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Abstract. The Successive Projection Graph Matching (SPGM) algorithm, capable of performing full- and sub-graph matching, is presented
in this paper. Projections Onto Convex Sets (POCS) methods have been
successfully applied to signal processing applications, image enhancement, neural networks and optics. The SPGM algorithm is unique in the
way a constrained cost function is minimized using POCS methodology.
Simulation results indicate that the SPGM algorithm compares favorably
to other well-known graph matching algorithms.

1

Introduction

In image processing applications, it is often required to match diﬀerent images of the same object or similar objects based on the structural descriptions
constructed from these images. If the structural descriptions of objects are represented by attributed relational graphs, diﬀerent images can be matched by
performing Attributed Graph Matching (AGM). Because of the combinatorial
nature of the AGM problem, it can be eﬃciently solved by an exhaustive search
only when dealing with extremely small graphs.
According to [1], graph matching algorithms can be divided into two major approaches. In general, the ﬁrst approach constructs a state-space which
is searched using heuristics to reduce complexity. Examples of algorithms belonging to this group are those proposed by You and Wong [2], Tsai and Fu
[3, 4], Depiero et al. [5], Eshera and Fu [6], Bunke and Shearer [7], Bunke and
Messmer [8] and Allen et al. [9].
The second approach, which is also our approach, is based on function optimization techniques. This approach includes earlier techniques such as the
symmetric Polynomial Transform Graph Matching (PTGM) algorithm of Almohamad [10], the Linear Programming Graph Matching (LPGM) algorithm
of Almohamad and Duﬀuaa [?] and the Eigen-decomposition Graph Matching
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(EGM) method of Umeyama [11]. More recent techniques include a multitude
of Bayesian, genetic, neural network and relaxation-based methods.
The Graduated Assignment Graph Matching (GAGM) algorithm of Gold
and Rangarajan [1] proved to be very successful. It combines graduated nonconvexity, two-way assignment constraints and sparsity. The literature on optimization methods for graph matching has also been complemented by the work
of Hancock and his associates [13–17]. Their work builds on a relational consistency gauged by an exponential probability distribution.
This paper focuses on matching fully-connected, undirected attributed graphs
using a Projections Onto Convex Sets (POCS) method. POCS methods have
been successfully applied to signal processing applications, image enhancement,
neural networks and optics [22]. In this paper, the Successive Projection Graph
Matching (SPGM) algorithm is presented. This algorithm is unique in the way
a constrained cost function is minimized using POCS methodology. Although
the algorithm of Gold and Rangarajan [1] also uses a successive approximation
approach, our algorithm is signiﬁcantly diﬀerent. We do not use graduated nonconvexity, and we do not enforce constraints using repeated row and column
normalization. Instead, constraints are enforced by mapping onto appropriate
convex sets.
The outline of the presentation is as follows: In section 2 we introduce a
constrained cost function, and in section 3 we show how successive projections
can be used to obtain a constrained optimum. Numerical results, obtained during
the evaluation of our algorithm, are presented in section 4.

2

Cost Function Formulation

The focus of this paper is on matching graphs where a duplicate graph, say


G = V, E, {Ag }rg=1 , {Bh }sh=1
(1)
is matched to a reference graph, say


G = V  , E  , {Ag }rg=1 , {Bh }sh=1




(2)


where Ag ∈ Rn×n , Bh ∈ Rn×1 , Ag ∈ Rn ×n and Bh ∈ Rn ×1 represent the
edge attribute adjacency matrices and vertex attribute vectors respectively. The
reference and duplicate graphs each have r edge attributes and s vertex attributes. The number of vertices of G (respectively, G) is n := |V  | (respectively,
n := |V |). Here we consider the general case of sub-graph matching. Full-graph
Matching (FGM) refers to matching two graphs having the same number of
vertices (i.e. n = n) while Sub-graph Matching (SGM) refers to matching two
graphs having a diﬀerent number of vertices (i.e. n > n).
We say that G is matched to some sub-graph of G if there exists a matrix
P ∈ Per(n, n ), where Per(n, n ) is the set of all n×n permutation sub-matrices,
such that
g = 1, ...., r
(3)
Ag = PAg PT ,
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and

Bh = PBh ,

h = 1, ...., s.
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(4)

As shown in [19], the Attributed Graph Matching (AGM) problem can be expressed as a combinatorial optimization problem. However, due to the diﬃculty
in solving this combinatorial optimization problem, we construct an approximate
solution. Following an approach similar to [1], we can express the undirected
AGM problem as ﬁnding the matrix P, such that the objective function,
J(p) = −pT Xp − yT p,
 
is minimized, where p = vec P is subject to

(5)

0 ≤ P ij ≤ 1,
n


P ij = 1,

(6)
i = 1, .., n

(7)

j = 1, ..., n .

(8)

j=1

and
n


P ij ≤ 1,

i=1

 
Here P:= P ij and vec(·) denote the vectorization operation from linear algebra.


The elements of the matrix X ∈ Rnn ×nn are given by
α


 g

g=1 Al−

Xkl = 
r

except when k = l,

 k−1
n



l−1
n

k−1
n

n, k−

+1 =

 l−1
n

Ag := (Agij )


− A gl−1
n
n

+ 1 or k −
n×n

Ag :=

+1,

 k−1

k−1
n

n

(Aijg )




+α
+1 

n = l−
n ×n

 l−1
n

n, in

which case Xkl = 0. Here
∈R
,
∈R
, |·| denotes
the absolute value, k = 1, ..., nn , l = 1, ..., nn and α is a parameter controlling
the steepness of the compatibility function, normally chosen equal to one. The

elements of the vector y ∈ Rnn ×1 are given by
α



 m
h=1 Bk−

yk = 
s

k−1
n


n

−B


m
k−1
n




+α
+1 

where Bh := (Bih ) ∈ Rn×1 , Bh := (Bjh ) ∈ Rn ×1 , k = 1, ..., nn .
Relaxation methods such as [17] and [18] in general only enforce the constraint given by Eq. 6 and the row constraint given by Eq. 7. In addition, the
SPGM algorithm also enforces the column constraint given by Eq. 8. Similar to
our algorithm, the GAGM algorithm [1] also enforces a column constraint, but
uses a signiﬁcantly diﬀerent approach. Central to our method is the projection
of a vector onto the intersection of two convex sets formed by the row and column constraints. As noted by [17], the row constraints form a closed convex set,
which can be expressed as
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Cr =







pr ∈ Rnn


pr = [p̄1 , ..., p̄n ] ,  

p̄i = P i1 , ..., P in , 
.
: n


j=1 P ij = 1,

0 ≤ P ij ≤ 1

In a similar manner, the column constraints can also be expressed as the set,


pc = [p̄

1 , ..., p̄n ] ,  





p̄
,

=
P
,
...,
P
j
1j
nj
nn
,
Cc = pc ∈ R
: n


i=1 P ij ≤ 1,




0 ≤ P ij ≤ 1
which is also closed and convex. Note that the intersection of the convex sets Cr
and Cc , denoted by C0 = Cr ∩ Cc , is non-empty.

3
3.1

Projected Successive Approximations
The SPGM Algorithm

The following pseudo-code describes the SPGM algorithm with index k > 0:
while (k < I and δ > )or (k < 
3)
 k+1 = pk − s1k
J pk
p
0 
 k+1

pk+1 = T0 p

T  k+1

δ = pk+1 − pk
p
− pk
k =k+1
end
T

 k+1 

denotes the projection
The vector p0 is initialized to n1 , ..., n1 . T0 p
 k+1 by
 k+1 onto C0 , which will be discussed in section 3.2. We obtain p
of p
approximating Eq. 5, using a spherical function given by
 k+1 
 

J p
= J pk +

   k+1 k  1  k+1 k T k  k+1 k 



p
J pk p
−p +
−p
So p
−p ,
2
(9)


 
where Sok = diag sk0 , ..., sk0 = sk0 I, J pk denotes the gradient vector of
 k+1
Eq. 5, given by −2Xpk − y, and sk0 is a curvature parameter. The vector p
is calculated as the minimum of the spherical function, occurring where
T

T

   k+1 k T k

J pk + p
−p
So = 0.

 k+1 = pk −
Since Sok = sk0 I, we obtain the simple update rule p

1
sk
0

(10)

 
J pk .

Although the curvature parameter, sk0 , can be varied every iteration, the best
results were obtained by keeping it constant.
The convergence parameter, , is normally chosen < 10−3 . The iteration
parameter, I, limits the maximum number of iterations. Once the algorithm
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has terminated, devec(p), is used to obtain an estimate to P ∈ Per(n, n ), by
setting the maximum value in each row equal to one and the rest of the values
in each row equal to zero. Here devec(·) denotes the inverse of vec(·), the matrix
vectorization operation from linear algebra.
3.2

Projection onto C0

 k+1 , our objective is to ﬁnd pk+1 ∈ C0 such that
Once we obtain p
 k+1

 k+1

p


− pk+1  = min p
− z .
z∈C0

(11)

 k+1 

From the POCS theory [21], Eq. 11 implies that pk+1 = T0 p
, the projec k+1 onto the set C0 . By applying certain fundamental POCS results,
tion of p
detailed
in [22–23]
to our problem, we can construct
 k+1

 k+1  a sequence that converges


. The algorithm for obtaining T0 p
is described by the followto T0 p
ing pseudo-code:
 k+1 

:
Calculating T0 p
initialization: kC = 1, δC0 > 0.05
while (δC > 0.05 and kC < n )
ph = p
p = Tr (p)
p = Tc (p)
T
δC0 = (ph − p) (ph − p)
kC = kC + 1
end
Tr (p) denotes the projection of p onto the set Cr and Tc (p) denotes the projection of p onto the set Cc , given by the following pseudo-code. The superscript
k + 1 has been omitted for simplicity. The notation p(i : j : k) indicates that we
select every j–th element from the vector p, starting with the i–th element and
ending with the k–th element. The operation [s, d] = sort [p̄] indicates that we
sort the elements of p̄ in ascending order, where s is the sorted vector and d is
a vector containing the pre-sorted positions of the sorted elements.
Calculating Tr (p):
for i = 1 : n
φ = sum [p(i : n : n(n − 1) + i)]
σ = n
p̄ = p(i : n : n(n − 1) + i)
[s, d] = sort [p̄]
for j = 1 : n
s(j) = s(j) + 1−φ
σ
if s(j) < 0
s(j) = 0
φ = φ − p̄(d(j))
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σ =σ−1
end
p̄(d(j)) = s(j)
end
p(i : n : n(n − 1) + i) = p̄
end
When n = n , the approach used to calculate Tc (p) is similar to that which
we used to calculate Tr (p). The pseudo-code below is for the case n < n :
Calculating Tc (p):
for j = 1 : n
φ = sum [p(n(j − 1) + 1 : nj)]
if φ > 1
σ=n
p̄ = p(n(j − 1) + 1 : nj)
[s, d] = sort [p̄]
for i = 1 : n
s(i) = s(i) + 1−φ
σ
if s(i) < 0
s(i) = 0
φ = φ − p̄(d(i))
σ =σ−1
end
p̄(d(i)) = s(i)
end
p(n(j − 1) + 1 : nj) = p̄
end
end

4

Simulation Results

In order to evaluate the performance of the SPGM algorithm, the following
procedure was used: Firstly, the parameters n , n , r and s were ﬁxed. For every iteration, a reference graph G was generated randomly with all attributes
distributed between 0 and 1. An n×n permutation sub-matrix, P, was also generated randomly, and then used to permute the rows and columns of the edge attribute adjacency matrices and the elements of the vertex attribute vectors of G .
Next, an independently generated noise matrix (vector, respectively) was added
to each edge attribute adjacency matrix (vertex attribute vector, respectively)
to obtain the duplicate graph G. The element of each noise matrix/vector was
obtained by multiplying a random variable —uniformly distributed on the interval [−1/2, 1/2]— by the noise magnitude parameter ε. Diﬀerent graph matching
algorithms were then used to determine a permutation sub-matrix which approximates the original permutation sub-matrix P .
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Fig. 1. Matching of (30,3,3) attributed graphs: Estimated probability of correct
vertex-vertex matching versus ε

In ﬁgure 1, the performance of the SPGM algorithm is compared to the performance of the GAGM [1], PTGM [10], EIGGM [11] and CGGM [20] algorithms
for n = 30, n = 30 , r = 3 and s = 3. The performance of the SPGM algorithm
is also compared to the performance of the well-known Faugeras-Price Relaxation Labelling (FPRL) method [18]. The EIGGM algorithm has been adapted
for attributed graph matching by calculating separate permutation sub-matrices
for each attribute, and then selecting the permutation sub-matrix associated
with the minimum cost. The FPRL algorithm was implemented using a stepsize parameter of 0.1 . The probability of a correct vertex-vertex assignment
was estimated for a given value of ε after every 300 trials. From a probabilistic
point of view, this provides us with an approximation of how well the proposed
algorithm performs for a given noise magnitude.
In ﬁgure 2, the sub-graph matching performance of the SPGM is compared
to the performances of the GAGM, CGGM, and FPRL algorithms for n = 20,
n = 5 , r = 3 an s = 3. The EIGGM and PTGM algorithms are not suitable
for performing sub-graph matching. The performance of the CGGM algorithm
severely degrades when more than half the nodes are missing. The GAGM algorithm was implemented using the default parameters described in [1].
From the results it is evident that the SPGM algorithm is an extremely
robust algorithm for performing full- and sub-graph matching. For n = 30 and
n = 30, the algorithm took on average 5.5 iterations to converge for  = 10−3 ,
ε < 0.5 and s0 = 30. For n = 20 and n = 5, the algorithm took on average 13.7
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Fig. 2. Matching of (20/5,3,3) attributed graphs: Estimated probability of correct vertex-vertex matching versus ε
iterations to converge for  = 10−3 , ε < 0.5 and s0 = 30. The complexity of the
SPGM algorithm is O(n4 ) per iteration.

5

Conclusion

A novel algorithm for performing attributed full- and sub-graph matching was
presented. The SPGM algorithm is unique in the way a constrained cost function is minimized using POCS methodology. Simulation results indicate that the
SPGM algorithm is very robust against noise and performs as well or better
than the algorithms it was compared against. The SPGM algorithm incorporates a general approach to a wide class of graph matching problems based on
attributed graphs, allowing the structure of the graphs to be based on multiple
sets of attributes.
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