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Abstract 
This paper puts forth a mathematical model and studies the optimal time to start the 

development cycle of a system before the existing system retires. By assuming a log-linear 
cost function of maintenance expenses, the solution to the optimization problem can be 
found. 
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1 INTRODUCTION 

Dissatisfactions against an old system pile up until management decides to initiate another 
round of the system development cycle. But until the new system becomes operational, the 
existing one remains the only system available to the users. The inappropriateness [1] of 
the old system still require maintenance which incurs substantial manpower and cost. An 
early start of the new cycle obviously reduces spending on old system maintenance. But it 
shortens the operational lifespan of the old system and hence discourages the management 
to spend time in system development stages. To determine the optimal time for a start to 
re-write a new system is known as the Software Replacement Problem. 

The Software Replacement Problem is studied by a handful of researchers among them 
are Gode et al. [2] and Chung [3]. The latter devises a cost function which totals the mainte
nance and re-writing cost over the planning horizon. A hypothetically perfect productivity 
of the development team is shown to incur instantaneous replacement. However, we redesign 
the cost function and produce a solution which differs from instantaneous replacement. 

2 THE MODEL 

We consider two consecutive system development cycles. Let TR be the time when the new 
system cycle begins (ie. re-writing the system starts) and TN be the time when the new 
system begins operational. The expenditure during this period includes: 1) maintenance 
cost between time 0 to TN, 2) development cost between time TR to TN, and 3) maintenance 
cost between time TN to T. Our problem is to find the timing of TR such that the sum of 
the first two costs is minimized. 

Let m{O) represent the number of maintenance requests at time 0, when the old system 
begins to function. Hence the number of maintenance requests at time t can be expressed 
as 

m(t) = m(O)e8t (1) 

where 6 > 0 is the logarithmic rate of growth which can be determined by regression analysis. 
Assuming that every request is entertained by the maintenance team, m(t) becomes the 
number of requests serviced. It is believed that 6 reflects the willingness of the maintenance 
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team to respond to these requests. If the attitude of the team does not change, met) is 
a monotonically increasing function. However, some change of Ii is expected and it brings 
about different considerations which will be mentioned later. 

Let h : R -+ R be the cost function which maps number of maintenance requests to 
monetary units of expenses. Thus the total maintenance expenses during the period (O,t) 
is l h(m(t))dt (2) 

We employ a log-linear cost function h. Then the (present value of the) cost function 
can be expressed as 

hemet)) = a[m(t)]lle-Tt (3) 

where a and /3 are defined respectively by the structuredness of the programming technique 
on the system development and the productivity of the system developers; and r > 0 is the 
rate of interest. The total maintenance cost in the period (0, TR) is 

fTR a[m(t)]lle-Ttdt = amll(O) (e(61l-T)TR _ 1) 
10 1i/3 - r 

(4) 

The maintenance cost in the period (TR, TN) is not included in the integral bec.ause we 
suspect that the system developers may have a different attitude towards maintenance when 
they learn that the system will soon be replaced. The number of maintenance requests may 
grow at the same rate Ii, but the system team will then be reluctant to entertain as many 
of these requests as they did before TR. Here we assume a different rate of growth (ie, we 
let iiI replace Ii and let 1i2 represent the rate of growth of maintenance requests that will be 
serviced. N.B.IiI > 1i2') Thus expressions (1) and (4) should be 

met) = m(O)e61t and 

The last one corresponds to the total cost of maintenance in the period (0, TR). Following 
the same argument, the total maintenance cost in the period (TR, TN) is found to be 

amll(O)eIlTR (e(6.Il-r)TN _ e(6.Il-r)TR) 
1i2/3 - r 

(5) 

On the other hand, the rewriting effort is determined by II: Ldt where L represents 
the daily wages paid to the project team. Hence the total effort, if expressed in terms of its 
present value, is 

amP(O) (e(6,P-T)TR _ 1) + amll(O)e61PTR (e(6.P-r)TN _ e(62P-r)TR) _ !:[e-TTR _ e-rTN ] (6) 
~/3-r ~/3-r r 

In reality, the effort of developing a system is related to the complexity of the system 
where complexity can be approximated by the number of function points [3,4]. Thus L = ~ 
where F is the measure of function points and p. is a proportional constant. 

3 THE PROBLEM AND THE SOLUTION 

Thus we have an optimization problem: 

To minimize 
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such that TN ~ TR. 
Let 1 be the Lagrangean multiplier and 

(8) 

be the Lagrangean function. Since E(TR, TN) is convex, the Kuhn-Tucker conditions for 
minimization are 

aml1(0)[e(6111-4)TR _ e(6,11+6211-r )TR] + 
aml1(0)61.8e61I1TR[e(6211_r)TN _ e(6211-r)TR] + !..e-rTR + 1 = 0 (9) 

~.8-r ~ 
F 

aml1(0)e61I1TRe(62.8 - r)TN - _e-rTN + 1 = 0 (10) 
~ 

TR-TN+82 =0 (11) 

"(8 = 0 (12) 

1 ~ 0 (13) 

Solving equations (9)-(13) we look into two different cases: 

Case 1 If 8 = 0, then from (11) TN = TR. It is the so-called instantaneous replacement 
solution which suggests an non-existent development period for the new system. Assume 
that T = TN = TR. Equations (9)-(13) give rise to 

2L -6,I1T 
e = 2e6211T _ 1 

aml1(O) 
(14) 

We can then derive the value of T if all the other variables are known. If we assume further 
that 6 = 61 = 62, (14) can be simplified to 

T= 6~ln(1+~) (15) 

where A = s':ho). Theoretically speaking, TN = TR = T is possible if the values are very 
large numbers (ie. the new system will never begin its development.) It can be accomplished 
if.8 is extremely small (ie, the productivity of the development team is extremely high), a 
is extremely small (ie, the existing system has always been developed in a highly structured 
way). However, since T > 0, A or L must be sufficiently large; ie 

(16) 

Case 2 If 1 = 0 then 82 > 0 or TN > T R. The relation between TN and TR is given by 
(10) 

(17) 

where d = 62/61 • The optimal timing to start developing the new system can be found by 
solving (17). However, since 0 < TR < TN 

TR 1 A 
1> - = --In(-) - d > 0 

TN 61.8TN 2 
(18) 
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The inequalities can be simplified to 

h(m(TN))e6,i1TN > L > ami1(0)e6,i1TN (19) 

In general, 1 > d > O. The right side of (18) ranges from h(m(TN)) and ami1(O). When 
d = 1, the inequality gives 

L>h(m(TN)) (20) 

It implies that if all maintenance requests are serviced as if no new system is being developed, 
the cost of developing a new system is stili higher than the maintenance cost at the time 
when the new system is operational. But if d = 0, ie, all maintenance requests are ignored 
after the new development cycle commences, the left side of (18) gives h(m(TN)) > L. ie, 
the expenses of developing the new system must be smaller than the maintenance cost at 
TN, should there be any. 

Again, from (17), the structuredness a of the existing system has a positive effect on 
the ratio TR/TN since a small a (ie, a highly structured old system) prolongs the lifespan 
of the system by increasing the ratio TR/TN . 

4 CONCLUSION 

Several ideas can be derived from the solutions of the problem: 

1. It is discovered that T, the rate of interest, does not appear in any of the solutions. It 
can be certain that it casts no influence on the value of TR. 

2. If we put the instantaneous replacement strategy to practice, we must expand the 
lifespan of the existing system as long as possible. It demands a maintenance team of 
high productivity and an extremely structured development technology, as analyzed 
in case 1. 

3. In both cases, the value of L is bounded by a value proportional to aml1(O). From 
(17), we learn that a highly structured system should last longer than a less structured 
one, but the influence of Cl is not very conspicuous since it is hidden in a logarithmic 
function. 

4. The policy of providing selective responses to all the maintenance requests after a 
new development cycle begins has a positive effect on prolonging the lifespan of the 
existing system. From (18), the ratio Tn/TN is increased if a small d is chosen. 
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