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An approximation for the distribution of time delays experienced by tasks in finite
buffered multistage interconnection networks is presented. We focus on asynchronous 
packet-switched banyan networks which are important in ATM telecommunication sys
tems as well as in parallel computer architectures although our method is applicable to 
any feed-forward network. The networks we consider are organised in a finite number of 
stages through each of which a task passes successively in its transmission. The method 
presented considers successive pairs of switches in a task's path, the queue (output) joined 
on arrival at the second having length dependent on that which existed previously on ar
rival at the first. The transient period between arrivals at successive nodes is modelled 
in two ways: by solving the appropriate Kolmogorov equations and by an approximation 
which considers the net change in the queue length at the second node. The networks 
may be non-homogeneous in that different servers may have different rates and the arrival 
processes need not be identical. Numerical results are obtained for a range of network 
parameters and both analytical methods are compared with simulation results. 

1. INTRODUCTION 

Recently, much attention has been given to the problem of determining response time 
distributions in queueing networks [2, 3, 9, 11, 12, 16, 18]. However, apart from a very few 
studies (e.g., [3, 9]), there has not been much research on the application of such results to 
multistage interconnection networks (MINs). Task-based performance measures of MINs, 
time delays in particular, have been determined, in general, in terms of their mean values, 
typically using Little's law together with certain resource-based measures such as mean 
queue-length and throughput of the subsystem under consideration. However, the mean 
value alone is frequently insufficient since it is possible to have a situation where the 
frequency in which the observed time delay falls outside a desirable interval is quite high 
(i.e., high variability), whereas the mean value itself is within an acceptable range. 

In this paper, an approximate method for obtaining the response time of a tagged task 
in an aynchronous, finite-buffered, packet-switched banyan network is presented. Such 
networks are prevalent in ATM networks and telephone exchanges as well as in parallel 
computer architectures. The approach adopted follows closely that employed in [6] where 
each node's queue length distribution is determined in terms of the joint distributions 
at corresponding nodes in the adjacent upstream or downstream stage (i.e., those that 
are connected to it). The analysis and the resulting algorithm presented in [6] is based 
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on the following principles. The first step computes the joint probability distribution 
of the queue lengths in each crossbar switch of each stage of the MIN being analysed, 
beginning at the rightmost (i.e., output) stage which is assumed never to be blocked and 
propagating back to the first. The second step works from left to right and determines 
the output process of each component in successive stages in terms of its input process 
using approximate results on the superposition and splitting of renewal processes. The 
input process to the first stage is given - actually Poisson, but this restriction is easily 
released. The mapping function from input to output process at each component in a 
stage depends on the joint distribution of queue lengths determined in the first step. The 
two steps are then repeated until convergence is achieved, measured by the closeness of 
successive approximations of the joint queue length probability distributions. 

The basic principle of our method is to consider successive pairs of servers in a task's 
path, the queue joined on arrival at the second server having length dependent on that 
which existed previously on arrival at the first. A similar method, the Paired Center 
Approximation (PCA), applied to closed queueing networks with servers with negative 
exponential service time distributions was proposed by Harrison [4]. 

Although the analysis is tailored to MINs, this technique can be applied to more general 
open networks with no feedback and finite capacity nodes, once each node's steady-state 
queue length distribution is known. These results are obtained from an approximation 
algorithm for the queue length probability distribution at each switch of the network for 
the case where every switch (including those located at the first stage) are assumed to be 
finite [15]. This results in two algorithms which are the fruition of the preliminary work 
presented by the authors in [14]. 

MINs occur commonly in large scale ATM networks to support B-ISDN communication. 
Banyan MINs provide full connectivity between a set of sources and a set of destinations 
and in a B-ISDN environment, support several different types of traffic concurrently, e.g. 
data, voice and video. Consequently models must be able to represent various traffic 
characteristics such as burstiness which corresponds to (at least) video which has to be 
batched. Burstiness is often well represented by the generalised exponential (G E) interar
rival time distribution which we use in our algorithm. However, ATM works on the basis 
of fixed length packets which are often analysed using discrete-time models. Neverthe
less, a whole network will not operate with lock-step synchronisation and a single node 
transmitting fixed length packets can be considered as simply having deterministic service 
times. However, the effect of burstiness together with blocking means that the effective 
service times will be random and so continuous time methods become appropriate. 

This paper is organized as follows. Section 2 describes the model assumptions and the 
approach. The algorithm is given in Section 3 and Section 4 presents numerical results 
and validation with respect to simulation. Conclusions are given in Section 5. 

2. MODEL SPECIFICATION AND NOTATION 

We consider a regular buffered banyan network consisting of M stages and L levels 
in a packet-switching environment. The basic component is the two-input, two-output 
switching element (2 x 2 crossbar switch). For an N x N network (i.e., N inputs and N 
outputs), with N a power of 2, it follows that M = log2 Nand L = N/2. An 8 x 8 banyan 
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network is illustrated in Figure 1. We shall call switch-(i,j) the switching element located 
at the ith level of the jth stage of the network. The upper input pin of each switch is 
labeled "input-O" and the lower input pin, "input-I", and similarly for output pins. 

Figure 1. 8 x 8 Banyan Network. 
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Let R = {rij}NxN be the routing probability matrix where rij is the probability that a 
task originating at input pin i (first stage) has output pin j (last stage) as its destination, 
where i,j are numbered from 0 at the top as above. Tasks are assumed to arrive at the 
switches located in the first stage as a Poisson process with arrival rate Ai at input pin 
i. Let then, ~ = [Ao, AI, ... , AN-I] be the external arrival rate vector. It is assumed that 
each switch has a single finite buffer with the exception of the first stage switches which 
are assumed to have a single buffer with infinite size. Let C be the switch-capacity matrix 
where the (i,j) th element is given by Cij, the capacity, or buffer size of switch-(i,j), 
o ::; i ::; L - 1, 0 ::; j ::; M - 1. 

Incoming tasks join a switch's single buffer and each corresponding output picks the 
next task requesting its service. The service at each output is assumed to be FCFS. In our 
model each output pin can have any service time distribution. However, for analytical and 
computational tractability, we use generalised exponential (G E) distributions to approxi
mate general distributions with known first two moments. This type of approximation has 
been found to be a robust and versatile tool for the analysis of general queueing systems, 
particularly when bursty traffic is present, [8]. Let Sijx(t) be the service time distribution 
at output-x of switch-(i,j), x = 0,1, 0::; i ::; L - 1, 0::; j ::; M - 1. The distribution 
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Sijx(i) is defined in terms of the parameters Ilijx and ()ijx as follows: 

with LST S'0x(s) given by: 

(1 - ()ijx) + ()ijx +llijX 

S Ilijx 

o ::; i ::; L - 1, 0::; j ::; M - 1, x = 0,1. (1) 

We define S as the 'service-time matrix' whose (i,j) th element, Sij, is given by the 
two ordered-pairs [(llijO, ()ijO) , (llijlo ()ijl)] which give the parameters of the service time 
distributions of outputs 0 and 1 of switch-(i,j), respectively. 

Every task that arrives at one of the inputs of the first stage, goes to its output desti
nation (last stage) passing through one switch at every stage of the network in a tandem 
fashion. Tasks are prevented from entering a full switch according to Blocking After 
Service (BAS), i.e., service is suspended at the output from which the task is trying to 
leave. 

The approximation algorithms presented in Section 3 produce as result the time delay 
distribution of a tagged task arriving at one of the N external inputs of a MIN and passing 
along a path of M switches determined according to the task's destination output. The 
time delay of a task is defined to be the time elapsed between its arrival instant at one 
of the external inputs of the network (stage-O) and its departure from one the network's 
external outputs (stage-(M -1)). Note that the total number of paths in a N x N banyan 
network is N2 (one path for each pair external input-external output). 

Without loss of generality, for notational conciseness, we assume that the queues in the 
path taken by the tagged task are numbered 0,1, ... ,M - 1. We call "conjugate queue 
(output)" a queue (output) which is not in the tagged task's path but is in a switch whose 
other queue (output) belongs to the said path. 

We label by qk the queue in the tagged task's path located in stage-k of the network, 
and ih its conjugate queue, 0 ::; k ::; M - 1. Such labels are used in Figure 2 which shows 
a schematic representation of a path. The shadowed part of Figure 2 indicates the actual 
path taken by the tagged task. Although similar to a tandem network, the path can not 

Figure 2. Tagged task's path. 
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be analysed by standard modelling techniques used for this type of network. This is due 
to the possibility of external arrivals at each node originating from sources other than 
the previous queue in the path (with the exception of the first node), possible departures 
from intermediate nodes of tasks that are ahead of the tagged task (thus reducing its 
overall delay) and the fact that the state of each conjugate queue does affect the arrival 
rates at its corresponding node (since each switch has finite capacity). These issues are 
discussed in detail in the next section. Note that although all queues in the tagged task's 
path depicted in the representation shown in Figure 2 are located at the upper output of 
their respective switches, that does not necessarily correspond to their actual positions in 
the network. 

Let Si be the random variable for the sojourn time of the tagged task at queue qi, 
i = 0,1, ... , M - 1. Defining To = 0 and Ti = So + S1 + ... + Si-b for 1 ~ i ~ M, 
it follows that {Ti I 0 ~ i ~ M - I} is the set of arrival instants of the tagged task at 
queues qo, q1, ... ,qM -1, and TM is the random variable for the instant the tagged task 
leaves queue qM-1 (and consequently the network). 

We define the queue length's process as {Qi(t) I 0 ~ i ~ M - l,t 2: OJ, assumed to 
be in steady-state initially, where Qi(t) is the length of queue qi at time t. Similarly, 
{Qi(t) I 0 ~ i ~ M - 1, t 2: O} is defined as the conjugate queue length's process, 
where Qi(t) is the length of queue 7i; at time t. Then, it follows that Qi(Ti) is the 
queue length faced by the tagged task on arrival at qi (including the tagged task). Let 
P{ Qi = n, Qi = n} be the probability that, in equilibrium, queue qi has length nand 
queue qi has length n, where Qi = Qi(r) and Qi = Qi(r), 0 ~ i ~ M -1, for some r 2: O. 
Then P{Qi = n} and P{Qi = n} are the marginal probabilities that in equilibrium, 
queue qi has length n and queue qi has length n, respectively, for 0 ~ i ~ M - 1. Results 
for the distributions P{ Qi = n, Qi = n}, 0 ~ i ~ M - 1, are those obtained in [6). 

In what follows, we analyse the joint probability distribution of (Ti' Qi(Ti)), for 0 ~ i ~ 
M - 1. We define the distributions Di(t, n), for 0 ~ i ~ M - 1, as: 

Di(t,n) = P{Ti ~ t, Qi(Ti) = n}, 1 ~ n ~ Ci, t 2: O. (2) 

Note that the minimum value that n can assume is 1 since it includes the tagged task 
itself. From the above definition, and from the fact that To = 0, we have: 

Do(t,n) = P{To ~ t, Qo(To) = n} = P{Qo = n}, (3) 

where 

- P{Qi=n} 
P{Qi = n} = 1- P{Qi = Or 1 ~ n ~ Ci, 0 ~ i ~ M -1, (4) 

which in terms of the joint probability distibution of Qi and Qi is qiven by: 

Ci-n 

L: P{Qi = n,Qi = k} 
P{Qi=n}= k=OC; ,1~n~Ci' O~i~M-l, 

1- L:P{Qi = O,Qi = k} 
k=O 
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i.e., P{Qi = n} is the equilibrium probability that queue qi has length n, conditional on 
a nomempty queue. Thus, Equation 3 states that Do(t,n) is equal to the equilibrium 
probability that upon arrival the tagged task finds n tasks (itself included) already in qo. 

In the next section two approximate algorithms for the time delay distribution of a 
tagged task traversing a buffered MIN along a given path are derived as recurrence for
mulas. 

3. TWO APPROXIMATE ALGORITHMS FOR TIME DELAY DISTRIBU
TIONS 

In this paper, the expression "effective service time" is used in the same context as 
in [6], i.e., to indicate that the blocking effect is taken into consideration by adding the 
eventual blocking time to the actual service time. Let Bi(t) and Bi(t) be the effective 
service time distributions at qi and 7ij, respectively, for 0 ::; i ::; M - l. 

The total delay experienced by the tagged task at each node in its path has at most 
three components: (i) the tagged task's effective service time; (ii) the remaining effective 
service time of the task at the head of the queue (if any) at the instant the tagged task 
arrives at the considered node; and (iii) the sum of all "full" effective service times of the 
tasks (if any) positioned immediately after the task at the head of the queue and ahead 
of the tagged task. Obviously, the total delay will always include (i). If, upon arrival, the 
tagged task finds exactly one task already in the queue (not considering the tagged task 
itself), the total delay will also include (ii). However, if it finds more than one task then 
the total delay will include both (ii) and (iii). Now, let F;,B,r(S) be the LST of FI',B,r(t), 
the distribution of the tagged task's sojourn time at each queue in its path, given that 
the tagged task finds r tasks already in the queue upon arrival (itself included) where the 
parameters of the GE approximation of the effective service time distribution are I' and 
O. It then follows that F;,B,r(S) is given by: 

I' +s J-l+s 1 
[(1 - 0) + ~y-I (_1'_), r> 1, 

F.: Br(s) = 
~, , 01' 

(1 - 0) + --, r = l. 
I' +S 

According to the argument presented in the previous paragraph, for r = 1, the tagged 
task's sojourn time is simply its effective service time. For r > 1, the sojourn time is 
given by the sum of a remaining effective service time (therefore the I'~S term), and r - 1 
effective service times (the tagged task's included). Anti-transforming F;,B,r(S) we obtain 
fl',B,r(t), the probability density function of F",B,r(t), given bellow: 

1 
r-I ( - 1) (0 q-l-k 

J-le-I't L r (1 - O)k( ~ _ k)I' r' > 1, 
f (t) = k=O k r 1 . 

}.L,B,r 

OJ-le-"t, r = l. 

We now derive a recurrence formula for the distribution Di(t, n) = P{Ti :S t, Qi(Ti) = 
n}, 0 < i :S M - 1. We initially apply the Law of Total Probability to Equation 2 which 
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results in: 

Di(t,n) = I: P{Ti:::: t, Qi(Ti) = n, Qj(TJl = rj (0:::: j:::: i-I), 

(5) 

where'Di = {ri = (1'0,1'1,1'2, ... ,1'i_l,ri,r;) 11:::: rj:::: Cj (0:::: j:::: i-I), 0:::: ri:::: Ci, 0:::: 
ri :::; Ci - rd. Note that the dimension of vector r, depends on the value of i. For example, 
the vectors belonging to the set 'D1 have only three elements (i.e., they are vectors of the 
type rl = (1'0,1'1, rd) while the vectors belonging to 'DM- 1 have M + 1 elements (i.e., they 
are vectors of the type rM-l = (1'0,1'1, ... , rM-Z, rM-l, rM-d). 

Equation 5 can be re-written as: 

Di(i,n) = I: P{Qi(T;)=nI1i::::t,Qj(Tj )=1'j(O::::j::::i-l), 

Qi(Ti-d = ri, Qi(Ti-d = rd 
P{Ti :::: t, Qj(Tj ) = 1'j (0:::: j :::: i-I), Qi(Ti- 1 ) = ri, 

Q;(Ti- 1 ) = ri-d· (6) 

By replacing the random variable Ti with 1i-l + Si-l (see T;'s definition) in Equation 6, 
we require the convolution of the distributions for Ti- 1 and Si-l. Conditioning Si-l :::: v 
on the remaining events, as well as switching the summation with the integral (which 
appears due to the convolution) we obtain: 

Di(t, n) = I: l P{Qi(T;) = n I Ti- 1 :::: t - v, Si-l = U, 

rtE'Dj 

Qj(Tj ) = rj (0:::: j :::: i-I), Qi(Ti- 1) = 1·i, Qi(Ti-d = r;} 
P{Ti- 1 :S t - v, Qj(Tj ) = rj (0:::: j :S i-I), 

Qi(Ti-d = ri, QJTi- 1 ) = r;} 
dP{Si-l :S v I Ti- 1 :S i - u, Qj(Tj) = rj (0 :::: j :::: i-I), 

Qi(Ti-d = ri, Qi(Ti-d = rd· (7) 

Now, from the Markov property, and from the fact that, under FCFS service discipline, 
Si-l depends only on Qi-l(Ti-d, Qi(Ti-d and Qi(Ti-d, as well as making the approxi
mating assumption that Qi(Ti) is independent of Qj(Tj ), (0:::: j < i-I) (i.e., assuming 
that Qi(Ti) depends on Qi-l (Ti- 1 ) but not on Qi-2(Ti- 2), Qi-3(1;-3), ... ,Qo(To)), Equa
tion 7 reduces to: 

Di( t, n) = I: l P{ Qi(Ti) = n I Si-l = v, Qi-l (Ti-;) = 1'i-l, 
r,EVi 

Qi(Ti- 1 ) = ri, Qi(Ti- 1 ) = r;} 

P{Ti- 1 :::: t - v, Qi-l(Ti-i) = ri-l, Qi(Ti- 1 ) = ri, Qi(Ti-d = r;} 

dP{Si-l :::: v I Qi-l(Ti-;) = ri-l, Qi(Ti-d = 1'i, QJTi- 1 ) = r;}. (8) 

From Equation 8 it is clear that in order to calculate D,(t, n), it is first necessary to 
evaluate the following three probabilities: 



Response time distributions in packet-switched Banyan networks 391 

1. P{ Qi(Ti) = n I Si-1 = v, Qi-1(Ti- i) = ri-l, Qi(Ti- 1) = ri, Qi(Ti-d = T'i}. 

2. P{Ti- 1 ::; t - v, Qi-1(Ti-;) = ri-l, Qi(Ti- 1) = ri, Qi(Ti- 1) = T'i}. 

3. P{Si-1 ::; v I Qi-1(Ti- i) = ri-l, Qi(Ti-d = ri, Qi(Ti-d = T'i}. 

We initially obtain the probability, P{Ti- 1 ::; t - v, Qi-1(Ti-;) = ri-l, Qi(Ti-d = 
ri, Qi(Ti-1) = ri} given above as follows: 

P{Ti- 1 ::; t - v, Qi-1(T;-i) = ri-l, Qi(Ti-l) = ri, Qi(T;-1) = T'i} = 

P{ Qi(Ti-i) = ri, Qi(Ti-d = ri I Ti- 1 ::; t - v, Qi-1(Ti- i) = ri-d . 

P{Ti- 1 ::; t - v, Qi-l(Ti-;) = ri-d. (9) 

As mentioned previously, the network is assumed to be initially in equilibrium. Therefore, 
the queue length distributions at queues qi and ij; at any time prior to the arrival of the 
tagged task to qi (i.e., any time prior to Ti ), do not depend on the queue length of any 
other queue located before qi on the tagged task's path. It then follows that 

P{Qi(Ti- i) = ri, Qi(Ti- 1) = ri I Ti- 1 ::; t - v, Qi-1(Ti-;) = ri-d = 

P{Qi(Ti- i) = ri, Qi(Ti- 1) = ri I Ti- 1 ::; t - v}. 

The fact that queues qi and qi are assumed to be in equilibrium at any time t, t < Ti, also 
implies that the queue length distributions at queues qi and qi do not depend on t itself, 
for t < Ti (and consequently do not depend on Ti- 1). Thus, 

P{ Qi(Ti-i) = ri, Qi(Ti-d = ri I Ti- 1 ::; t - v} = P{ Qi = ri, Qi = ri}. 

Substituting the above results into Equation 9 and recalling the definition of Di(t, n) we 
obtain: 

P{Ti- 1 ::; t - v, Qi-1(Ti- i) = ri-l, Qi(Ti-d = ri, Qi(Ti-d = rd = 

P{Qi = ri, Qi = r;} Di-1(t - v,ri-1). (10) 

The third probability, P{Si-1 ::; v I Qi-1(Ti-i) = ri-l, Qi(Ti- 1) = ri, Qi(Ti- 1) = ri}, 
can be approximated by P{Si-l ::; v I Qi-1(Ti-i) = ri-d by considering the service time 
distribution at queue qi-l as its effective service time distribution, which takes into account 
the effect of the queue length distributions at queues qi and qi on the tagged task's sojourn 
interval at queue qi-l. Therefore, 

(11) 

where (bi-l, fJi-d are the parameters of the G E approximation of the effective service 
time distribution at queue qi-1. 

Finally, we must obtain an expression for the conditional probability P{ Qi(T;) = 
n I Si-1 = v, Qi-l(Ti- i) = ri-1, Qi(Ti- 1) = ri, Qi(Ti-d = T'd, i.e., the probability 
that upon arrival, the tagged task finds n tasks (itself included) at queue qi given that: 
(i) at time Ti- i, the number of tasks in the previous queue in its path, i.e., qi-l, is ri-1; 
(ii) at time Ti- i , the number of tasks in qi-1 is ri-1; and (iii) the transient sojourn interval 
of the tagged task at queue qi-1 is v (i.e., T; - Ti- i = v). Figure 3 illustrates the state of 
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the pair of switches considered (in terms of queue length at each relevant queue) at times 
Ti and Ti- 1. The probability P{Qi(Ti ) = n I Si-1 = v, Qi-1(Ti-i) = ri-1, Qi(Ti-d = 
ri, Qi(Ti-d = r;} is the probability that the subsystem composed of the two switches, 
is in the state depicted by the left part of Figure 3 at time Ti - 1 , and goes to the state 
shown on the right part of that figure at Ti (for all n, 0 :::; n :::; C; - n). The shaded tasks 
in Figure 3 indicate the position of the tagged task at times Ti and Ti- b respectively. 

'--------~----------~ '----------~--------~ 
T, 

Figure 3. Two consecutive switches in the tagged task's path. 

In the next section we derive the Kolmogorov forward differential-difference equations 
for a simplified version of the subsystem shown twice in Figure 3 (for times Ti and Ti-d. 
The solution of the said equations, given appropriate boundary conditions, produces 
the time-dependent result (in terms of v) for the probability P{ Qi(Ti) = n I Si-1 = 
v, Qi-1(Ti- 1) = ri-1, Qi(Ti- 1) = ri, Qi(Ti-d = r;}. Before we proceed though, we 
introduce yet another term which will be used in the remainder of this paper. We call 
switch-i, 0 :::; i :::; M - 1, the switch where queues qi and Ii; are located, with qi, as 
mentioned earlier, being a queue in the tagged task's path, and gi' its conjugate. 

3.1. Transient Analysis: Kolmogorov Equations 
In order to analyse the subsystem composed of queues qi-1, qi and gi during the transient 

period [Ti- b Ti), we use a simplified version of this subsystem as shown in Figure 4. The 
simplication is basically the replacement of queue qi-1 by an external source of arrivals 
(to switch-i) with the properties that it generates only a finite number of arrivals (in 
fact, a total of ri-1 arrivals, the number of tasks in queue qi-1 at time Ti-d, and that the 
last one of those arrivals occurs at time Ti . This "finite external source" is represented 
by a square on the top-left corner of Figure 4. The interarrival times of the arrival 
process originating from this source are distributed according to a generalised exponential 
distribution with parameters equal to those of the GE approximation of the effective 
service time distribution at queue qi-1 (i.e., bi- 1 and ;3i-1) obtained in [6]. Except for 
the last task in this finite external source (which is the tagged task as we are assuming a 
FCFS service discipline in all outputs) all tasks can go to either qi or gi with probabilities 
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U and 'iI, respectively, with U + 'iI = 1. 

n 
U 

1- [3;-1 

n 

Ue 

Figure 4. Transient Analysis. 

The interarrival times of the external arrival process at the other input of switch-i 
are also distributed according to a generalised exponential distribution, in this case with 
parameters equal to those of the GE approximation of the effective arrival time distri
bution at that particular input which were obtained in [6]' denoted here by Pe, (Te) (see 
Figure 4). All tasks originating from this external source can go to either qi or 7ii with 
probabilities U e and Ue , respectively, with U e + ue = 1. The probabilities u, u, U e and ue 

can be calculated from the effective arrival rate at each input pin of switch-i, from the 
routing probability matrix R and the network's topology. 

As in this transient analysis, switch-i is considered in isolation, the parameters of 
the GE approximations for the service time distributions at queues qi and 7ii are the 
parameters of the effective service times at those queues which were also obtained in [6], 
denoted here by (bi , (3;) and (bi , /3;), respectively. By considering effective service times 
instead of actual service times we are taking into account the eventual blocking effect 
caused by the switches connected to switch-i which are located at the next stage of the 
network. 

We call the "arrival phase" of an arriving process whose inter arrival times are dis
tributed according to a GE distribution, the exponential stage of that GE. Using this 
terminology, it can be said that a task enters the arrival phase of, say, the external source 
shown in Figure 4 with probability (Te, and skips it (thus originating a bulk arrival) with 
probability 1 - (Te' 

Now, considering the system shown in Figure 4, let the probability Pi( n, fE, r, t) be 
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defined as: 

Pi( n, IT, 1', t) P{Qi(t) = n, Qi(t) = IT, Qi-l(t) = 1'}, 
t E [Ti - 1 , Til, 
o :::; n :::; Ci, 0:::; IT:::; Ci - n, 0:::; l' :::; 1'i-l, 
0:::; i:::; M-l. 

The time-dependent balance equations for the underlying Markov process are: 

Pi(n, IT, 1', t + ~t) = 
min(r,Ci-n-n) Cf -n-n 

pi(n,IT,1', t){1 - [In+n<C, (bi- IL(1- (3i-d-I(3[~ir + AeIJeL (1 - IJe)k-l) 
k=1 k=1 

n 

+ 1n>0 biL(1 - (3i)k-!(3[k<n 
k=1 

+ 1n>0 biI:(1 - .8Y-I.8:k<n]} ~t 
k=1 

+ bi- I U (3[,--~o (3i (1- (3i_d n - 1 . 

C._l-r-n 

L Pi(O,IT,1'+n+d,t)(I-(3i_l)d(I-(3i)d 1r +n+d",C,_1 ~t 

n-I 

+ 1n>0 L [Pi( n - k, IT, l' + k, t) 1r +k5cC ,_1 bi- l (3i-1 (1 - (3i_d k- Iu 
k=1 

+ Pi(n - k, 'ii, 1', t) AeIJe(1- IJe)k-I Ue ] ~t 
n-l 

+ In>o L[Pi(n,IT- k,1' + k,t) 1r+k",C,_1 bi - l (3i-I(I- (3i_d k- Iu 
k=1 

+ Pi(n, 'ii - k, 1', t) AeIJe(1- IJe)k-I ue ] ~t 
Ci-n-n 

+ 1n+n<c, L [Pi( n + k, IT, 1', t)bi (3i (1 - (3i)k-1 
k=1 

+ o(~t), 
0:::; l' :::; 1'i-l, 0:::; n :::; Ci, 0:::; IT:::; Ci - n, 

(12) 

(13) 
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where Ix is the "indicator" function defined by: 

Ix = {I if x is ~rue, 
o otherWIse. 
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We make the assumption that all tasks in an arriving batch (from either external source) 
go to the same queue in switch-i (i.e., they all go to either qi or q;). In other words, tasks 
arriving in the same batch do not go to different queues. Therefore, any batch including 
the tagged task must go to qi. The indicator function Ix is included in the above equations 
in order to suppress invalid transitions from states with negative valued queue lengths. 

Now, the first term of the right-hand side of Equation 13 gives the probability that 
the system is in state (n, n, 1') at time t and that during a time interval 6.t (i.e., from 
instant t to t + 6.t) it does not leave state (n,n,r). This is, of course, given by 1 -
P{there is "at least" one transition out of state (n,n,r) during 6.t}. This probability is 
composed of four terms. The first one gives the probability that an arriving batch from 
the finite external source which henceforth we shall refer to as "the finite source," has size 
k. Note that k can assume values ranging from 1 to min(r,Ci - n - n), where l' is the size 
of the finite source at time t. This is due to the fact that the maximum number of tasks 
that can arrive from the finite source is either the remaining available positions in switch-i 
at time t, Ci - n - n, or the size of the finite source at time t, 1', whichever is the smallest. 
Note also that the size of the finite source decreases from ri-I at time Ti - I to 0 at time Ti 
since, during this interval, all tasks up to the tagged task (included) do join switch-i and, 
as it is assumed that the service discipline at each queue is FCFS, any task that joins qi-I 
during such interval is placed behind the tagged task and therefore has no effect on the 
present transient analysis. The second term gives the probability that an arriving batch 
from the other external source which henceforth we shall refer to as simply "the external 
source," has size k. In this case, the maximum value that k can assume is the remaining 
available positions in switch·-i at time t, Ci - n - n, since we make (in our approximation) 
no restrictions on the number of arrivals originated from the external source. The third 
and fourth terms account for the probability that there is a service completion at qi and 
qi' respectively, and also, in each case, there is the subsequent decision of some of the 
remaining tasks located at each queue to leave the corresponding queue without being 
served (with probabilities (1- j3i) and (1-73;), respectively), resulting in bulk departures. 
Note that the third term is multiplied by j3[k<n. This is to take into account two possible 
situations. The first is the case where k tasks (k < n) depart from qi leaving behind the 
remaining n - k tasks. This occurs with probability j3i since the first task to remain in 
qi enters service with that probability. The second situation is the case where all tasks 
in qi do leave in a bulk departure (k = n) which implies that there is no remaining task 
in qi to either skip service (with probability 1 - 13;) or start service (with probability 13;), 
Therefore, in this case, the third term is simply multiplied by 1 (since h<n = 0). For a 

similar reason, the fourth term is multiplied by 73;k<". 
The second term of the right-hand side of Equation 13 gives the probability that the 

system is in state (0, n, l' + n + d) at time t (for d S; Ci _ 1 - l' - n) and that during a time 
interval 6.t it goes to state (n, n, 1'). This can occur if, during 6.t a number d of tasks 
arrive from the finite source at an empty qi and immediately skip service, followed by a 
task which enters service at qi and n - 1 further tasks which queue. The corresponding 
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transition rate is 

The reason for having {3f~tO in the above transition is that, for r > 0, one task must 
enter the arrival phase in order to limit the size of the batch to n + d. Therefore, for this 
purpose, a task enters the arrival phase of the finite source (i.e., it starts being served in 
queue qi-d with probability {3i-l. For r = 0, all remaining tasks in the finite source at 
time t do join qi which implies that there is no task left there to enter the arrival phase. 

The third term is similar to the second with the difference that, in this case, the batch 
arrives from the external source (and not the finite one) which implies a transition from 
state (0, n, r) to state (n, n, r). Again, this occurs if, during f..t a number d of tasks arrive 
from the external source at an empty qi and immediately skip service, followed by a task 
which enters service at qi and n - 1 further tasks which queue. In this case d can go up 
to infinity since, as mentioned earlier, we make (in our approximation) no restrictions on 
the number of arrivals originated from the external source. The corresponding transition 
rate is 

The fourth term of the right-hand side of Equation 13 gives the probability that the 
system goes from state (n, 0, r + n + d) to state (n, n, r) in f..t units of time. The transition 
rate is obtained similarly to the second term explained above, with the difference that, 
in this case, the arriving tasks enter qi' as opposed to qi. Note that here we have {3i-1 
instead of {3f~to. This is due to the fact that the last task in the finite source is the 
tagged task which obviously does not enter qi (since qi does not belong to the tagged 
task's path). Therefore the batch size must be smaller than or equal to r - 1 (note the 
difference between the upper limits of the summations which are part of the transitions 
associated with the second and fourth terms of the right-hand side of Equation 13). 

The fifth term gives the probability that the system goes from state (n, 0, r) to state 
(n, n, r) in f..t units of time. The transition rate is obtained similarly to the third term 
explained above, with the difference that, as in the case detailed in the previous paragraph, 
the arriving tasks enter qi' as opposed to qi. 

The sixth term of the right-hand side of Equation 13 gives the probability that the 
system goes to state (n, n, r) in f..t units of time, from a state where the number of tasks 
at qi and qi' at time t, are n - k and n, respectively, for 1 ::; k ::; n - 1. This type 
of transition occurs if, during f..t, a batch of size k arrives from either the finite or the 
external source. If it arrives from the finite source then we have a transition from state 
(n - k,n,r + k) to state (n,n,r). If, on the other hand, the batch of size k arrives from 
the external source, then we have a transition from state (n - k,n,r) to state (n,n,r). 
The seventh term of Equation 13 is derived similarly since it gives the probability that 
the system goes to state (n, n, r) in f..t units of time from a state where the number of 
tasks at qi and qi' at time t, are nand n - k, respectively, for 1 ::; k ::; n - 1. 

The eight term of the right-hand side of Equation 13 gives the probabilities that the 
system goes from states (n + k, n, r) and (n, n + k, r) to state (n, n, r) in f..t units of time. 
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In these cases, there must a service completion at respectively, qi and ifi' followed by k-1 
further tasks which skip service with the next one entering service. 

Now, rearranging the equations 13 and dividing by llt, the resulting Kolmogorov for
ward equations for the subsystem considered are, in the limit llt ---> 0, 

8Pi(n, n, r, t) 
at 

min(r,Ci-n-n) C.:-n-n 

-pi(n, n, r, t) [InH,<ci (bi- 1E(1 - (3i_l)k-l (3f~r + Ae17eE (1 - 17e)k-l) 
k=1 k=1 

+ In>o bit(1- (3d-1(3fk<n 
k=1 

+ In>o bi"t(1-73i)k- I 73;k<n:) 
k=1 

+ bi- 1 U (3f~~o (3i (1- (3H r-1 . 

n-l 
+ In>o I: [Pi( n - k, n, r + k, t) Ir+k5,Ci_l bi- 1(3i-l (1 - (3i-l )k-1u 

k=1 
+ Pi(n - k, n, r, t) Ae l7e (l - l7e)k-lUe ) 

ii'-l 

+ In>o I: [Pi( n, n - k, r + k, t) Ir+k5,Ci_l bi- 1(3i-l (1 - (3i-l )k-1u 
k=1 

+ Pi(n, n - k, r, t) Ae l7e (l - l7e)k-lUe ) 
Ci-n-n 

+ In+n<Ci I: [Pi(n+k,n,r,t)bi (3;(l-(3i)k-l 
k=1 

+ Pi(n, n + k, r, t)bi 73i (1 -73y-l), 
o -::; r -::; ri-1, 0 -::; n -::; Ci , 0 -::; n -::; Ci - n. 

The boundary conditions for the above linear system of differential equations are: 

.(x x 0) _ {I, x = ri & x = 'fi & y = ri-l 
P. , , y, - 0 otherwise , 

(14) 

for 0 -::; x+x -::; Ci , and 0 -::; y -::; ri-l' The normalised form ofthe solution of Equations 14 
is obtained by dividing by E;~o E~~ox E~;ci Pi(X, x, y, t). This solution, together with the 
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boundary conditions given above, produces the time-dependent result for the probability 
P{ Qi(Td = n, Qi(Ti) = IT I Si-l = v, Qi-l(Ti-d = ri-l, Qi(Ti-d = ri, QJTi-d= rd as 
indicated below: 

P{ Qi(Ti) = n, Qi(Ti) = IT I Si-l = V, Qi-l (Ti-d = ri-l, 

Qi(Ti- 1 ) = ri, Qi(Ti- 1 ) = rd = Pi(n, IT, 0, v), 
° ::; n ::; Ci , 0::; IT ::; Ci - n. 

Note that the conditional events (Qi(Ti- 1 ) = ri) and (Qi(Ti-d = ri) are considered as 
boundary conditions whereas the event (Qi-l (Ti-d = ri-d is taken into account as the 
capacity of the finite source shown in Figure 4. 

We can finally obtain the marginal probability distribution P{ Qi(Ti) = n I Si-l = 

v, Qi-l(Ti- 1 ) = ri-l, Qi(Ti-Il = ri, QJTi- 1 ) = rd as follows: 

CI-n 

Qi(Ti- 1 ) = ri, QJTi-d = rd = L pi(n,IT,O,v), 0< n < Ci . 
71=0 

The numerical solution of Equations 14 is obtained from built-in routines in Mathemat
ica v2.1, [19]. Although these routines are very efficient and extremely fast (even for quite 
large state spaces) there is still a need for a faster algorithm since in order to obtain the 
end-to-end delay of a tagged task, it is necessary to solve a similar system of equations 
to those given above for each node in the tagged task's path. 

In view of this fact, we propose an alternative approximate algorithm which, although 
being cruder than the method presented here in terms of assumptions made, can be more 
easily implemented by computer. 

3.2. Transient Analysis: An Alternative Approach 
In this section we present an alternative (approximate) approach for obtaining the 

probability P{ Qi(Td = n, lSi-I = v, Qi-I(Ti-d = ri_l, Qi(Ti- l ) = ri, Qi(Ti-d = rd· 
For notational convenience and clarity, let Pi( nlv, ri-l, ri, r;) denote such probability. 

We initially define the following random variables: 

Zv number of "external" arrivals at the ith node of the tagged 
task's path during the time interval [Ti - I , Ti ) of duration v. 

Xv number of departures from the queue in the tagged task's 
path located at the ith stage of the network, qi, during the 
time interval [Ti - I , Ti ) of duration v. 

Xv number of departures from 7ii' the conjugate queue of qi, 
during the time interval [Ti - 1 , Ti ) of duration v. 

We argue that the probability Pi(nlv,ri_l,ri,r;) can be evaluated by the following 
approximation: 

Ct-n 

pi(nlv, ri-I, ri, ri) = L P{Zv - (Xv + Xv) = n + IT - ri-I - ri - r;}. (15) 
n=O 
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Equation 15 states that pi(nlv, 7'i-b 7'i, Ti) is the probability that, during the time interval 
[Ti - 1 ,1';), the difference between the number of external arrivals to the switch located 
at the ith node of the tagged task's path (switch-i) and the total number of departures 
from that switch (which includes departures from both outputs) is equal to the (given) 
difference between the number of tasks at queues qi and qi at time Ti, and the number of 
tasks at queues qi-1, qi, and qi at time Ti- 1. Since the service discipline is assumed to be 
FCFS, by time Ti (the tagged task's arrival instant at queue qi) all 7'i-1 tasks that were 
at queue qi-1 at time Ti- 1 (including the tagged task) must have entered switch-i. Note 
that the right-hand side of Equation 15 is summed over all possible values of n, the queue 
length at qi at time Ti. This is due to the fact that pi(nlv, 7'i-1, 7'i, Ti) does not depend on 
the number of tasks found in qi at time Ti. 

Except for the tagged task whose next destination is determined by its path, all other 
7'i-1 -1 tasks can go to either qi or qi with probabilities u and u (as defined in Section 3.1), 
respectively. Supposing that k tasks, ° :::; k :::; 7'i-1 - 1, do go to queue qi' we define the 
function zmin(n, k) as follows: 

zmin(n, k) = max(O, n - 7'i-1 + k - 7'i) + max(O, n - Ti - k), (16) 

which gives the minimum value the random variable Zv can assume. The above expression 
simply states that, given that at time Ti , there are n tasks in qi, and at time Ti - 1 , there 
were 7'i-1 tasks at queue qi-1 and 7'i tasks at queue qi, and during the interval [Ti- 1, Ti) a 
total of 7'i-1 - k tasks arrive at qi from qi-1, then there must be a minimum number of 
external arrivals given by the difference between nand 7'i-1 - k + 7'i (if positive, otherwise 
the minimum number of external arrivals is zero). The same reasoning applies to queue 
qi resulting in the second term of the right-hand side of Equation 16. 

Still supposing that k tasks go from queue qi-1 to queue qi during the time interval 
[Ti-bTi ), we define the function xmin(k) as follows: 

xmin(k) = max(O, 7'i-1 - k + 7'i - n), (17) 

which gives the minimum value the random variable Xv can assume. That is, given that 
at time Ti, there are n tasks in qi, and at time Ti- b there were 7'i-1 tasks at queue qi-1 
and 7'i tasks at queue qi, and during the interval [Ti- b Ti) a total of 7'i-1 - k tasks do 
arrive at qi from qi-b then there must be a minimum number of departures from qi given 
by the difference between 7'i-1 - k + 7'i and n (if positive, otherwise the minimum number 
of departures from qi is zero). Similarly, we define :ymin(n, k) below, as the minimum 
number of departures from qi during the time interval [Ti - 1 , T;) (i.e., the minimum value 
the random variable Xv can assume): 

xmin(n, k) = max(O, k + ri - n). (IS) 

Now, supposing that the number of external arrivals during the transient period [Ti- b Ti ) 

is y, zmin(n, k) :::; y < 00, the total number of departures during this period from both qi 
and qi-1 is given by: 

l(y, n) = y + 7'i-1 + 7'i + Ti - n - n, (19) 

which is simply the difference between the sum of the number of tasks in switch-i at time 
Ti- 1 (i.e., 7'i + Ti) and the number of tasks that arrive at that switch during the interval 
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[Ti - l , T;J (i.e., y + ri-d, and the the number of tasks found at time Ti in switch-i (i.e., 
n + n). Note that the interval is closed on the right since it includes the arrival of the 
tagged task. Also, note that the random variables Zv, Xv, Xv, and the functions xmin(k), 
X-min(n, k), zmin(n, k), and l(y, n) are all dependent on the values of n, ri-l, ri, and ri. We 
just do not make such dependency explicit for notational simplicity. 

For any two discrete-valued random variables, A and B, the probability that the dif
ference between them is equal to a constant c, P {A - B = c}, can be obtained as follows: 

P{A-B=c} L P {A = ai, B = ai - c} 

LP{B = ai - ciA = ad P{A = ail· (20) 

Applying this result to Equation 15 we have: 

Pi(nlv,ri-l,ri,ri) = 

(21) 

As mentioned earlier, the minimum values that the (independent) random variables Xv 
and Xv can assume are, for a given k, xmin(k) and ;rmin(n, k), respectively. Therefore the 
convolution P{ Xv + Xv = l(y, n) I Zv = y} is in fact a "truncated" convolution, given by: 

l(y,n)_xmin(k) 

P{Xv+Xv=l(y,n)IZv=Y}= L P{Xv=l(y,n)-w}P{Xv=w}. 
w:;::xmin(n,k) 

Note that the condition (Zv = y) appears implicitly in the function l(y, n) on the right
hand side of the above equation. Applying this result to Equation 21 we have: 

cfn Tifl (ri - l - 1) 'ii UTi-l-l-k L P{ Zv = y} . 
n=O k=O k y=zmin(n,k) 

l(y,n)_xmin(k) 

L P{Xv = l(y,n) - w}P{Xv = w} (22) 
w=xmin(n,k) 

The random variable Zv, for a given v, is one in a family of random variables given 
by the counting process {Zt,t ~ OJ. This counting process has a period between arrival 
instants with generalised exponential distribution with parameters (>.o,O"e) which is the 
distribution of the interarrival times of the arrival process originating from the external 
source shown in Figure 4. Similarly, the counting processes {Xl, t ~ O} and {Xt, t ~ O} 
are also associated with GE distributions. {Xt, t ~ O} is related to the distribution of the 
interdeparture time from qi, approximated by a GE distribution with parameters (di , 8i ), 

whereas {Xt, t ~ O} is related to the distribution of the interdeparture time from 7fi and 
is approximated by a GE distribution with parameters Cd;,8i ). The GE parameters are 
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estimated by matching moments against those computed for the associated process by 
the method described below. 

The distribution of the interdeparture times from, say, qi is obtained by first splitting 
the arrival processes at both inputs to switch-i. These have respective interarrival times 
which are the service times at the output in stage-(i -1) connected to qi (which belongs 
to the tagged task's path) and the external interarrival times at the other input. The 
components of the split streams which are to be transmitted through qi (streams resulting 
from the splitting probabilities u and U e - see Figure 4) are then superposed to form 
the arrival process at qi during the transient period [Ti-t, Ti). It then follows that an 
interdeparture time from qi is either: (i) a service time at qi, if the previuos departing 
task leaves at least one task in qi; or (ii) a residual interarrival period1 plus a service time 
at qi, otherwise. These probabilities are obtained in terms of the steady state joint queue 
length distribution at switch-i, as mentioned earlier, by using the algorithm proposed 
in [6]. The arrival process at qi (and consequently the departure process from q;) is 
determined in a similar fashion. For a detailed description of the procedures outlined 
above which characterize the internal processes by their first two moments, see Section 
3.2.1 of [6]. 

In order to evaluate the right-hand side of Equation 22 we must obtain the distributions 
of Zt, Xt, and Xt, t :2: O. Let {Nt, t :2: O} be a Poisson process with rate A. This 
process can also be viewed as a sequence of non-negative random variables with identical 
exponential distribution of rate A. Nt is said to be the counting process associated with 
the point process determined by this sequence of random variables. Now, let {Nt, t :2: O} 
be the counting process associated with a GE distribution of parameters (A,O). This is 
simply a generalisation of the Poisson process which allows simultaneous occurrences. The 
probability that, at a given point, the number of simultaneous occurrences (or batch size) 
is k is given by 0(1 - O)k-l. It then follows that the probability that the total number of 
occurrences in a counting process associated with a GE distributions of parameters (A, 0) 
is k up to timet (i.e., P{Nt = k}), is given by: 

k:2: 1. 

The above expression simply states that the probability that Nt equals k is given by all 
possible combinations ranging from 1 point with k simultaneous occurrences to k points 
with only one occurrence each. The probability that N; equals 0 can be obtained as 
follows as a check: 

P{Nt = O} 1 - e->.t f: t (A.~)i (k - 1) Oi(l _ O)k-i 
k=1 i=1 L Z - 1 

1 - e->.t (e>.t - 1) 

e->.t = P{Nt = OJ. 
ISame as a full non-zero inter arrival period under the GE assumption. 
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For notational conciseness we define the function Ft (XI,X2,X3) as: 

(23) 

which gives the probability that the number of events in a counting process associated 
with a GE distribution of parameters (X2,X3) is XI' We can finally obtain an expression 
for pi(nlv, 7'i_l, 7'i, ri) by substituting Definition 23 into Equation 22, which results in: 

1=n T'fl (-I - 1) uk UT,-l-I-k L Fv(y, Ae, i7e) . 
n=O k=O k v=z=m(n,k) 

l(y,n)_xmin(k) 

L Fv(l(y,n) - w,di,8,) Fv(w,di,7!i). (24) 
w=xmin(n,k) 

As remarked earlier in this section, the above expression is quite simple and can be easily 
implemented by computer, thus avoiding the use of heavy symbolic manipulation which 
is required to solve Equations 14. 

3.3. The Approximation Algorithm 
We can now present the complete approximation method for obtaining the end-to-end 

delay of a tagged task traversing a buffered multistage interconnection network. 
As mentioned in Section 2, the queues in the path taken by the tagged task are numbered 

0,1, ... , M - 1. Let DM(t) be defined as DM(t) = P{TM ::; t}, where TM is the instant 
the tagged task leaves the last queue in its path. As the tagged task enters the network 
at time To = 0, the random variable TM also gives the tagged task's end-to-end delay. 
Therefore, DM(t) is the probability distribution of the time elapsed between the tagged 
task's arrival instant at one of the external inputs of the network and its departure from 
one of the network's external outputs. This distribution can be obtained as follows: 

CM _ 1 

DM(t) = L D M - I (-, n) * FI"M_l,OM_l,n, (25) 
n=l 

where * indicates the convolution operation on distributions. 
The term DM_I(t,n), for t ~ 0, gives the joint distribution of: (i) the time spent in 

the network by the tagged task up to its arrival at queue qM-I, and (ii) the queue length 
found at qM-I by the tagged task at that instant. FI"M_l,OM_l,n(t) gives the distribution of 
the tagged task's sojourn time at qM-I, given that the tagged task finds n tasks already 
in qM-I upon arrival (itself included) and the parameters of the GE distribution of the 
actual service time are /LM-I and 8M- I . The actual service time is used in the last queue 
of the tagged task's path as opposed to the effective service time (used in all previous 
queues) due to the fact that there is no blocking in the last stage of network and, therefore, 
there is no need to take its effect into account. 

Considering initially the case where the transient analysis is approached via the so
lution of the Kolmogorov forward differential-difference equations (see Section 3.1), the 
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distributions Di(t, n), 1 :::; i :::; M - 1, t 2: 0, 1 :::; n :::; Ci, are given by: 

Di(t,n) = L P{Qi=ri,Qi=Ti}' 
riEVi 

Ci-n t E 10 Pi(n, Ti, 0, v)Di_1(t - v, ri-l)!bi_l,{3i_hri_l (v )dv, 
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(26) 

which is simply Equation 8 rewritten after the appropriate substitutions for the individual 
probabilities are made. 

For the case where the transient analysis is approached via the alternative method 
proposed in Section 3.2, the distributions Di(t,n), 1:::; i:::; M -1, t 2: 0,1:::; n:::; Ci, are 
obtained as follows: 

Di(t,n) = L P{Qi = ri,Qi = T;}' 

(27) 

Note that the difference between Equations 26 and 27 obviously just lies on the terms 
referring to the transient sojourn times. 

Finally, for i = 0, the distribution Do(t, n), t 2: 0, 1 :::; n :::; Ci , is given by Equation 3 
which we reproduce here: 

Do(t,n) = P{To:::; t, Qo(To) = n} = P{Qo = n}. 

4. NUMERICAL RESULTS 

In this section we give some numerical results of the analytical models proposed in this 
paper and compare these with simulation. Results are presented for 4 different sets of 
network parameters (see Figures 5 - 8). For each one of these sets the end-to-end delay 
probability distribution is given for two different paths. We consider an 8 x 8 Banyan 
network with the same topology as that shown in Figure 1. For Figures 5 - 6, each 
output pin has a GE-distributed service time with parameters (0.5,0.5). These values 
were chosen (partly) so that the average service time at each output equals 1. The external 
arrival rate at each input pin is Ai = 0.1, i = 0, ... ,7, so that the network total arrival 
rate equals 0.8. All tasks are assumed to be stochastically identical. The top output 
(hot-spot) is selected with the same probability, riO, by all tasks and all other outputs are 
selected with equal probability. For Figure 5 the routing probabilities riO, 0 :::; i :::; 7, are 
equal to 0.23, while the remaining probabilities, rij, for 1 :::; i :::; 7 and 0 :::; j :::; 7, are 
all equal to 0.11. For Figure 6, the routing probabilities riO, 0 :::; i :::; 7, are equal to 0.86, 
while the remaining probabilities, rij, for 1 :::; i :::; 7 and 0 :::; j :::; 7, are all equal to 0.02. 
This is therefore an extreme hot-spot but the predictions retain reasonable accuracy. The 
effective arrival rate at each input pin of any stage is obtained from an iterative procedure 
based on the model presented in [15] whereby the true value of the effective arrival rates 
at stage-O inputs X are approximated by successive iterations (the rates used as initial 
conditions of the said procedure are the actual external arrival rates ~). 
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Figure 7 gives results for a non-uniform traffic pattern characterized by the routing 
probability matrix R, given below: 

0.1 0.1 0.1 0.1 0.1 0.1 0.2 0.2 
0.1 0.1 0.1 0.1 0.1 0.1 0.2 0.2 
0.1 0.1 0.1 0.1 0.26 0.26 0.04 0.04 

R= 
0.1 0.1 0.1 0.1 0.26 0.26 0.04 0.04 
0.125 0.125 0.125 0.125 0.125 0.125 0.125 0.125 
0.125 0.125 0.125 0.125 0.125 0.125 0.125 0.125 
0.125 0.125 0.125 0.125 0.125 0.125 0.125 0.125 
0.125 0.125 0.125 0.125 0.125 0.125 0.125 0.125 

These values where chosen so that the traffic flows arriving on distinct inputs at a par
ticular internal switch-(l, 1) have routing bias towards distinct switch outputs. Con
sidering the topology of the network shown in Figure 1, the traffic flow arriving at 
input-O of switch-(l, 1) is given by ).o(ro4 + r05 + r06 + r07) + ).1 (r14 + r15 + rHi + r17), 
where ).O(r04 + r05) + ).1(r14 + r15) is the traffic flow from input-O to output-O, and 
).o(ro6 + r07) + ).1 (r16 + r17) is the traffic flow from input-O to output-I. According to the 
routing matrix R, given above, these traffic flows are then respectively 0.2()'o + ).1) and 
O.4().o + ).d. Analogously, the traffic flow arriving at input-1 of switch-(l, 1) is given by 
).2 (r24 + r25 + r26 + r27) + ).3(r34 + r35 + r36 + r37), where ).2 (r24 + r25) + ).3( r34 + r35) is the 
traffic flow from input-1 to output-O, and ).2(r26 + r27) + ).3(r36 + r37) is the traffic flow 
from input-1 to output-I. Again, according to R, we have a rate 0.52().2 + ).3) from 1 to 
o and 0.08().2 + ).3), from 1 to 1. For the case of Figure 7 the external arrival rates are 
given by..\ = [0.02, 0.02, 0.2, 0.2, 0.02, 0.02, 0.2, 0.2]. Again, looking at switch-(l, i), it 
can be noticed that there is much more traffic arriving at input-O, 0.24 in this case, than 
at input-I, which is 0.024. The simulation indicates that the analytical model performs 
reasonably well even for these cases where there is the combined effect of unbalanced 
traffic and routing bias. 

In Figures 7 - 8, the network outputs are slower than all internal switches, which in 
practice is often the case. To produce such effect, each output pin has aGE-distributed 
service time with parameters (0.5, 0.7) resulting in an average service time of i.4 as op
posed to 1 for all the internal switches. Figure 8 gives results for heavy traffic. The 
external arrival rate at each input is 0.5 resulting in a total arrival rate of 4. 

The discrepancies observed between the analytical results and those obtained via sim
ulation can be attributed to the following three levels of approximation: 

(i) In the iterative algorithm for the time delay distribution, the only dependence as
sumed is between adjacent switches in a path. 

(ii) The equilibrium probability distribution of queue lengths which is used in the time 
delay model is already approximate. 

(iii) There are several approximations involved in the transient analysis. 

The effect of (iii) can be assessed by comparision with the first model (Section 3.1). The 
effect of (ii) could be checked by using more accurate estimates of the equilibrium queue 
length probability distributions obtained by say, simulation. 
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A further possible source of significant inaccuracy (e.g. in our underestimation of 
variances) is that the analysis may rely too heavily on equilibrium quantities rather than 
state-dependent random variables (e.g. fixed departure processes from queues qi and qi 
in Section 3). 
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Figure 5: (i) Path-(O,O) Time Delay Distributionr; (ii) Path-(4,7) Time Delay Distribu
tion. 
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Figure 6: (i) Path-(O,O) Time Delay Distribution; (ii) Path-( 4, 7) Time Delay Distribution. 
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Figure 7: (i) Path-(0,5) Time Delay Distribution; (ii) Path-( 4,0) Time Delay Distribution. 

5. CONCLUSION 

An approximate method for obtaining the response time of a tagged task in an ayn
chronous, finite-buffered, packet-switched banyan network has been presented. The ap
proach taken considers successive pairs of servers in a task's path; the queue joined on 
arrival at the second server having length dependent on that which existed previously on 
arrival at the first. Results are obtained using two methods for analysing the transient pe
riod between arrivals at successive nodes. The first solves the corresponding Kolmogorov 
equations. The second is a more efficient approximation which assumes that the prob
ability distribution, during the transient time, of the difference between the number of 
external arrivals to the switch concerned and the total number of departures from it 
(which includes departures from both outputs) is given in terms of the number of tasks 
in the sub-system being analysed at both ends of the considered transient interval. The 
main advantages of this method over the direct solution of the Komolgorov equations are 
basically its conciseness and ease of implementation, as well as the fact that it requires 
much less processing time, especially for systems with larger state space (i.e., switches 
with bigger buffer capacities). On the other hand, the lesser cause and effect basis of the 
method may be regarded as the major factor behind its poorer performance in terms of 
accuracy. 
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