of IRd and IRk respectively, and Gt, G2 are 
normalization factors. The model studied in James, Baras and Elliott (1994) corresponds 
to F = id, G = id, Cn, dn scalar matrices, M, N consisting of a single element. By using 
the results in Dai Pra and Rudari (1995a), we have that the transition probabilities 
corresponding to (22) form ULDF's with rate functions 

If we assume the functions 9n in (6) to be uniformly continuous and bounded, then it 
can be shown that Assumption B is satisfied (see Dai Pra and Rudari (1995b)). By using 
Theorem 4 one obtain, among all possible choices, the following dynamic game: 

= F(an(xn,un)+cn(xn,un)wn) 

Yn = G(bn(xn) + dn(xn)vn) 
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]{(u) supw,v [go(xo,uo) - t dist 2(wo,M) 

+ ~~:11 (gn(Xn, un) - t dist 2(Wn' M) - ! dist 2(Vn' N)) + 9N(XN)]. 
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