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Optimization of absorbers in the highway bridges due to traffic flow 
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1. INTRODUCTION 

The problem of reducing the level of vibrations in various constructions is considered for 
many years and numerous ways and means of preventing unacceptable vibrations are known 
[1]. One of this ways are various vibration absorbers. Their application play a special role 
because they can be used during the construction design and also when unsatisfactory dynamic 
properties appear in a construction during operation. Absorbers are applied in various 
engineering structures such as shipbuildings, steel chimneys, TV towers, bridges [2, 3], etc. 
Vibrations of some of this structures are excited by load of random nature. In this cases 
damped vibration absorbers (DVA) are used to mitigate the random excitation [3] and their 
parametres are optimized on the condition of the main mass's. The minimum variance of the 
displacement corresponds to the maximum reliability of the system. The traffic flow is such 
type of load which causes complicated stress and displacement states in bridges and also causes 
the material fatigue that ultimately can damage the structure. The application of absorbers can 
greatly extend its lifetime. 

In the paper the problem of optimal choosing of parameters for damping absorbers 
reducing the random vibration of highway bridges subjected to traffic flow is studied. It is 
assumed that the traffic is a composite of different types of vehicles Each type of vehicle is 
modelled by one or more concentrated random forces [4,5,6]. In this idealization the vehicles 
are regarded as being of random weight. The interrarival times of the vehicles are regarded as 
random variables. As the optimization criterion of absorbers the minization of the first two 
probabilistic characteristics (cumulants) of bridge displacements which correspond to the 
maximum of the bridge's reliability is assumed. The connected coefficient of skewness and 
kurtosis of displacements are also calculated. To solve the optimization problem the simulation 
approach is used. 

2. FORMULATION OF THE PROBLEM 

Let us consider a beam with an absorber fitted at point x0 under a stream of concentrated 

random forces moving in the same direction along the beam with constant speed v. The forces, 
which model the moving vehicles in a traffic flow, arrive at the beam at random times t k. This 
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arrival times constitute a Poisson stochastic process N(t) with parameter Â.. The absorber is 
modelled by a linear oscillator. 

1 
Figure 1. The model of a brigde with an absorber. 

The vibrations of the continuous-discrete system consisting of the beam and linear oscillator 
due to the stream offorces are described by a set of coupled eq11:ations 

N._4) 
Elww (x,t)+ c:W(x,t)+ 711W(x,t)+ Mij(t)o(x- x0 )= LA~co(x- v(t- t~c) 

and the vibrations of absorber ( oscillator) are 

where 
EI denotes the flexural rigidity ofthe beam, 
c is beam's dampimg coefficient, 
m is the mass per unit length, 
o denotes the Dirac delta function, 

lc=l 
(1) 

(2) 

M 0 , co. k0 are the mass, the damping coefficient and the spring's stiffuess ofthe model 
of absorber, respectively, 

Ale denotes the random weight ofvehicles. 
It is assumed, that the random variablesA1c are mutually independent and independent of the 
arrival times tk and that their probabilistic moments E[ A;] are known. 
The vertical deflection of the beam can be presented in the moda! form as 

"" 
w(x,t) = LYn(tJWn(x), 

where 

n=l 

W" ( x) are the normal modes and 
y n are the generalized coordinates. 

(3) 
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By such formulation 

(4) 

one becomes a set of ordinary differential equations in the domain of generalized coordinates 

(5) 

"" "" 
ij(t) + 2a0 ij(t) +m:q(t)- 2a0 LYn(t)W"(x0 )- m; LYn(t)W,.(X0 ) =O (6) 

n=l n=l 

where 

The set of equations (5) and (6) can be presented in the matrix form as follows: 

BZ+Ci.+Kz=F (7) 

where 
lql lql lql r o l 
1 .. 1 

1 Y1 1 1 y1 1 1 fJ(t) 1 1 YI 1 
z=l .Y2l i. =1 Y2 l z=l Y2l, F=l f2(t) l, 

1 : J l;J l : 1 
1 : 1 

l;n ;J lJ"rt)JJ 

r 1 o o ol 
1 1 Amj(xo) 1 o oJ 

B=l MW2(x0 ) o 1 o l, 
1 : 

~J lMW~(X0 ) o o 

r 2ao -2a0~(X0 ) -2a0 W2(x0 ) -2a0 Wn(X0 ) l 
1 o 2a o o 1 

C=l O o 2a o l, 

l ~ o o 2a J 
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lw2 -w;~(x0 ) -w;W2(x0 ) -w;w"rxa) l 
1 o 

K=l ~ 
wf o o 1 

o w2 o 1. 

1 

2 
1 

J L o o o w2 
n 

The solutions of the above equations are stochastic processes and can be calculated by similar 
approach as presented in [4, 5]. The probabilistic characteristics ofthe bridge's response are 

K~(x,t)=E{Ar j}JHr(x,t-;)d; 
o 

(8) 

where the function H ( x, t - T) is the dynamical influence function which describes the 

response of the structure under simple load impulse with quantity Ak = 1 which is moving 

along the beam with constant speed v. This function is calculated from the equation (7) in 
which the right side has the form 

1 o l 
1 1 1 1-2 ~(v(t- <)) 1 
1 myl 1 

F=l mi 2 w;(v(t-<))1. 
1 Y2 ; 1 

l 1 1 

--2 ~ (v(t- T ))j 
mrn 

The impulse influence function has two different shapes: the first one describes the structure 
vibrations when the force is on its ( t - T < l 1 v) and the second one describes the free 
vibrations (t-' > 11 v). 

Now we formulate the problem of optimal design of absorber. 

Find: K~(x,t)=E[Ar ]JJW(x,t-r)dT 
o 

which satisfies following conditions 

M 
0.01 ~ m; ~ 0.04, C0 >0kN·mls, 
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3. NUMERICAL RESULTS 

The problem of reducing random vibrations in bridge under traffic flow by applying a 
damping absorber with optimal parameters described above will be illustrated by an example. 
The bridge is modelled by a simply supported beam with a damping absorber located in the 
midspan. It has been assumed that the parameters of the beam are as follows: span 1 =30 m, 

mass per unit length m = 3500 kg/m, the first natural frequency m1 = 4s-1, the damping ratio 

an =a = 0.04s-1. The probabilistic characteristics of the vehicle weight are as described in 

[6] i.e. E[ A}=31 kN, the variance cr~=320 kN*kN, the minimum weight is 8 kN and the 

maximum weight is 80 kN. The constant speed of the vehicles varies from 
v = 1 Om 1 s to 3 5 m 1 s . The steady state response of the bridge is considered. In order to 
choose the optimum absorber's parameters the expected value of the bridge's midspan 
deflection, its standard deviation, coefficient of skewness and kurtosis are calculated for 
different absorber's parameters. The values of this variables as functions of the damping 
coefficient are shown in Figures 2, 3, 4, 5, and as functions of spring's stiffuess in the Figures 
6, 7, 8, 9, respectively. The calculations have been made for M 0 = 2 t = 2000 kg, v = 25 rn/s, 

Â = 1. In aii Figures the curve No 1 is the curve plotted with continuous line, the curve No 2 is 
plotted with dashed line, the curve No 3 is plotted with dotted line and the curve No 4 is 
plotted with dashed-dotted line. In the first four Figures four curves are presented. The curve 
No 1 has been obtained for the spring's mass k0 =10 kN/m, the curve No 2 for k0 = 15 kN/m, 

the curve No 3 for k0 = 20 kN/m and the curve No 4 for k0 = 30 kN/m. 
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The curves presented in Figures 6, 7, 8, 9 have been calculated for C0 = 2 kN s/m (the curve 

No 1), C0 = 3 kN s/m (the curve No 2), C0 = 4 kN s/m (the curve No 3) and C0 = 5 kN s/m 

(the curve No 4). 
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In Figures 10,11,12,13 the influences of the change of absorber's mass on the bridge's 
probabilistic characteristics are shown. This calculations have been made for C0 = 2 kNs/m, 

k0 = 25 kN/m (the curve No 1),.C0 = 4 kNs/m, k0 = 25 kN/m (the curve No 2), 

C0 = 4 kNs/m, k0 = 15 kN/m (the curve No 3), C0 = 2 kNs/m, k0 = 15 kN/m (the curve 
No4). 
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To evaluate the level of vibration reduction in the bridge due to applying an absorber the 
expected value of midspan deflection, its standard deviation, coefficient of skewness and 
kurtosis calculated for different vehicle speed are compared with the results obtained for the 
case without absorber and presented in Figures 14, 15, 16, 17. The curve No 1 has been 
obtained for the bridge without absorber, the curve No 2 for the bridge with an absorber with 
parameters C0 = 2 kNs/m, k0 = 25 kN/m, M 0 = 2 t, the curve No 3 for the bridge with an 

absorber with parameters C0 = 2 kNs/m, k0 = 25 kN/m, M 0 = 4 t, the curve No 4 for the 

bridge with an absorber with parameters C0 = 2 kNs/m, ko = 10 kN/m, M0 = 2 t. 
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For this numerica! example following conclusions can be made: 
- for a given absorber's mass the change of its damping coefficient or spring's stiffuess have a 

little influence on the expected value of the displacement and a significant influence on the 
standard deviation, 

- if for some parameters the standard deviation has the minimum value, the corresponding 
coefficients of skewness and kurtosis have both the maximum values, 

- if the change of the absorber's damping coefficient or spring's stiffuess causes increasing of 
the standard deviation, the corresponding coefficients of skewness and kurtosis decrease. 
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