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Reliability of Flexible Structures Exposed to Non-Gaussian Wind Pressure 
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The influence of the wind pressure model on the structural response is investigated. The 
wind turbulence is assumed to be a homogeneous Gaussian field. For the pressure process 
three models of increasing complexity are used: the classicallinearized Gaussian model, the 
Gaussian quadratic model and the 'exact' non-Gaussian model. The estimate of the peak 
distribution allows to compare the classical and the proposed procedure on the basis of 
numerica! examples. 

1. INTRODUCTION 

The assessment of safety of structural components exposed to turbulent wind asks for the 
use of a suitable model of the pressure fluctuations. Field observations agree to state the 
Gaussian character of the wind velocity. For the pressure fluctuations, which are roughly 
proportional to the square of the air velocity, this assumption is no longer true, as it is 
confirmed by the experimental evidence (Holmes [1]). 

Nevertheless in the wind engineering applications it is often assumed, as a first 
approximation, the wind pressure to be a Normally distributed random process. 

Vaicaitis et al. [2] suggested that the errors inherent in this assumption may, in some cases, 
be significant. Soize [3] extended the procedure proposed for the linear case by Davenport 
[4], including the effect of non-linear pressure terms, thus defining an analytical expression 
for the gust response factor ofbuildings. 

The non-normal stochastic response of linear systems was firstly analysed by Lutes et al. 
[5]. In order to investigate the non-normality of structural response, due to a non-normal 
excitation, he proposed to extend the conventional analysis by using the third and the fourth 
moment of the response. The same problem was faced by Grigoriu et al. [6] which analysed 
the moments and mean crossing rate of the response of linear system subject to polynomials 
forms of the Gauss-Markov process and by Bucher and Schueller who used spectral analysis 
to compute the structural response [7]. 

In the present paper the theory of the structural response to a non-Gaussian excitation in 
the frequency domain is firstly reviewed. Then comparisons are made between the response 
computed utilising the classical linearized Gaussian model, the Gaussian model including 
quadratic terms and the 'exact' non-Gaussian model, in order to verify the consequences of 
the choice ofthe model on the evaluation ofthe structural reliability. 
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2. MODEL OF THE WIND PRESSURE 

The ve1ocity of the moving air particles is well represented by a three dimensional weakly
homogeneous random field following the Normal distribution: 

- ..... - -
V(t)= [V+vx(t)]i+vy(t)j+vw(t)k (1) 

where V is the mean wind speed and vx(t), vy(t), vw(t) are the random components of the 
turbulence in the directions x, y and z respecttvely, which are zero mean normal processes. 
Then the velocity random field is completely described by the matrix of its power spectral 
density, which naturally includes all the cross components. 

Limiting the attention on the along-wind component of the velocity, the wind induced 
pressure over a fixed obstacle may be expressed as: 

1 2 1 "' 12 1 r-2 _ 2 1 p(t) =-pC0 V = -pC0 LV +v(t) = -pC0 V +2Vv(t)+v (t) 
2 2 2 

(2) 

In most wind engineering applications the validity ofthe assumption vx(t) <<V is silently 
accepted as a rule, although it is probably hardly verified for mild winds. This hypothesis 
allows to neglect the second order term in Eq. (2), thus considering the pressure process as 
being Gaussian. When the squared component is taken into account the resulting process is no 
Jonger Normally distributed and its probabilistic structure may not be described using only 
the first two moments. 

3. PROBABILISTIC STRUCTURE OF THE PRESSURE PROCESS 

As the pressure process is non-Gaussian, its probabilistic structure may be described 
specifying the complete set of the statistic moments of ascending order. 

The first moment is easy found to be constant: 

{ L f 2} -2 2 1 
p=E p(t)f-ElcV c[V +crJ,wherec=2pC 0 

The second order autocovariance Rpp ( 1:) is: 

RPP (<) = E{fp(t)- p ]fp(t + 1:)- p ]}=E {v2 (t)- p lv2 (t + 1:)- p]} 

= C2 [4\? Rvv(<)+2R~(<)] 

By setting 1: =O, the Eq. 4 yields the variance ofthe pressure process: 

(3) 

(4) 

(5) 
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The third order autocovariance RPPP(t1,t2) may be expressed in terms of the 

autocovariance of v(t), Rvv('t), taking advantage of the Gaussian properties of v(t), which 

allows to obtain the joint moments of v(t) by differentiating the joint characteristic function: 

(7) 

where tr = [t"~, .. . ,t"], and setting t =O. 
The generic joint moment of v(t) is given by: 

(8) 

The task may be performed by using symbolic computer algebra, thus reducing the 

expression of RPPP{t1, 1:2) to the form: 

RPPP {el ,1:2) = 8c3 Y2 [Rvv{cJRvv{cz}+ R vv{'t l)Rvv{'tl - 'tJ+ R vv{tz)Rvv {c2 - 1:1)]+ 

+8C3 R vv{cJRvv{c2)Rvv {'t l -1: 2) 
(9) 

The frequency-domain counterpart of this formulation includes the power spectral density 

ofthe pressure process spp(f) and the third order power spectral density sppp(f" f2) which may 

be computed in closed form if d. « V2. In that case the second term in the right hand si de of 
Eq. 9 gives a negligible contribution to the spectral density, which becomes (fig. 1): 

(10) 

s.., 

r, 

Figure 1. Typical shape of the bi-dimensional power spectral density of pressure SPPP(f" f2). 
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As a well known property of the Gaussian processes is to have the third moment equal to 
zero, the function Sppp(fl> f2) gives valuable information on the non-Gaussian characteristics 
of the pressure process. For this reason in the first part of the research, presented in this 
paper, the analysis is truncated at the third order moments. 

4. RESPONSE OF LINEAR SYSTEMS TO THE WIND PRESSURE 

4.1 Statistical characteristics of the response process 
Pointing the attention over a single-degree-of-freedom linear time-invariant system, the 

dynamic response under wind excitation may be computed solving the dynamic equilibrium 
equation in the frequency domain, thus evaluating the power spectral densities of the 
response. 
So it is easy to find: 

(12) 

(13) 

where H(f) is the frequency response function of the system, and the overbar denotes its 
complex conjugate (Fig. 2). The corresponding statistica! moments may be found by 
integration: 

(14) 

Figure 2. Typical shape of the bi-dimensional power spectral density of the response 

Sxxx(fbf2). 
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4.2 Distribution of the response x(t) 
The probability density function of the structural response under wind usually only slightly 

departs from the Gaussian shape. Among the methods available for its characterisation on the 
basis of the knowledge of the response statistica! moments we remember the Series 
Expansion Method and the Maximum Entropy Method. In this paper the first approach is 
adopted and the function fx (x) is approximated with the Gram-Charlier series expansion: 

(15) 

where Nm,cr(x) is the Gaussian distribution with given mean and variance, Hj(x) are the 

Hermite polynomials of order j, and Ci are suited coefficients, computed to fulfil the 
condition that the distribution fx (x) has the specified statistica! moments. 
Considering the first three moments, the density of the response becomes: 

[ ( )2] [ ( 3 J] 1 1 X J.l3x X 3x 
fx(x)=--exp --- · 1+-' · ---

0' .j2n 2 () 6 0'3 0'3 () 
(16) 

5. RELIABILITY ANALYSIS 

The first-excursion problem is still an open problem when the response process is non
Gaussian. Only approximate solutions have been proposed. 

Let x(t) bea non stationary stochastic process, F (x;O) the first-order distribution of x(t) at 

t=O and v(x,t) the mean rate at which x(t) crosses from below (upcrosses) the threshold x at 
the time t. In order to estimate the largest value distribution of the response x(t), in the time 
interval 1, the following expression may be used: 

F,(x)=F(x;O)exp( -lv(x;t)dt) (17) 

where 1 is the length of the time interval in which the mean wind speed is being computed. 
When the expectation of the positive values of x(t) conditiona! to x(t) = x is denoted by: 

e(x;t)=E [X(t) + IX(t)=x] (18) 

then the mean upcrossing rate at time t is 

v(x; t) =e(x; t) f (x; t) (19) 

where f(x,t) is the density of x(t). The previous functions depend on the time t but for 
homogeneous processes they are time invariant so that: 

F, (x)=F(x; O) exp( -v(x)·'t) = F(x;O)exp( -e(x)·f(x)·'t) (20) 
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In order to define e(x), the processes x(t) and x(t)and the characteristic function of the 

vector [x( t ), x( t) should be specified in el o sed form. Practica! analytical difficulties often 

arise, so that this expression cannot generally be obtained. 

Among the severa! approximated approaches that have been proposed, in this paper the 

hypothesis that x(t) and x(t) are independent random variables and x(t)follows the 

Gaussian distribution is assumed. As a consequence e(x) can be approximated by: 

cr 
e(x)= r;,-;:; 

'i2n 

where cr may be expressed in terms of the second moment of the response: 

+<o 

cr= J(J)2 sxx(ffi)dffi 
-00 

(21) 

(22) 

More suitable tools have been proposed by Grigoriu [6], that used the translation process: 

(23) 

in which g (.) = (F-1 o <l>) (.), F(.) is the first order distribution of X(t) and Z(t) is a zero-

. . d.f.,.. . bl G . D . ' dg(x) d . h 
mean, umt vanance 1 1erent1a e auss1an process. enotmg g = -- an supposmg t at 

dz 

x(t) and XT (t) have similar crossing characteristics, e(x) can be approximated by eT (x) so 

that: 

[ . ] crg' (g-1 (x)) 
e(x)=eT(x)=E X(t) + IX(t)=x =- r;,-;:; 

'i2n 
(24) 

6. NUMERICAL EXAMPLE 

The proposed methodology is applied to a water tower which is a typical point-like 

structure, for which the longitudinal velocity fluctuations may be considered to be totally 

correlated over ali the surface exposed to the wind. 
The relevant structural data are: height of the pier h = 80. m, surf ace exposed to the wind 

S = 20. m2, drag coefficient C0 = 1.00, shaft stiffness k = 85300. N/m, concentrated mass 

m = 1300 Kg, natural frequency f0 = 0.4 Hz. The reference mean wind speed is assumed to 

be 30 m/s, with a standard deviation of 4.6 m/s. For the analytical expression of the power 

spectral density of the wind speed, the one proposed by Davenport is used. 

A numerica! investigation is developed, considering the following parameters: 

- jive values ojthe relative structural damping: ~ = 0.01, 0.03, 0.05, 0.07, and 0.09. 

- three types of roughness, the type A (exponent a = 0.15 in the power expression of the 

boundary layer), the type B (a= 0.28). and the type C (a= 0.40). 
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The first three moments of the response are considered. The peak: distributions are estimated 
for a duration of 3600 s and for a non-exceedance probability of 90%. In addition to the non 
Gaussian method, two other methods are applied. Firstly the one which neglects the second
order term in Eq. 2 and assumes the pressure and the response processes to be Gaussian 
(Gaussian linear method). Then a third procedure is used, which uses the full expression of 
the pressure, but considers it and the response process as Gaussian (Gaussian non-linear 
method). 

A synthesis of the numerica! results are presented in the following Figures 5 to 9, where 
the maximum dynamic displacements, along with the total displacements (static+ dynamic) 
are reported. The Figures 5, 6 and 7 show the maximum dynamic displacement of the top of 
the tower for the wind climates A, B and C respectively. The Figures 8 and 9 show the 
relative difference between the responses computed with the non-Gaussian method and with 
the Gaussian linear one. 

Figure 5. Wind climate A. 
Maximum dynamic displacement. 

The first figure refers to the maximum 
dynamic displacement, while the second 
one refers to the total displacement (static+ 
dynamic component). 

While the difference between the results 
obtained with the Gaussian linear method 
and the Gaussian non-linear one is in most 
cases negligible, the effects of the 
application of the non-Gaussian procedure 
becomes important for increasing values of 
the structural damping and of the intensity 
of the turbulence. 

For the roughness type A, the increase of 
the dynamic part of the response ranges 
from 3 % (~ = 0.01) to over 7% (~ = 0.09), 
while for the type B it ranges from 4 to 8 % 
and for the type C it ranges from 5 to 9%. 
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Figure 6. Wind climate B. 
Maximum dynamic displacement. 
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Figure 7. Wind climate C. 
Maximum dynamic displacement 
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Figure 8. Relative difference between the 
non-Gaussian method and the Gaussian 
linear one. Max. dynamic displacement. 

7. CONCLUDING REMARKS 
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Figure 9. Relative difference between the 
non-Gaussian method and the Gaussian 
linear method. Total top displacement. 

An investigation has been presented into the effects ofthe non-Gaussian nature ofthe wind 
pressure over the assessment of the safety of wind-exposed structures, effects which are 
usually neglected by the classical methods used for calculating the along-wind response. 

The proposed method, which operates in the frequency domain, has been applied to some 
case studies modelled as single degree of freedom systems, but is suited to be easily extended 
to the case of multi-degree-of-freedom systems. 

The results of the numerica! examples pointed out that the classical procedure, which 
assumes the wind pressure to be a Gaussian process, can, in conditions of high intensity of the 
turbulence and high value of the structural damping, underestimate the peak values of the 
dynamic part of the response by over 8 %. 
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