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A new stochastic crack growth model is proposed, in which the propa.gation resistance 
appearing in the empirically obtained cra.ck growth law is ma.thernatica.lly modelecl as a 
random field. First, a mathematicalmethodology to obtain the solution of the randomized 
crack growth equation is discussed. Next, an approximate method to obtain a probability 
distribution of the residua.llife is proposed. Fina.lly, the method is applied to the random 
propagation problem of au edge crack uncler uniform tmsile stressing. where numerica! 
evalua.tion of the residuallife distribution in this case is performed. 

1. Introduction 

In order to investigate the proba.bility distribution of the fatigue cra.ck propagation 
life due to the randomness ca.used by microscopic inhomogeneity of the material. it has 
been often the case to introduce a mathematicalmodel basecl upon the well-known Pa.ris
Erdoga.n crack growth la.w such that 

da. = Co(21I\)"'. 
dn 

(l) 

with ('0 , the crack propaga.tion resistance, being a variable of stochastic nature, ami 111 

being a material constant. In the model developed by Tsurui anei Ishikawa [l ][2] ( termed 
as TI-model) and other models proposed to date [J], the propagation resistance Cu has 
been trea.ted as a random process with temporal varia.tion. That is, the growth equation 
(1) has been extended into a random differeutial equation, which is a clifferentia.l equation 
with a temporally ra.ndom input. 

However, since the randonmess induced in the actua.lmateria.ls will cause spa.tia.l ran
dom f!uctua.tious in C0 , it is more appropriate, in refercnce to the enginecring reality, to 

'This research was supported in part by a Scieutific (~rant-In-Aid in 199:3 (1\'o. 05750066) from tlw 

Ministry of Education, Science and Cult urc, .] apan. 

R. Rackwitz et al. (eds.), Reliability and Optimization of Structural Systems
© Springer Science+Business Media Dordrecht 1995



A stochastic crack growth model with propagation resistance as a randomfield 137 

model C0 as a random field than as a random process. Hence, Eq.(l) needs tobe extended 
into the following random differential equation: 

da=~(" '<')m (C ) dn C(a) LH'- o: const. , (2) 

where C(a) is a random field showing a spatially random variation. The reciproca! form 
is selected so as to express the "resistance" clearly [4][5]. 

The random differential equation (2) is a differential equation defined on a random 
field, and it has a special feature that the variable to indicate the location of the random 
field is combined concurrently with a dependent variable of the eqnation. In this respect, 
a mathematical methodology to obtain the solution to the random differential equation 
in the forrn of Eq.(2) has been newly developed [6]. 

In this paper, according to a mathematical methodology developed by Tanaka and 
Tsurui [6] to define a solution for such a random differential equation of special type, we 
construct a new probabilistic model to obtain the probability distribution of the random 
growth of fatigue cracks. The result will be compared with TI-model through numerica! 
computation of the residuallife distribution, which plays a crucial role in the reliability
based design. 

2. Mathematical analysis of randomized crack growth equation 

In this section, we give a survey of the mathematical methodology first developed by 
Tanaka and Tsurui [6] to analyze the randomized crack growth equation (2). 

2.1.Definition of the solution 
For the sake of convenience in analysis, we use the dimensionless crack length X = 

a/ a"' where ar represents the reference length. Suppose that the stress intensity factor 
range ~J( can be expressed as 

b..K = ab..SoVX.f(X), (3) 

where ~Sa is a stress amplitude (it is assumed to be constant), the function .f( · ) is 
a correcting function expressing the size effect of the component and a is a constant 
determined according to the geometry of the crack. Substituting Eq.(3) into Eq.(l ), we 
can obtain 

dX dt = c:g(X) (g(X) = {VX.f(X)}m), (4) 

in which we use a new time variable t such that cart= C0am(~Sot'n. 
As mentioned in the preceding section, the microscopic inhomogeneity of the material 

gives rise to a. spatia.lly distributed random variation of the coefficient c:. Hence, we need 
to extend the differential equation ( 4) to the following ra.ndom differentia.l equation: 

dX c: 
dt = C(X)g(X), (5) 

where C(x) is a ra.ndom field. The solution of Eq.(5) will show a temporally random 
variat ion according to the spatially ra.ndom variation of the random field C( x), even if 
the initial value X(O) = x0 is deterministic. 
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If the material is macroscopically homogeneous, the randorn field C( x) will be a ho
mogeneous random field. That is, its first and second mornents are given as 

E[C(x)] = Mc(const.) (6) 

E[{C(J:)- E[C(x)]}{C(:r + :r')- E[C(x + JJ)]}] = a}:Pc(x') (independent of x) (7) 

It should be noted that we can assume, without loss of generality, that the mean value 
Mc takes on unity. 

Integrating Eq.(5) forma.lly under the initial condition X(O) = x0 , we have 

1X(t) C(x) dJ: = ct. 
xo g(x) 

(8) 

It is natural to define the solution X(t) of Eq.(5) as a function X(t) satisfying the integral 
equation (8) provided that the left-hand side integral exists. However, if there is a non
zero probability that C(J:) takes a negative value, we can not uniquely define X(t), since 
the left-ha.nd side of Eq.(8) is not a monotonica.lly increasing function. Such a. situation 
should be taken into account even if the distribution range of C(x) is restricted to the 
positive area, since we need to introduce the Markov approximation method [1], which 
is a kind of diffusion-approximation, in our practica! analysis. Hence, introducing a new 
random field such that 

l x C(JJ) 
Z(x; x0 ) = -( ·') dJJ, 

xo g J. 

we define the solution of Eq.(5), by making a partial revision on Eq.(8), as 

X ( t) = inf { Z(x; :r0 ) = Ei}. 
J.:>xo 

(9) 

(10) 

If the transformed random field Z(x;x0 ) is almost certainly continuous, X(t) can be 
uniquely defined with probability one. 

Figure 1 gives a conceptual illustration of the definition of the solution X(t), which is 
defined as a first passage location [7] of the random field Z(x; x0 ) to a level t:t. 

Z(x;xo) 

sample function of Z(:c;x0) 

L--L----------------~------~X 
xo X(t) 

Fig.l Relation between the solution X(t) and the sample field of Z(x; x0 ). 
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2.2.Death point 
If the function g(x) rapidly diverges as x---. oo, the transformed random field Z(x; x0 ) 

rnay not diverge as x---. oo under the assurnption that the random field C(x) is homoge
neous. In fa.ct, if the exponent m in the Paris law is greater than 2, we have to take into 
account such a possi bility [1]. 

At the tirne t when ct is greater than the supremum of Z(x; x0 ), it is natural to consider 
that the solution X(t) has already diverged to infinity. Hence, for a given t, we define 
that the solution X(t) !ies in the state D if 

sup Z(x; J:o) < ct, (11) 
x>xo 

is satisfied. According toTI-model [1], we caH the state D the death point. 

3. Probability distribution of the solution process and residuallife distribution 

According to the definition of the solution X(t) discussed in the preceding section, 
we need to solve a first passage problem for the transformed field Z(x; x0 ) to obtain the 
probability distribution of the solution process X(t). Unfortunately, however, since we do 
not ha ve a complete methodology to sol ve a first passage problem of general type, it is very 
difficult to derive the exact probability distribution of the solution process X(t). Hence, 
in this section, we give an approximate method [6] to derive the transition probability 
distribution of the solution X(t) and the residua.llife distribution. 

3.1.Transition probability distribution of the solution process 
With the aid of Eqs.(6) and (7), we can obtain the mean and variance of the trans

formed field Z(x; x0 ) as follows: 

l x dx' 
J.Lz(x; xo) = E[Z(x; xo)] = -( ·'), 

xo g 1. 
{12) 

2 , [ 2] 2 1x dx' lx Pc ( x' - x") 11 o-z(x;1:o) = E {Z(x;xo)- E[Z(x;xo)]} = o-0 -( ') ( ") dx. 
XQ g X XQ g X 

(13) 

If the random field C(x) is a Gaussian field with independent increment, the transformed 
field Z(x; x0 ) is also a Gaussian field, whose probabilistic properties can be completely 
specified by Eq.{12) and (13). Even under the situation in which C(x) does not have 
such a property, we can treat Z(x: ;r0 ) approximately as a Gaussian field by applying the 
Markov approximation method [1]. Hence, we can obtain an approximate form of the 
probability distribution function of Z(x; xo) in the following form: 

[z- J.Lz(x; .ro)] P(z,J: ll·o) = Pr[Z(x;xo) :S: z] = <l.> , 
<7z(x; :ro) 

(14) 

where <l.>( • ) is the standardized normal distribution function. 
It should be noted that the result gives a non-zero probability that Z(x; x0 ) decreases 

as a function of x. However, we ca.n almost neglect it if the spatial interval lx- x0 1 is 
sufficiently large enough in comparison to the spatial correlation dista.nce of the random 
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field C(x). In this case, according to the definition given by Eq.(10), we can obtain an 
approximate relationship as 

W(x, t 1 xo,) = Pr[X(t) :::; J: 1 X(O) = xo] ~ 1- Pr[Z(x; J:o) :::; Ei]. (15) 

Hen ce, the transition probability distribution function of the solution process X ( t) is given 
as follows: 

W( . l . ) _ ""[ţtz(J:; J'o)- ci] 
J., t x0 - "' , 

O'z(:r; J'o) 
(16) 

which is a probability distribution of special type, whose dornain is restricted to J'o < x. 
If the function g(x) rapidly diverges as a· --> oo, W(x, t 1 x0 ) does not tend to unity as 
:r--> oo, since there is a non-zero probability that the solution X(t) !ies in the death point 
D. 

3.2.Residual life distribution 
Let T(x0 , J:c) bea time when the sample function with the initial condition X(O) = x0 

arrives at a prescribed criticallevel xc(> J:0 ) for the first time. We caii it the residuallife 
of X(t), and denote its probability distribution function as 

(17) 

According to Eq.(16), the probability that X(t) decreases is exactly zero. Hence, we 
obtain 

( 1 ) [ ( ) 1 ( ) l 
- [ţtz(xc; xo)- Ei] 

H t xo, Xc = 1 - Pr X t :::; Xc X O = X o = cfl ( .. ) , 
O'z Xc, Xo 

(18) 

where <Î>( · ) is the complementary function of the standardized normal distribution. If 
the cracked component fails when the crack grows to the criticallength Xc, H(t 1 x 0 , Xc) 

gives a probability of failure at time t. Thus, it must be kept at a very small value so as 
to make the component highly reliable in actual situations. 

3.3.Residual life distribution in TI model 
In TI-model, the random field C(J:) has been transformed into a random process 

reflecting a certain typical value of the solution as a function of time, that is, Eq.(5) has 
been transformed into 

dX -dt = c:C(t)g(X), 
. 1 

C(t) = C(E[X(t)])' 
(19) 

where E[X(t)] expresses a certain typical value of the solution X(t). Equation (19) is a 
differential equation driven by a temporally random noise C(t), which does not have such 
a special feature as Eq.(5). 

By use of the Markov approximation method [1], the transition proba.bility density 
function of the solution X(t) of Eq.(19) can be obtained as a solution of the generalized 
Fokker-Planck equation. Moreover, by neglecting a probability that the crack length 
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decreases, the residua.llife distribution function has been obtained in an analytical forrn 
(2] as 

H( 1 . ) = if. [Jlz(Xci xo)- ci1ct] 
t lo,Xc "' J2G(t) , (20) 

-2 (: t dt' 
G(t) = cO"_c~o r A , 

M0 lo g(X(t')) 
(21) 

Mc = E[C(t)], u~ = Var(C(t)], (22) 

where .X(t) is the solution of the following ordinary differentia.l equation: 

dX A A 

dt = cMcg(X), X(O) = xo. (23) 

The constant ~o corresponds to a spatial correlation distance of the random field C ( x). 

4. Numerica! example 

In this section, we apply the result obtained in the preceding section to the random 
growth of an edge crack in an infinite plate under uniform tensile stressing, schemati
cally illustrated in Fig.2. The result will be compared with TI-model through numerica.! 
calculations for the residuallife distribution. 

The geometrica.! factor a and the correcting function .f(:r) a.ppearing in Eq.(3) are 
given as a= 1.12 a.nd .f(x) = 1, respectively, for the edge cra.ck. The spatial correlation 
function pc(x) is assumed tobe exponential, tha.t is, 

( ) ( l:rl) Pc a: = exp -y;- , 
c 

(24) 
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Fig.2 An edge crack in an infinite plate. Fig.:3 Residua.l life distributions by 
(a) the present method and (b) TI-model. 

(J'O = 0.05, Xc = 1.0, m = :l.O. uc = O.:l, Le= ţa = 0.03) 
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in which the constant Le represents the spatial correla.tion dista.nce of C(x), which is 
a.ssumed here to be equal to the constant eo in TI-model. 

Although 1/C(x) does not generally follow the sa.me distribution as C(x), if-we can 
a.ssume tha.t the probability distribution of C( x) is approximated by a log-normal distribu
tion, 1/C(x) obeys the log-norma.! distribution with slightly different mean a.nd variance 
as 

E[l/C(:r)] = 1 + ab, Var[l/C(:r)] = ab(l + ab)2, (25) 

under the condition tha.t the mea.n aud varia.nce of C(x) are given by Eqs.(6) a.nd (7),re
spectively. In what follows, we make a. brief comparison between the present method aud 
TI-model provided tha.t Eq.(25) holds. 

Figures 3 ~ 5 show the residual life distributions a.s a function of T = ct calcula.ted 
by (a.) the present method (given by Eq.(16)) and (b) TI-model (given by Eq.(20)), in 
which the vertical a.xes are plotted on loga.rithmic sca.le to show the precise beha.viors of 
the so-ca.lled high-reliability region. In ea.ch figure, the parameter va.lues of x 0 , Xc a.nd m 
are fixed to be x0 = 0.05, Xc = 1.0 a.nd m = 3.0, respectively, aud those of ac a.nd Le are 
chosen a.s in the figures. The pa.rameter va.lues for Fig.5 are selected in such a. way that 
the qua.ntity &b = ac 2 (1 + ac 2 ) 2eo ta.kes on the same value as that for Fig.3. In other 
word, with pa.ra.meter values thus chosen, the uncertainty factor in TI-model becomes 
nea.rly the same in both ca.ses. 

From these figures we ca.n observe tha.t the residual life distribution for the present 
method shifts to a. longer side in compa.rison to tha.t for TI-model. This might be ca.used 
by the approxima.tions introduced in the present model such tha.t (1) the distribution of 
Z(:1:; x 0 ) is a.pproxima.ted tobe Ga.ussia.n, a.nd (2) the proba.bility tha.t Z(1:; x 0 ) decrea.ses 
is neglected in the first passa.ge problem of Z(1:; x0 ). 
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Fig.4 Residua.llife distributions by Fig.5 Residua.llife distributions by 
(a.) the present method a.nd (b) TI-model. (a.) the present method a.nd (b) TI-model. 

(xo = 0.05, xc = 1.0, m = 3.0, "e = 0.3, Le =~o = 0.01) (xo = 0.05, Xc = 1.0, m = 3.0, "e = 0.2, Le= {o = 0.074) 
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However, in TI-model the approximations are also adopted such that (1) the intro
duced shape of the correlation function of C(t) is not theoretical but is assumed, and (2) 
the decrease probability is also neglected in the first passage problem of X(t). In this 
respect, it is irnpossible to determine which model gives a closer value to the true value. 
We have no other way but to utilize simulation techniques to prove this issue. 

We can also observe that the difference in the result between these two models becornes 
a little larger when the values of O"c and ~o become larger. In fact, when O"c assumes a 
value of nearly 0.1, the difference becomes very small, which is unfortunately not shown 
in the figure for simplicity. Further, judging from the comparison between Figs.3 and 5, 
TI-model reduces to neary the same result as long as the quantity ă-/:;~0 takes on the sarne 
value. On the contrary, the present model produces a little difference. 

5. Concluding remarks 

In this paper, we have constructed a new mathematicalmodel to describe the random 
fatigue crack growth by modeling the propagation resistance as a random field. 

Although our present method can reflect the more precise engineering reality compared 
with TI-model, the more difficulties arise in solving the mathematical equations. However, 
these difficulties can be alleviated by use of the Markov approximation method, anei we 
can clerive the residuallife distribution as well as the probability distribution of the crack 
length. In future studies, the accuracy of the approximation shoulcl be verified through 
computer simulation procedure. 
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