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(extended abstract) 

Abstract .  Clustered graphs are graphs with recursive clustering struc- 
tures over the vertices. For graphical representation, the clustering struc- 
ture is represented by a simple region that contains the drawing of all the 
vertices which belong to that cluster. In this paper, we present an algo- 
rithm which produces planar drawings of clustered graphs in a conven- 
tion known as orthogonal grid rectangular cluster drawings. We present 
an algorithm which produces such drawings with O(n 2) area and with at 
most 3 bends in each edge. This result is as good as existing results for 
classical planar graphs. Further, we show that our algorithm is optimal 
in terms of the number of bends in each edge. 

1 I n t r o d u c t i o n  

Clustered graphs are graphs with recursive clustering structures over the ver- 
tices (see Figure 1). This type of clustering structure appears in many systems. 
Examples include CASE toots [39], management information systems [19], and 
VLSI design tools [15]. For graphical representation, the clustering structure is 
represented by a simple region that  contains the drawing of all the vertices which 
belong to that  cluster. Algorithms for automatically drawing of clustered graphs 
are difficult. Heuristic methods for drawing similar structures have been devel- 
oped by Sugiyama and Misue [22, 30], North [23], and by Madden et al. [18]. 
Algorithms for constructing straight-line drawings of clustered graphs are given 
in [8, 11]; note, however, that  straight-line drawings of clustered graphs can re- 
quire exponential area [11]. In this paper, we present an algorithm which produce 
planar drawings of clustered graphs in a convention called "orthogonM grid rect- 
angular cluster drawings". We apply a technique to order the clusters of the 
graph recursively, and we use the visibility representation for directed graphs to 
produce our drawings. 

The orthogonM grid drawing convention appears in a number of applications, 
such as VLSI circuit design [20, 21, 37, 38] and diagrammatic interfaces for rela- 
tional information systems [1, 2, 24, 27, 31]. Under the orthogonal grid drawing 
convention, minimizing the number of bends and minimizing the area are the 

* The work described in this paper was performed when the author was studying at 
the Department of Computer Science and Software Engineering of the University of 
Newcastle. 
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Fig. 1. An example of a clustered graph. 

main criteria both for diagram readability and for VLSI design applications. For 
classical graphs, several basic results regarding planar orthogonal grid drawings 
have appeared in the literature. It has been shown by Valiant [38] that any pla- 
nar graph of degree at most 4 admits a planar orthogonal grid drawing with 
area O(n2); further, there are graphs which need quadratic area. Tamassia [32] 
presented an O(n 2 log n) time algorithm that computes a planar orthogonal grid 
drawing with a given planar embedding so that the number of bends is mini- 
mized. Garg and Tamassia [14] have shown that if the planar embedding is not 
given, then the problem is NP-hard. 

Several linear time algorithms for planar orthogonaI grid drawings of clas- 
sical graphs have been developed. ]~massia and Totlis [34, 35] have presented 
an algorithm that outputs drawings with O(n ~) area, where n is the number of 
vertices of the graph. If the graph is biconnected, then there are at most 2n + 4 
bends in the drawing; otherwise, there are at most 2.4n + 2 bends. Further, there 
are at most 4 bends in each edge; if the graph is biconnected, then all but 2 edges 
have at most 2 bends. Kant [16, 17] has presented an algorithm which improves 
the result of Tamassia and Tollis in some cases. For triconnected graphs, Kant's 
algorithm draws on an n x n grid with at most 2 bends per edge (if n > 6), and 
the total number of bends is no more than [3n/2] + 4. If the graph is connected 
with degree at most 3, then the algorithm draws Oil an [n/2J × [n/2J grid with 
at most 2 bends in each edge and no more than [n/2j + 1 bends in total. Even 
and Granot [9] have presented an algorithm such that for any planar graph with 
degree at most 4, the drawing has O(n 2) area, and there are at most 3 bends 
in each edge. Lower bounds on the area and the number of bends for planar 
orthogonal drawings of graphs have been presented by Tamassia, Tollis and Vit- 
ter [36], and by Biedl [5]. Another useful representation for planar graphs is the 
visibility representation [28, 33]. Visibility representation is related to orthogonal 
drawing in that it is often used as a basis for constructing an orthogonal draw- 
ing. Several ortbogoual drawing algorithms [9, 34, 35] first construct a visibility 
representation of the graph, then transform it to an orthogonal drawing. 

In this paper, we present an algorithm for planar drawing of clustered graphs 
using the same approach. Our algorithm produces orthogonal grid rectangular 
cluster drawings with O(n 2) area and with at most 3 bends in each edge. This 
result is as good as the results for classical planar graphs [9, 17, 35]. Further, 
we give an example which shows that, the bend per edge performance of our 



~48 

algorithm is optimal, that  is, there is a class of graphs which require ~2(n) edges 
each 

2 T e r m i n o l o g y  

A clustered graph C = (G, T) consists of an undirected graph G and a rooted 
tree T such that  the leaves of T are exactly the vertices of G. Each node y of 
T represents a cluster V(v) of the vertices of G that  are leaves of the subtree 
rooted at v. Note that  tree T describes an inclusion relation between clusters. In 
a drawing of a clustered graph C = (G, T), graph G is drawn as points and curves 
as usual. For each node v of T, the cluster is drawn as simple closed region R 
that  contains the drawing of G(,), such that: (1) the regions for all sub-clusters 
of v are completely contained in the interior of R; (2) the regions for all other 
clusters are completely contained in the exterior of R; (3) if there is an edge e 
between two vertices of V(v) then the drawing of e is completely contained in 
R. We say that  the drawing of edge e and region R have an edge-region crossing 
if the drawing of e crosses the boundary of R more than once. A drawing of a 
clustered graph is c-planar if there are no edge crossings or edge-region crossings. 
If a clustered graph C has a c-planar drawing then we say that  it is c-planar. 
An edge is said to be incident to a cluster V(y) if one end of the edge is a 
vertex of that  cluster but the other endpoint is not in V(v). An embedding of 
a clustered graph consists of the circular ordering of edges around each cluster 
which are incident to that  cluster. A clustered graph C = (G, T) is a connected 
clustered graph if each cluster induces a connected subgraph of G. The following 
results from [12] characterize c-planarity in a way which can be exploited by our 
drawing algorithms. 

T h e o r e m  1. A connected clustered graph C = (G, T) is c-planar if and only if 
graph G is planar and there exists a planar drawing 7) of G, such that for each 
node , of T, all the vertices and edges of G -  G(,) are in the external ]'ace of 
the drawing of G(,). 

T h e o r e m  2. A clustered graph C = (G, T) is c-planar if and only if it is a 
sub-clustered graph of a connected and c-planar clustered graph. 

~¥om Theorem 2, we can assume that  we are given a connected clustered 
graph when drawing a c-planar clustered graph. In the rest of the paper we 
further assume that  in a clustered graph C = (G, T), every nonleaf node of T 
has at least two children. 

Our techniques use the concept of planar st-graphs [3]. A planar st-graph is 
a planar directed graph with one source s and one sink t; and both source and 
sink above can be embedded on the boundary of the same face, say the external 
face. 

3 O r t h o g o n a l  D r a w i n g s  f o r  C - p l a n a r  C l u s t e r e d  G r a p h s  

An orthogonal grid rectangular cluster drawing (OGRC drawing) of a clustered 
graph maps the graph onto a grid, where edges are drawn as sequences of hor- 
izontal and vertical segments, vertices are drawn on grid points, and region 
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boundaries for clusters are drawn as rectangles. In this section, we present an 
algorithm that produces c-planar OGRC drawings for clustered graphs. We as- 
sume that we are given a connected clustered graph C with n vertices, and with 
a c-planar embedding; further, C has a sub-clustered-graph C ~ with n vertices, 
and every vertex of C ~ has degree no more than 4. Our algorithm outputs c- 
planar OGRC drawings of C / with O(n 2) area, and there are at most 3 bends in 
each edge. We show that there is a class of c-planar embedded clustered graphs 
of n vertices, for which every c-planar OGRC drawing requires 12(n) edges bent 
more than twice. Our algorithm consists of three phases: visibility representation, 
orthogonalization, and bend reduction. 

The result is summarized below. 

T h e o r e m  3. Let C = (G, T) be an n vertex connected clustered graph with a c. 
planar embedding, and let C t be an n vertex sub.clustered-graph of C with degree 
at most ~. One can construct a c-planar OGRC drawing of C t with O(n ~) area, 
and with at most 3 bends in each edge, in O(n 2) time. 

Visibi l i ty Rep re sen t a t i on  To produce a visibility representation, we first 
transform the clustered graph to a planar st-graph, taking into account the 
clustering structure. Then, we make use of the algorithm by di Battista, Tamas- 
sin and Tbllis [4] which produces constrained visibility representations, that is, 
edges of a selected path are vertically aligned. We use this property to form rect- 
angles for clusters. When transforming the clustered graph to a planar st-graph, 
we need to consider the clustering structure so that the visibility representation 
that we produce respects the clustering constraints. This is achieved by comput- 
ing an st-numbering of the vertices of G such that the vertices that belong to 
the same cluster are numbered consecutively. We call this numbering c-st num- 
bering. The details of the construction of the c-st numbering are omitted in this 
extended abstract. 

The Constrained- Visibility algorithm described in [4] takes as inputs a planar 
st-graph G; s e t / / o f  paths in G and produces a visibility drawing of G so that 
the x-coordinates of F(e) and Y(#) are the same whenever e and e' are the edges 
in the same path in H. The set H is restricted to "nonintersecting paths" in the 
following sense. Two paths //1 and I/2 of G are said to be "nonintersecting" 
if they are edge disjoint and do not cross at common vertices, i.e., there is no 
vertex v of G with edges el, e~, e3 and e4 incident in this clockwise order around 
v, such that el and e3 are in/ /1  and e2 and e4 are in//2- 

As discussed above, with c-st numbering, each cluster is assigned a vertical 
range. To obtain the 4 bounding sides of the rectangle for a cluster ~, we con- 
struct 4 dummy vertices denoted by t(t,) (top), b(v) (bottom), l(~,) (left) and 
r(~,) (right); each represents one side of the rectangle. We modify G recursively 
from bottom to top of the tree T, to include the dummy vertices into G. At 
each nonleaf node g of T, we "bunch together" all the edges going out of G(~) 
at. the dummy vertex t(~) in the external face; similarly, we bunch together all 
the edges coming into G(~') at the dummy vertex b(,) in the external face (see 
Figure 2). Note that there are clusters that do not have incoming or outgoing 
edges for the following reason. Suppose that s is the single source of G; consider 
the path from s to the root 7 in T. The construction of the c-st numbering 
ensures that for each node v on this path, G(~) has no incoming edges. In this 
case, we add an edge (b(•), b(~)) to G(-), where ¢ is the child of v on the path 
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Fig. 2. Modify G(v), adding dummy vertices to represent the rectangle. 
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Fig. 3. Connect the dummy vertices to the source. 

of T between the root 7 and s (see Figure 3). Note that the dummy vertex b(c~) 
has already been included into G(cr) by recursion. If cr = s, then we add edge 
(b(v), s) instead. Similarly, if G(v) does not have an outgoing edge, then we add 
edge (t(r), t(v)) to G(v), where r is the child of v on the path of T between the 
root 7 and t. If r = t, then we add edge (t,t(v)) instead. After this, G(v) be- 
comes a planar subgraph with a single source b(v) and single sink t(v). Further, 
we add two dummy paths (b(v),I(v),t(v)) and (b(v), r (v) , t (v)) in  the left f~e  
and the right face of G(v) respectively (see Figure 2). Clearly, the modified G(v) 
is a planar st-subgraph with source b(v) and sink t(v), and with external face 
bounded by two directed paths (b(v), l(v), t(v)) and (b(v), r(v), t(v)). We modify 
every subgraph G(u) recnrsively as above, obtaining an extended graph F that 
includes the dummy vertices for the rectangles. Clearly, by our construction, the 
resulting graph F is a planar st-graph. Assuming that every nonleaf node of T 
has at least two children, then the tree T has less than 2n nodes. Since we add 
4 dummy vertices for every nonleaf node of T, the resulting graph F has O(n) 
vertices. Note that each intercluster edge in G is replazed by a path in F, with 
vertices on the path representing the region boundaries it crosses (see Figure 4). 
Therefore, if G has n vertices and hence O(n) edges, then graph F has O(n "~) 
edges (F may have multiple edges). 

We specify the following alignment requirements in F for our visibility rep- 
resentation. For eazh nonleaf node v of T, we require that the edges on each 
of the dummy paths (b(v), l(v), t(v)) and (b(v), r(v), t(v)) are aligned. For each 
path of F that represents an intercluster edge, we require that all the edges on 
the path are Migned. To avoid introducing unnecessary bends in the orthogo- 
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Fig. 4. An edge in G is replaced by a path. 

(a) 

t Y 

T x 
(b) 

Fig. 5. (a) Alignment requirement for a vertex v. (b) Edge alignment rules. 

nalization phase, we require that some edges around a vertex are aligned. For 
example, suppose that there is a vertex v that has two incoming edges and 
two outgoing edges, then we require that the right incoming edge is aligned 
with the left outgoing edge (see Figure 5(a)). Note that we are drawing a sub- 
clustered-graph C' which has degree at most 4, some of the edges in G will be 
removed in the final drawing. Here we only need to consider those edges that 
are in the sub-clustered-graph, and note that each. vertex has at most 4 edges 
incident to it in the sub-clustered-graph. Figure 5(b) illustrates all the cases for 
our Mignment requirements; the edges that are marked by thick lines are re- 
quired to be aligned (edges that do not belong to the sub-clustered-graph are 
not shown here). All the above alignment requirements together form a complete 
specification of the paths that are to be aligned for our visibility representation. 
Although some of these paths share common vertices, they do not intersect with 
each other. This is because there is at most one path going through each original 
(nondummy) vertex of G, and at every dummy vertex, the paths originate from 
distinct edges of G and therefore do not intersect. We apply the algorithm Con- 
strained_VisibiIity~raw to F with the above requirements for alignment. Thus 
we obtain a visibility representation F of F with the vertices and edges of each 
cluster v drawn within a rectangle formed by F(t(,)), F(b(u), l(u), t(v)), F(b(u)) 
and F(b(~), r(v), t(u)) as in Figure 6. The extended graph F has O(n) vertices 

time O(n ); it produces a visibility and O(n ~) edges and thus this step takes 2 
drawing on a grid of size O(n) x O(n). 



D 

\ / /  C -°~ 
t ( ? ) . . . . ~ _  . . . . .  i 

[ ...... ~ f ' - - " i  t(v) "F" 

~ - & X  ,, i /  ",i 
i" 'i ' 

~" : ~ :  "~ .~ 
i k .  

152 

N i l  IN  n~  . 

. r ( v )  
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Fig. 6. Forming a rectangle for a cluster. 

O r t h o g o n a l l z a t l o n  In this phase, we first remove those edges which do not 
belong to the sub-clustered-graph, but we retain the dummy vertices and the 
dummy paths for the rectangles. To transform the visibility representation to 
an OGRC drawing, we only need to perform some local operations at each ver- 
tex, transforming a horizontal segment to a point. These local operations are 
illustrated in Figure 7; symmetric cases for (a), (c), (d), (e) and (f) are omitted 
for simplicity. Note that  Figure 7 covers all the cases tha t  can appear, since we 
have required that  certain edges around a vertex are aligned. Further, note that  
a new row is added at every source or sink of degree 4 (see Figure 7(h) and (i)). 

I +"- t u i l l  
(a) (b) (c) (d) 

(e) (o (g) 

(h) (i) 

Fig. 7. Orthogonaliza~ion rifles. 

B e n d  R e d u c t i o n  In the OGRC drawing obtained from the previous phase, 
an edge is bent only near its endpoints. Hence every edge can have at most 3 
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(a) (b) 

Fig. 8. (a) An edge with 4 bends. (b) Reduce a bend on edge e. 

bends except in the following case: the edge is between a source of degree 4 and 
a sink of degree 4 and it has 2 bends near each endpoint (see Figure 8(a)). We 
show that  this 4 bend case can be eliminated by making some adjustments in 
the drawing. Note that  for a source or sink u of degree 4, either the leftmost edge 
or the rightmost edge gets 2 bends near it, but not both. We call the leftmost 
or the rightmost edge of u an extreme edge of u. Suppose that  there is an edge 
e = (u, v) that  has 2 bends near u and another 2 bends v. Then we fix one end u 
and rotate  the edges around the other end v, letting the edge e bend only once 
near v (see Figure 8(b)). After this, we say that  the edge e is "processed", and 
the vertices u and v are "visited". However, this operation creates a new bend in 
the other extreme edge e I = (v, w) of v. This may cause some problems if vertex 
w is a source or sink of  degree 4 and d is one of its extreme edges. In this case, 
we continue to process edge d with the visited endpoint v fixed. We repeat this 
until we meet an edge e t = (v, w) such that  either d is not an extreme edge of 
w, or w has already been visited. Clearly, if d is not an extreme edge of w, then 
it has at most 3 bends. If w has already been visited, then there is a processed 
edge incident to w that  gets two bends near w, therefore d has at most 1 bend 
near w and hence can have at most 3 bends. We keep performing this until there 
are no 4 bend edges exist. 

The bend reduction step takes O(n 2) time. Details are omit ted from this 
extended abstract. 

4 A L o w e r  B o u n d  for  B e n d s  

In this section, we present a class of c-planar embedded clustered graphs of n 
vertices, for which every c-planar OGRC drawing requires ~(n)  edges each bent 
more than twice. This shows that  our algorithm OrthogonaI_Grid~ectanguIar~raw 
is optimal in the worst case (in terms of the number of bends in each edge). To 
prove our result, let us first consider a small sub-clustered-graph I (see Figure 9), 
which serves as the building block of our cluster graph. There are two clusters 
A and B (see Figure 9) in the sub-clustered-graph I. Cluster A contains vertices 
al ,  a 2 , . . . ,  aT; cluster B contains vertices hi, b~, . . . ,  b4. We assume that  I has a 
fixed c-planar embedding; the orderings of the edges around cluster A and clus- 
ter B are shown in Figure 10. The drawings that  we discuss in the rest of this 
section are all consistent with this embedding. We prove the following lemma. 

L e m m a 4 .  In every c-planar OGRC drawing of I, there is at least one edge bent 
more than twice. 
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Fig. 9. The sub-clustered-graph I. 

A 

B 

Fig. 10. The embedding for clusters A and B. 

Proof. In a c-planar OGRC drawing of I, cluster A and B are drawn as disjoint 
rectangular regions. Without loss of generality, we assume that  the rectangle for 
A is drawn above the rectangle for B, and there is a horizontal line g separating 
them. Note that  all the edges between A and B have to cross this horizontal line 
~, and they cross the line g in the order shown in Figure 10. Consider the edge 
(a4, bt) and the edge (a4, 54) both incident to a4. We show that  at least one of 
these two edges has more than one bend above the line L If the edge (a4, bl) 
has no bend above the line g, then the other edge (a4, b4) must have at least 3 
bends above the line ~; if the edge (a4, bl) has one bend above the line 2, then 
the other edge (a4, b4) must have at least 2 bends above the line g. With out loss 
of generality, let us assume that  the edge (a4, b4) has more than one bend above 
the line g. Now consider the edge (a4, b4) together with the edge (aT, b4). We 
show that  at least one of them has a total of more than two bends. If the edge 
(a4, b4) has at least one bend below the line t, then it has more than two bends 
in total; if the edge (a4, b4) has no bend below the line g, then the other edge 
(a7, b4) must have more than two bends below the line 2. Therefore, we have 
that there is at least one edge in I that  has a total of more than two bends. [] 

Now we define a class of clustered graphs #,, (n = 1, 2 , . . . )  with sub-clustered- 
graph I as the building btock. Clustered graph #n consists of a sequence of n 
copies of the sub-clustered-graph I (see Figure 11). The vertex a7 of a previous 
copy of I also serves as the vertex al of the next copy of I.  Clustered graph #~ 
has two dusters An and Bn. Cluster An contains the vertices in the cluster A of 
each sub-clustered-graph I; cluster B ,  contains the vertices in the cluster B of 
each sub-clustered-graph I. Clearly, # .  has 10n + 1 vertices. By Lemma 4, we 
have the following theorem. 
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Fig. 11. The construction of the clustered graph ~ .  

T h e o r e m 5 .  In every c-planar OGRC drawing of ~n (n = 1, 2,. . .),  there are 
at least n edges bent more than twice. 

5 R e m a r k s  

In this paper, we present an algorithm Orthogonal_Grid_Rectangular_Draw that 
produces c-planar OGRC drawings with O(n 2) area and with at most 3 bends 
in each edge. This result is as good as the results for classical planar graphs [9, 
17, 35]. Lower bounds for the area of orthogonal drawings of classical graphs [38] 
imply that the area of the drawing produced by our algorithm is asymptotically 
optimal. Further, we show that the bend per edge performance of our algorithm 
is optimal. Nevertheless, some open problems remain: 

- Although the height and the width of our output drawings are both O(n), 
our algorithm does not guarantee a good aspect ratio. In practice, our al- 
gorithm may produce drawings which clearly prefer one dimension against 
the other; this is because we use a visibility representation which is biased 
to one dimension. Recently, some study has been done on the problem of 
"2-dimensional visibility representations" [7, 13] of planar graphs. In a 2- 
dimensional visibility representation, each vertex is represented by a box 
and each edge is represented by a horizontal or vertical segment between the 
sides of the boxes. It would be interesting to study how to use 2-dimensional 
visibility representations to improve our algorithm, especially in terms of the 
aspect ratio of the drawing. 

- Even and Granot [10] have presented some algorithms for grid layout of 
block diagrams. Although the drawing requirements there are different from 
the requirements of drawing clustered graphs, it would be worthwhile to 
investigate whether we can borrow some of the techniques there and use 
them in drawing clustered graphs. 

- In recent years, many results have been achieved for orthogonal drawings of. 
non planar graphs [6, 5, 25, 26]. It seems very profitable to use these results 
to extend our algorithm to non planar clustered graphs. 
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