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Abstract 

The message waiting time in a system of multiple queues, each with a single buffer, 
attended by a server in cyclic order is studied under the assumption that the time axis 
is slotted. The results can be used for the performance comparison with other slotted 
communication protocols. The distribution and the mean of the waiting time are obtained 
for general asymmetric systems, and closed-form expressions are derived for symmetric 
systems with constant service and switchover times. The simple results for the continuous 
polling model are identified with the limiting forms for infinitely many queues in stable 
unlimited-buffer systems with exhaustive, gated, or limited service discipline. 
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1. INTRODUCTION 

Polling models generally refer to systems of multiple queues served by nondedicated 
servers with rules that allocate the server to the queues. In particular, a basic polling 
model is a system of multiple queues attended by a single server in cyclic order. While the 
term polling originates in the polling data link control scheme in communication networks, 
generic models have been applied to the performance evaluation of other communication 
protocols such as token ring as well as to the performance modeling in the fields of 
computer operating systems, manufacturing, and transportation. Those readers who 

T. Hasegawa et al. (eds.), Local and Metropolitan Communication Systems
© Springer Science+Business Media Dordrecht 1995



394 Part Eight LAN 

are interested in analysis and applications of polling models are referred to my earlier 
monograph [Takagi 1986) and surveys [Takagi 1988, 1990, 1991, 1994). 

A system of multiple queues in which each queue has a buffer that can accommodate at 
most one message at a time is called a single-buffer model. Those messages that arrive to 
find the buffer occupied are lost. This model has been used for the performance modeling 
of various medium access protocols, including ALOHA [Lam and Kleinrock 1975), CSMA 
[Tobagi and Kleinrock 1977), CSMA/CD [Tobagi and Hunt 1980), and slotted ring [Jung 
and Un 1992; Yamazaki et al. 1993). There are a number of studies for the single-buffer 
polling model, such as Mack et al. [1957), Scholl and Potier [1978), Takine et al. [1988), Ibe 
and Cheng [1989) only to mention a few representative ones. However, in all available 
studies of single-buffer polling models, the time axis is assumed to be continuous, in 
contrast with the assumption that the time is slotted which is adopted in the models of 
other communication protocols mentioned above. It is therefore interesting to investigate 
the slotted (or discrete-time) single-buffer polling model. The results can then be used 
for the pedormance comparison with other protocol on the same basis. 

Specifically, the model analyzed in this paper is a system of N queues each with a 
single buffer served by a server in cyclic order. The time axis of the system is segmented 
into a sequence of equal-size intervals of unit duration called slots. Service and switchover 
of the server can be started and ended only at slot boundaries so that their durations are 
always integral multiples of a slot. At an empty queue, say queue i, a message arrives 
with probability Ai, or does not arrive with probability 1 - Ai in each slot, independently 
of all other events occurring in the system (0 < Ai < 1). Therefore, the mean interarrival 
time is given by 1/ Ai slots. Let Xi be the service time (measured in slots) at queue i. 
The probability generating function (PGF) B;(z) and the mean bi for Xi are given by 

Bi(Z) := :EP{Xi = l}zl and bi := E[Xi) = Bjl)(I) (1.1) 
1=1 

Similarly, let R; be the time (measured in slots) needed by the server to switch from 
queue i to queue i + 1 (RN for the switch from queue N to queue 1). The PGF R;(z) 
and the mean ri for R; are given by 

00 

Ri(Z) := L P{R; = l}zl and ri:= E[R;) = RP\I) 
1=1 

The mean of the total switchover time is given by 

N 

R:=Lri 
i=l 

(1.2) 

(1.3) 

Our primary objective of analysis is to obtain the PGF W;(z) and the mean E[Wi ) for 
the message waiting time Wi (measured in slots) at queue i for 1 S; i S; N. 

This rest of this paper is organized as follows. In Section 2, we show an analysis to 
give W;(z) and E[Wi ) for 1 S; i S; N. In principle, they can be obtained through the 
solution to a set of N(2N - 1 -1) linear equations. Explicit results are given when N = 2. 
In Section 3, we consider a special case in which the switchover times are constant, the 
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service times are constant and identical for all queues, and the arrival rates are also iden
tical for all queues. Closed-form expressions are derived for W(z) and E[W). In Section 
4, we address the continuous polling model which can be obtained by considering the 
limit N --+ 00 while keeping the total arrival rate fixed in the model of Section 3. Simple 
expressions for E[W) and Var[W) are derived, and it is noted that they are the limiting 
forms for the corresponding results in stable infinite-capacity polling systems as N -+ 00. 

2. ASYMMETRIC SYSTEMS 

Let us derive several relationships for the performance measures in an asymmetric system. 
Focusing on queue i, we first note that the throughput Ii, that is, the mean number of 
messages served per slot is related to the mean waiting time E[Wi) by 

1 
Ii = -=E=[W=i-:-) +---:""bi-+-l-;'/ A"-i (2.1 ) 

This follows from an observation that the state of queue i repeats renewal-type cycles 
of an empty period of mean duration 1/ Ai and an occupied period with mean duration 
E[W;J + bi' If (Xi denotes the probability that a message is found in queue i when the 
server arrives there, the definition of the throughput yields 

(Xi 
li= E[G) (2.2) 

where E[G) is the mean polling cycle time. In turn, the mean polling cycle time and the 
mean int.ervisit. time E[Vi) of the server for queue i are given by 

N 

E[G) = R+ :~::>kbk 
k=1 

E[Vi) = R + L (Xkbk = E[G) - (Xibi 
ki'i 

From (2.1)-(2.4), we get the relation 

E[Wi) = E[Vi) _ ~ 
(Xi Ai 

(2.3) 

(2.4) 

(2.5) 

Let Wi( /) be the probability that the message waiting time at queue i is / slots, and 
let Vi(l) be the probability that the server intervisit time for queue i is I slots, where 
1= 1,2, .... Their PGFs are defined by 

<Xl <Xl 

Wi(z):= LWi(l)zl and V;(z) := L Vi(l)zl (2.6) 
1=0 1=1 

Considering the slot during an intervisit time in which a message arrives, we get 

(2.7) 
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which reduces to 
W(Z) _ Ai[V;(Z) - V;(1 - Ai)] 

• - [1 - V;(1 - Ai)](Z - 1 + Ai) 
(2.8) 

We can get (2.5) from (2.8) by noting the relation 

0i = 1 - V;(1 - Ai) (2.9) 

The PGF V;(u) for the intervisit time can be obtained by considering the successive 
station times, where the station time Wk for the kth visited queue is defined as the sum of 
the switchover time from queue k - 1 to queue k and the possible service time at queue 
k. The joint distribution for N successive station times is defined by 

Since the intervisit time Vk for the kth visited queue is given by 

we get 
Vk(Z) = {lk_l(l, z, ... , Z)Rk_l(Z) 

From the state transition equations 

= ~ P{Wk-N,Wk-N+ll ... ,Wk-d(l- Ak)Wk-N+l+··+Wk-l+WkP{Rk_l = wd 
WIc_N 

+ ~ P{Wk-N,Wk-N+l, ... ,wk-d[l - (1 - Ak)Wk-N+l+··+Wk-l+Wk-bk] 
WIc_N 

wlc-l 

X ~ P{Rk-l = Wk - bk}P{Xk = bd 
bk=l 

we obtain 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 
From these equations, we can get a set of N(2N - l - 1) equations for the same number 
of unknowns {{lk(l,(l-Ak+t}vt, ... ,rrf:,ll(l-Ak+i)"j); vi = 0,1 (1 ~j ~ N -1),1 ~ 
k ~ N}. Solving for them, we can calculate {lk(l, z, ... , z), which is used to obtain Vk(Z) 
and therefore Wk(z). 

As an example, consider the case in which N = 2. Equations (2.14) then read 

{ll (Zll Z2) = R2[(1 - Al)z2][1 - Bl (z2)]{l2(1, (1 - Al)Zl) + R2(z2)Bl(z2){l2(1, Zl) (2.15) 

{12(Zl, Z2) = Rd(l - A2)z2][1 - B2(Z2)]{ll(1, (1 - A2)Zl) + Rl (Z2)B2(Z2){ll(1,Zl) (2.16) 
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which yield 

0 1(1,1 _ A2) = R2(1 - A2)B1 (1 - A2) + R1(1 - AdR2(A)[1 - B1 (1 - A2))B2(1 - AI) 
1 - R1(A)R2(A)[1 - B1(1 - A2)][1 - B2(1 - AI)) 

(2.17) 
O2(1,1 _ AI) = R1(1 - A1)B2(1 - AI) + R1(A)R2(1 - A2)B1(1 - A2)[1 - B2(1 - Ad) 

1 - R1(A)R2(A)[1 - B1(1 - A2)][1 - B2(1 - Ad) 

where 

Since 

it follows that 

and that 

01 = 1 - V1(1 - Ad = 1 - O2 (1,1 - A1)R2(1 - AI) 

02 = 1 - V2(1 - A2) = 1 - 0 1 (1,1 - A2)R1(1 - A2) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

E[Vj.J = R + ~[1 - 0 1 (1,1 - A2)R1(1 - A2)) = R + 02~ (2.23) 

E[V2) = R + b1[1 - O2(1,1 - A1)R2(1 - AI)) = R + 01b1 (2.24) 

We can use (2.20)-(2.24) in (2.5) and (2.8) to obtain the mean and the PGF for the wait
ing times WI and W2 • It is possible to derive similar expressions and conduct numerical 
computation for cases N 2:: 3 as done by Ibe and Cheng [1989) for a continuous-time 
system. 

3. SYMMETRIC SYSTEMS WITH CONSTANT SERVICE AND 
SWITCHOVER TIMES 

We consider a special case in which all messages are of a fixed length b and the switchover 
times from queue i to queue i+l are also constant Ti for 1:::; i :::; N. Moreover, we assume 
that the arrival rates A of messages at all queues are the same. 

For this system, let '"Y be the total throughput of the system: 

(3.1) 

From (2.1) and (2.2), we get 

N E[Q) 
'"Y = E[W) + b+ l/A = E[G) 

(3.2) 

where E[Q) is the mean number of messages served in a polling cycle. Thus we have 

E[G) = R + bE[Q) (3.3) 
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1 NR 
E[W] = (N -l)b- A + E[Q] (3.4) 

We can derive an explicit expression for E[Q]. To do so, we define the state Uk of 
queue k seen by the server as 

{ 0 if queue k is empty 
uk:= 1 if queue k is occupied (3.5) 

Let us denote by Pi(Ul,'''' Ui-l, Ui, Ui+l, •.. , UN) the probability that the server observes 
the states of queues Ui+1, ••• , UN, Ul, ••• , Ui-l, and Ui prior to arriving at queue i. The 
state transition equations are then given by 

By direct substitution, we can see that (3.6) and (3.7) are satisfied by 

E:=1 "k-1 

Pi(Ul,"" UN) = K II {(1 - A)-(R+ib) - I} 
i=O 

where 
K = Pi(O, ... ,0) 

is to be determined from the normalization condition. 
From (3.8), we get 

P(n) := P{Q = n} = {;(N) 'tf {(I - At(R+ib) -I} 
n ;=0 

Thus we determine 

if n = 0 

if1~n~N 

N (N) n-l 
K-1 = 1 + En!! {(I - A)-(R+ib) - 1 } 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 
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Hence we obtain 

N '}:l (N: 1) IT {(1 _ A)-(R+ib) _ 1 } 
E[Q) = n=O J=O 

1 + ; (~) TI {(I - At(R+ib) - I} 
(3.12) 

Substituting (3.12) into (3.4), we get 

R [1 + f. (~) IT {(I - At(R+ib) - 1 }] 
E[W) = (N _ l)b _ .!. + n=l J=O (3.13) 

A E (N: 1) fl {(I - A)-(R+ib) -I} 

The PGF V(z) for the intervisit time V; for queue i can be derived as follows. Let Q; 
be the number of messages served during the intervisit time for queue i, which is given 
by 

From (3.8) we get 

1 

L: P;(tll>.'" tiN) 
u,=O 

Thus we obtain 

{ 
K(l _ A)-R 

P{ Q; = n} = K (N : 1) (1 _ A)-(R+nb) TI {(I - At(R+ib) - I} 

Since 
V; = R+Q;b 

it follows that 

N-l 

V(z) = E [zV;] = E [zR+Q'b] = zR L: znbp{Q; = n} 
n=O 

(3.14) 

(3.15) 

if n = 0 

if1~n~N-1 

(3.16) 

(3.17) 

= K (-=---)R [1 + '}:l (N: 1) (~)nbIT {(1 _ At(R+ib) -I}] 
1 A n=l 1 J=O 

(3.18) 
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Using (3.18), we can confirm that 

E[Q] 
0: = 1 - V(l - A) = -;:./ 

E[V] = R + (N - l)o:b 

As in (2.8), the PGF for the waiting time is given by 

A[V(Z) - V(l - A)] 
W(z) = [1 _ V(l - A)](Z - 1 + A) 

which yields the mean waiting time E[W] in (3.13). 

4. CONTINUOUS POLLING MODELS 

(3.19) 

(3.20) 

(3.21 ) 

We can derive the expressions for the continuous polling model by taking the limit N --+ 

00 and A --+ 0 while keeping NA at a fixed value in the corresponding expressions for 
a symmetric system with constant service and switchover times [Coffman and Gilbert 
1986]. 

Introducing 

we see that 

R 
p := NAb and 13:= b (4.1) 

Substituting this limit into (3.10) and (3.11), we get a negative binomial distribution 

(4.3) 

for the number Q of messages served in a polling cycle. The PGF for Q is then given by 

Q(z) := L P(n)zn = ~ 00 ( 1 )/3 
n=O 1 - pz 

This yields the factorial moments 

E[Q] =~, E[Q(Q -1)] = p2f3(1 + 13), 
1-p (1-p)2 

E[Q(Q _ l)(Q _ 2)] = p3f3(1 + 13)(2 + 13) 
(1 _ p)3 

(4.4) 

(4.5) 

The PGF V(z) for the intervisit time, which is equivalent to the cycle time in the 
continuous model, is given by 

(4.6) 
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R 
E[V]=-, 

I-p 
E[V(V _ 1)] = R{R -1 + p(b+ I)} 

(l_p)2 ' 

401 

E[V(V _ 1)(V _ 2)] = R{(R - 1)(R - 2) + pCb + 1)(3R + b - 4) + p2(b + 1)(b + 2)} 
(1 - p)3 

Taking the same limit in (3.21), we get 

1 - V(z) 
W(z) = E[V](1 _ z) 

(4.7) 

(4.8) 

Indeed, this is the PGF for the remaining intervisit time at a message arrival time. From 
(4.8) we have 

E[W] = E[V(V -1)] d E[W(W -1)] = E[V(V -1)(V - 2)] 
mM ~ ~~ 

Substituting (4.7) into (4.9), we obtain 

E[W] = R+pb 
2(1 - p) 

1 

2 

Var[W] = (R + 1)(R - 1) + 6p(1 + Rb) + p(4 + p)(b + l)(b -1) 
12(1 - p)2 

(4.9) 

(4.10) 

(4.11) 

We note that a symmetric polling system with infinite queueing capacities reduces 
to the continuous model in the limit N ~ 00, regardless of its service discipline. For 
example, the mean waiting times in stable symmetric polling systems with exhaustive, 
gated, and limited service disciplines are given by (see Takagi [1985, 1986]) 

E[W] . _ R+pb-(p/N)(R+l)_~ 
exhaustIve - 2(1 - p) 2 ( 4.12) 

E[W] = R+pb+(p/N)(R-l)_~ 
gated 2(1 _ p) 2 ( 4.13) 

E[W]limited = R + pb + (p/N)(R -1 - R/b) _ ~ 
2[1 - p - (p/N)R/b] 2 

(4.14) 

where we have assumed const~t service ~d switchover times and Bernoulli arrivals. It 
is clear that the expressions in (4.12)-(4.14) approach the E[W] in (4.10) as N ~ 00. 

On the other h~d, closed-form expressions for the vari~ce of the waiting time in polling 
systems with infinite queueing capacities are not available. However, for symmetric sys
tems, they should approach Var[W] given in (4.11) as N ~ 00. 
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5. CONCLUDING REMARKS 

The analysis in this paper consists of extensions of the existing techniques for continuous
time systems, namely, Mach et al. [1957] and Scholl and Potier [1978] for Section 2, Ibe 
and Cheng [1989] for Section 3, and Coffman and Gilbert [1986] for Section 4. However, 
these results only cannot be obtained by straightforward analogy with the corresponding 
results for continuous-time systems. In that sense, the results in this paper are new. 

Several variations of the present model may be analyzed in a way similar to the treat
ment of continuous-time systems. They include Bernoulli feedback of messages, buffer 
relaxation model, and non-cyclic order of polling. See Takagi [1990] for references to 
these variations in continuous-time systems. Reduction in the number of equations to 
2N - 1 - 1 for an asymmetric system is also possible as done by Takine et al. [1988] for a 
continuous-time system. 
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