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Abstract 
In this paper a dynamic model of granulocytopoiesis is presented which shall be used to 
estimate cell numbers after bone marrow transfusion. The effects of bone marrow transfu
sion are interpreted as a change of the initial conditions of the model. The unknown initial 
conditions of the model are computed on the basis of real patient data with the help of a 
suitably constructed optimization problem. This optimization problem is solved numer
ically using an SQP method to compute a stationary point. The step size is controlled 
via the Armijo rule and the necessary derivatives of the objective function are computed 
with the automatic differentiation technique. 
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1 INTRODUCTION 

During recent years biomathematical models to describe granulocytopoiesis have been 
published (Fliedner and Steinbach, 1987, Hofer, Tibken and Fliedner, 1991, Fliedner, 
Steinbach and Szepesi, 1988). Although the medical research has almost revealed the 
structure of granulocytopiesis, the application of these models in the medical treatment 
of individual patients has been investigated only in recent years (Hofer, Fan and Tibken, 
1991, Hofer and Tibken, 1994, Hofer, 1995). In this paper, the model originally proposed by 
Fliedner and Steinbach is used to quantify the individual perturbation to the hemopoietic 
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system due to bone marrow transfusion. This quantification is possible via the estimation 
of cell numbers for the model from granulocyte measurements from the blood. Based on 
real patient data the initial numbers of surviving and transplanted cells is calculated, 
respectively. 

2 MODEL OF GRANULOCYTOPOIESIS 

The model of granulocytopoiesis used consists of 26 differential equations which describe 
the time evolution of the system. It describes 6 cell and 2 hormone compartments. At the 
origin of the production of granulocytes a pool S of stem cells is assumed followed by the 
progenitor pool CBM, the precursor pool P, the maturation pool M, the reserve pool R, 
and the functional pool F in the blood. The differential equations describing the model 
are given by 

dS 
As(1 - 2p)S , 

dt 
dCEMI 

2(1 - PlASS + (O'e - Ae)CEMI , ---
dt 

dCEMi AeCEMi _ 1 + (ae - Ae)CBM;, 
dt 

i = 2,3, ... , 10 , 
dPI AeCEMlO + (ap - Ap )PI , 
dt 
dPi ApPi- 1 + (ap - Ap)Pi , 
dt 

i = 2,3, ... , 10, 
dM 

ApPlO - AMM, (1) 
dt 
dR 

AMM -ARR, 
dt 
dF 

ARR - AFF, 
dt 

dReg.! 
'PI - AReg.IReg.I , 

dt 
dReg.II 

'P2 - AReg.nReg. II . 
dt 

The pools CBM and P are divided up into 10 sub compartments in order to describe the 
cell transit time variability. The transit rate AS of the stem cells into division is regulated 
by the content of all cell compartments in the bone marrow. The fraction p of cells returns 
into the stem cell pool after division while the other cells divide further and mature to 
granulocytes. 

The parameters in the differential equations are choosen to reflect the medical knowl
edge about the cell transit times and cell amplification due to division. 
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3 ESTIMATION OF CELL NUMBERS 

The mathematical model (1) of granulocytopoiesis consists of a system of nonlinear dif
ferential equations given in the previous section. The available real patient data after bo
ne marrow transfusion are measurements of the granulocyte concentration in the blood. 
Thus, only F(t) for non equidistant time instances is available as measurement. Based 
on this measurements the initial values for the content of the cell compartments are 
estimated. For the initial values of general systems of nonlinear differential equations 
with measurements at non equidistant times no general, systematic and effective method 
is available. A suitable way to circumvent this problem is to use numerical optimization 
software to minimize a problem specific performance index. The only measurable datum is 
the concentration of F cells in the blood. Thus it is reasonable to perform the estimation 
using the performance index 

N 

J = 2)Fi - F(ti))2 
i=l 

where ti, Fi , i = 1, ... , N are the measurement times and the numbers of granulocytes in 
the blood, respectively. 

The function J is to be minimized with respect to the initial values of the system (1). 
These initial values are parametrized as follows 

S(O) 
CBMi(O) 

Pi(O) 
M(O) 
R(O) 

F(O) 

OIS* 

02CBMt , i = 1, ... ,10 

03P;' , i=I, ... ,lO 
04M * 

OsR* 

06 F * 

(2) 

where So, CBM;, ... , F* are the numbers of cells in the respective compartments in the 
healthy steady state. 

Thus the minimization problem 

Jmin = minJ(O) 
9?;O 

has to be solved in order to estimate the initial cell numbers of a patient based on the 
observed data. This optimization problem is a constrained optimization with the lower 
bound ° on all variables. The numerical methods which have been used and are imple
mented in MAT LAB to solve this problem will be given in the next section. 

4 OPTIMIZATION METHOD 

The optimization problem described in the last section has been solved using a special SQP 
method. The basic idea is to solve a sequence of easier problems whose solution converges 
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to the solution of the original problem. We start with an initial estimate 0(0) for the 
minimum and will construct a convergent sequence O(k) which satisfies J(O(k») ::::: J(O(k+I») 
and limk_oo J(O(k») = Jmin- We compute this sequence with the help of the auxiliary 
problem 

which is constructed from the original problem by a Taylor series expansion of the ob
jective function J at the actual estimate O(k) up to the quadratic terms. If the hessian 
~~; (O(k») is positive definit this auxiliary problem will be solved and the solution is de
noted by 0. The next iterate O(k+I) is then sought between O(k) and 0 on the line segment 
connecting these two points in the parameter space if the direction from O(k) to 0 is a 
descent direction for J. If either the hessian is not positive definit or the direction is no 
descent direction the next iterate is sought in the direction of the negative gradient of 
J at O(k) where the search has to be restricted to the components for which the corre
sponding components of O(k) are not on the boundary of the feasible set, e.g. , for the 
components which are strictly positive. The search is carried out using the armijo rule. 
This results in a convergent sequence which converges (Kosmol, 1989) to a zero of the 
gradient of J. Thus, if the initial estimate is good enough the convergence to the mini
mum is guaranteed. The optimization method is implemented using MATLAB and the 
auxiliary quadratic optimization problem is solved using the corresponding routine in the 
MATLAB Optimization Toolbox. 

The computation of gradient and hessian is carried out using the technique of auto
matic differentiation. This technique has been implemented in MATLAB using m-files 
and the necessary computations are done after a call to the corresponding m-files. A 
special Runge-Kutta method has been implemented which uses automatic differentiation 
for the calculation of the derivatives of the numerical solution to (1) with respect to the 
parameters 01 , ... 06 . 

5 CONCLUSION AND OUTLOOK 

In this paper a special optimization method has been presented which has been imple
mented using MATLAB. It is based on a quadratic approximation of the function to be 
minimized and takes simple bounds on the variables into account in each step. Thus, in
feasible points are never generated during the optimization. This is important because in 
the application in mind the variables are cell numbers which have to be positive in order 
to have an biological interpretation. The convergence near the optimum is quadratic and 
first results look very promising. 

The method has been applied to the estimation of cell numbers after severe irradiation 
and bone marrow transplantation after leukemia treatment. 

Future work will concentrate on the application of Quasi Newton Methods which need 
only gradient information and no hessian. Thus, eventually the necessary computer time 
to perform an estimation can be reduced drastically. 
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