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Let F : {0, 1}n → {0, 1} be a monotone Boolean function. For a vector
x ∈ {0, 1}n, let#(x) be the number of 1’s in x, and let Sk = {x ∈ {0, 1}n |
#(x) = k}. For a multiset set R ⊆ {0, 1}n,define the F -density of R to be

D(R) =
| {x ∈ R | F (x) = 1} |

| R |
Thus, D(R) = prob[F (X) = 1], where X is uniformly distributed over R.
Let Rk be a random multiset consisting of m independent samples drawn

uniformly from Sk. Then the random variable Yk = D(Rk) is a sufficient esti-
mator for D(Sk). A naive algorithm to compute Y0, · · · , Yn evaluates F on each
of the m(n+ 1) random samples in

⋃
k Rk and then computes each D(Rk).

The following theorem shows that the number of evaluations of F can be
greatly reduced.

Main Theorem. There is a randomized algorithm for computing Y0, · · · , Yn that
performs at most m�log2(n+ 2)	 evaduations of F .

When n is large and F takes a considerable amount of time to evaluate, this
theorem permits a dramatic decrease in the time to compute the Yk’s and hence
to estimate the parameters D(Sk) to a given degree of accuracy.
The problem of estimating the parametersD(Sk) arises in the study of error-

correcting codes. The vector x ∈ {0, 1}n represents a particular error pattern,
and F (x) = 1 iff the error-correction algorithm fails to correct all errors. Many
error correction algorithms are monotone in the sense that additional errors can
never turn an uncorrectable error pattern into a correctable one. In this context,
D(Sk) is the probability that a corrupted code word containing k independent
bit errors is uncorrectable by the algorithm. Regarded as a function of k, it is a
useful measure of the overall error-correction ability of an algorithm.
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