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Abstract. In this paper we present a fast algorithm for the computa- 
tion of error-correcting graph isomorphisms. The new algorithm is an 
extension of a method for exact subgraph isomorphism detection from 
an input graph to a set of a priori known model graphs, which was pre- 
viously developed by the authors. 

1 I n t r o d u c t i o n  

In pattern recognition and image analysis, graphs are often used for the repre- 
sentation of structured objects. If the problem is to recognize instances of known 
objects in an image, then often models of the known objects are represented by 
means of model graphs and stored in a database. The unknown objects in the 
input image are extracted by means of suitable preprocessing and segmentation 
algorithms, and represented by input graphs. Thus the problem of object recog- 
nition can be solved by searching for graph or subgraph isomorphisms between 
the models and the input graph. In a real world application, however, there is 
usually a certain amount of noise and distortion present in an input graph. There- 
fore, perfect correspondences between the models and the input do usually not 
exist. Hence, it is necessary to provide means for error-tolerant matching. In the 
past, different methods for finding exact and error-tolerant graph and subgraph 
isomorphisms have been proposed, such as heuristic search[BA83, SH81, Ul176], 
probabilistic relaxation[KCP92] or simulated annealing[HHVN90]. One of the 
major problems of error-correcting graph or subgraph isomorphism detection is 
its exponential time complexity, which is due to the fact that the problem is 
NP-complete. Combinatorial search methods such as A* are guaranteed to al- 
ways find the optimal solution. However, they require exponential time in the 
worst case. Stochastic optimization methods such as relaxation or simulated an- 
nealing, on the other hand, have only polynomial time complexity, but they are 
not guaranteed to always yield the correct solution. Another problem with graph 
matching arises if the number of models in the database is large. In case of many 
models, it may become impossible to sequentially match each model against the 
input graph. 

In this paper, we propose a method which is capable of finding all error- 
correcting graph isomorphisms between an input and a set of model graphs in 
time that is only polynomial in the number of vertices of the input graph. In 
particular, the time complexity of the new method is completely independent of 
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the number of model graphs in the database. The new algorithm is an extension 
of the method for exact subgraph isomorphism detection that  was previously 
presented by the authors in [MB95]. 

2 D e f i n i t i o n s  a n d  N o t a t i o n s  

D e f i n i t i o n  1: A labeled graph G is a 4-tuple, G = (V ,E ,# ,u ) ,  where (1) V is 
the set of vertices, (2) E C_ V × V is the set of edges, (3) # : V --* L v  is a 
function assigning labels to the vertices, (4) v : E --* LE is a function assigning 
labels to the edges. [] 

In this definition, L v  and LE are finite sets of symbolic labels. Let G = (V, E ,  #, v) 
be a graph with V = (vl,  v2 , . . . ,  vn). Then G can also be represented by its adja- 
cency matr ix M -- (mij),  i, j --- 1 . . . .  , n, where mii -- #(vi) and mij  = v((vi, v j))  
for i ¢ j .  Clearly, the matrix M is not unique for a graph G. If M represents G, 
then any permutation of M is also a valid representation of G. 

D e f i n i t i o n  2: A binary n x n-matrix P = (Pij) is called a permutation matrix if 
the sum of the elements of each row and the sum of the elements of each column 
is equal to one. [] 

If a graph G is represented by an n × n adjacency matrix M and P is an n × n 
permutat ion matrix, then the n × n matrix 

M ~ = P M P  T (1) 

where p T  denotes the transpose of P ,  is also an adjacency matrix of G. I fpi j  = 1 
then the j - th  vertex in M becomes the i-th vertex in M ~. 

D e f i n i t i o n  3: Let G1 and G2 be two graphs and M1 and M2 their corresponding 
adjacency matrices. G1 and G2 are isomorphic if there exists a permutation 
matr ix  P such that  

M2 = P M 1 P  T (2) 

[] 

Notice that  the matr ix P can be understood as a bijective function ] that  maps 
the vertices of G1 to G2, and vice versa. That  is, ] (v j )  = vi i f fp i j  = 1. We will 
call both P and f a graph isomorphism between GI and G2. Thus, the problem 
of finding a graph isomorphism between two graphs GI and G2 is equivalent to 
finding a permutation matr ix P for which Eq.(2) holds true. 
In order to integrate the concept of error correction into graph matching, we 
define a distance measure for graphs which is based on the idea of correcting 
distortions in an input graph by means of edit operations [WF74, BA83]. The 
graph edit operations are used to modify either the model or the input graph 
until there exists a graph isomorphism between the model and the input. In 
order to model the fact that  certain distortions, i. e. edit operations, are more 
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likely than others, each graph edit operations 5 is assigned a cost C(5) >_ O. 
The graph distance from a model to an input graph is then defined to be the 
minimum cost taken over all sequences of edit operations that  are necessary for 
the correction of the distortions in the input graph. In this paper, we consider the 
following distortions in a graph: vertex and edge label substitution, and missing 
and extraneous edges. For each type of distortion, a corresponding graph edit 
operation is defined. 

Def in i t ion  4: Given a graph G = ( V , E , # , u ) ,  a graph edit operation 5 on G is 
any of the following: 

- #(v) --* l, v E V, l E L v :  substituting the label #(v) of vertex v by I (for the 
correction of vertex label distortions). 

- u(e) --* l', e E E ,  l' E LE: substituting the label L,(e) of edge e by l' (for the 
correction of edge label distortions). 

- e --* $, e C E: deleting the edge e from G (for the correction of missing 
edges). 

- $ --* e = (vl,v2), vl ,v2  E V,(Vl ,V2) ¢ E: inserting an edge between two 
existing vertices vl,v2 of G (for the correction of extraneous edges). [] 

Def in i t ion  5: Given a graph G = (V, E, #, u) and an edit operation 5, the edited 
graph, 5(G), is a graph 5(G) = (P~, Es, #~, u~) with 

1. V h = V  

{ E U { e }  i f h = ( $ - - ~ e )  
2. E ~ =  E - { e }  i f h = ( e ~ $ )  

E otherwise 
l if 5 = (#(v) -~ l) 

3. #5 (v )=  #(v) otherwise 

4. u~(e) = { i ' if h = (v(e) --~ g) 

u(e) otherwise [] 

Def in i t i on  6: Given a graph G = (V, E ,# ,  u) and a sequence of edit op- 
erations A = (51,52,.. . ,5k), k > 1, the edited graph, A(G), is a graph 
A(G) -~ 5k(...~'2(/~l(G)))...). The total cost of the transformation of G into 
A ( G )  is given by C( A ) k = ~ = 1  C(5~). [] 

Def in i t ion  7: Given two graphs G and G ~, an error-correcting (ec) graph isomor- 
phism from G to G ~ is a 2-tuple (A, P)  where A is a sequence of edit operations 
and P is a graph isomorphism from A(G) to Gq The cost of an ec graph iso- 
morphism (A, p )  is the cost C(A). [] 

It follows from this definition that,  if there is an ec graph isomorphism (A, p )  
from a graph G to a graph G I, then G ~ = P M ~ ( c ) P  ~ where M~(G) is the 
adjacency matrix of the graph A(G). It is also easy to see that  the permutation 
matrix P is implied by G, G ~ and A. 
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Usually, there is more than one sequence A of edit operations such that a graph 
isomorphism from A(G) to G' exists. Consequently, there is usually more than 
one ec graph isomorphism from G to G'. For our graph distance measure, we are 
particularly interested in the ec graph isomorphism with minimum cost. 

Defini t ion 8: Let G and G' be two graphs. The graph distance from G to G ~, 
d(G, G'), is given by the minimum cost taken over all ec graph isomorphisms 
from G to G': 

d(G, G') -= MINz~{C( A) [ (A,  p)  is an ec graph isomorphism from G to G'} 

[] 

The ec subgraph isomorphism (A, p)  associated with d(G, G') is called the op- 
timal error-correcting (oec) graph isomorphism from G to G'. In the rest of this 
paper, we assume that the costs for substituting labels and for inserting and 
deleting edges are symmetric, i.e., C(ll ~ / 2 )  = C(12 ~ 11) for all labels 11,12 
and C(e --* $) = C($ --* e) for all edges e 1 . It is easy to see that this assumption 
guarantees that d(G, G') = d(G', G) for any pair of graphs, G and G'. 

3 E r r o r - c o r r e c t i n g  G r a p h  I s o m o r p h i s m  b y  D e c i s i o n  T r e e  

Given a set of model graphs G1, . . . ,GL and an input graph GI we want to 
find the oec graph isomorphism (A i, Pi) between Gi and GI such that the cost 
C(A ~) is minimal over all model graphs, i.e. C(A ~) = min{C(AJ); j  = 1, . . . ,  L}. 
Traditionally, this problem is solved by applying an A*-based algorithm to each 
model-input graph pair [SH81, SF83, Won90, CYS+96]. Any such algorithm 
has an exponential time complexity in the worst case. Moreover, the method 
must be applied individually to each model-input pair. Consequently, the time 
complexity is also linearly dependent on the number of model graphs. In the 
case of exact graph isomorphism detection, both of these disadvantages can 
be avoided by using the decision tree approach described in [MB95]. Due to 
extensive preprocessing of the model graphs, the time complexity of this method 
is only polynomial in the number of nodes in the input graph. In particular, the 
time complexity is completely independent of the number and size of models in 
the database. For all further details, the reader is refered to [MB95]. 

The basic idea of applying the decision tree approach to error-correcting 
graph isomorphism detection is to separate the graph isomorphism search from 
the error-correction process. That is, given two graphs G and G', we propose to 
generate all distorted copies of G such that the graph distance from each copy 
to G is not larger than a certain threshold 0. Each of the distorted copies of G is 
then separately matched with the graph G'. Clearly, if the graph distance of G 
and G t is not larger than 0, there exists a distorted copy of G in the generated 

1 This assumption is not essential, but it simplifies the description of the proposed 
method. 
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Fig. 1. The graph 91 and the set D(gl, 8) for ~ ---- 1. 

set that is isomorphic to G I. Hence, this copy will be detected by the exact graph 
isomorphism process. Formally, let 

D(G, v~) = {A(G)IA is a sequence of edit operations with C(A) < ~)} (3) 

denote the set of all edited copies of G with cost less than or equal to ~). Clearly, 
for any graph G I, if d(G, G ~) < ~, then G ~ E D(G, ~). An example is shown in 
Fig. 1. A graph gl and the set D(gl,v ~) for ~ = 1 are displayed. As there are no 
labels the only possible edit operations are the insertion and the deletion of an 
edge. Each such operation is assigned a cost equal to 1. Hence, D(gl, 1) consists 
of exactly ten edited copies of gl. 

After D(G, z~) has been computed, the optimal error-correcting graph isomor- 
phism (if it exists) can be determined by testing each graph G" E D(G, ~) with 
G ~ for graph isomorphism. There are two possible implementations of this idea. 
Given a model graph G and an input graph GI,  we can either compute the set 
D(G, ~)) or the set D(Gx, #). In the first case, D(G, #) can be computed off-line 
and at run time it is tested if G1 E D(G, ~). In the second case, due to the fact 
that  GI becomes available at run time only, D(GI, ~) must be computed on-line 
before the condition G E D(GI,O) can be tested. The first case is described in 
[MB96] in greater detail, while the second case will be discussed in this paper. 
In Fig. 2 the on-line error-correcting graph isomorphism algorithm based on a 
decision tree is outlined. 

It can be shown that  for L model graphs with n vertices each the size of the 
decision tree is O(L3 •) [MB96]. For a constant cost of 1 of each edit operation, 
the size of D(Gx,~) for a graph G1 with n vertices is bounded by O(vgn2~). 
Therefore, the time complexity of the on-line ec graph isomorphism algorithm 
based on a decision tree is bounded by 0(~n2(~+1)). It is important  to note tha t  
this time complexity is completely independent of the number of model graphs 
in the database. We conclude that  the on-line error-correcting algorithm based 
on a decision tree is especially efficient if the database of model graphs is large 
and the maximal degree of distortion to be considered is rather small. 

4 E x p e r i m e n t a l  R e s u l t s  

In order to examine the efficiency of the new algorithm in practice, we have 
performed a number of experiments with randomly generated graphs. Both the 
new decision tree algorithm and a conventional, A*-based algorithm were imple- 
mented in C + +  and run on a SUN Sparcl0 Workstation. For each experiment,  
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ERROR-CORRECTING_GRAPH_ISOMOI~PHISM(GRAPH G I , ~ ) 

1. generate D(GI, ~) by applying all edit operations and combinations of edit oper- 
ations to Gz 

2. for each G~ E D(Gx,O) 
(a) classify the adjacency matrix of G~ with the decision tree representing the 

model graphs G1,..., GL 
(b) if G~ is successfully classified by the decision tree as being isomorphic to the 

graph Gi, then add the error-correcting graph isomorphism between GI and 
Gi to the list F. 

3. output the error-correcting graph isomorphism with the least cost in F. 

Fig. 2. Algorithm error-correcting_graph_isomorphism. 

we generated one or more model graphs and used these model graphs to create 
input graphs that were distorted copies of the model graphs. All of the graphs 
generated for the experiments in this section were undirected and unlabeled. 
Each experiment was repeated 20 times and the average computation time was 
recorded. The size of the decision trees in terms of disk space is also given 
for each experiment. In the experiment described in the following, the perfor- 
mance of the on-line error-correcting algorithm was tested for varying model and 
database sizes and varying degrees of distortion. 

In the 1st experiment, the size of the model graph was increased from 6 
vertices and 12 edges to 16 vertices and ~2 edges. The error threshold was kept 
at z9 = 1. The computation time required by the new and by the conventional 
algorithm are displayed in Fig. 5. Notice that the decision tree method is much 
faster than the conventional algorithm. Graphs with up to 16 vertices can be 
easily handled. In the 2nd experiment, the error threshold was set to ~ = 2. The 
size of the model graphs was again increased from 6 vertices and 12 edges to 
16 vertices and 32edges. The results of this experiment are displayed in Fig. 6. 
Note that for graphs with less than 14 vertices, the conventional algorithm is 
faster than the decision tree approach. For larger graphs, however, the decision 
tree approach outperforms the conventional algorithm. 

In the 3rd and the 4th experiment, we tested the performance of the on-line 
decision tree approach for a growing number of model graphs. In both experi- 
ments, the number of models in the database was gradually increased starting at 
one and ending at five graphs. Each model graphs consisted of 11 vertices and 22 
edges. In the 3rd experiment documented in Fig. 5, the error threshold was kept 
at 0 = 1 while in the 4th experiment documented in Fig. 6, the error threshold 
was set to ~ = 2. Notice that in both experiments, the time required by the 
decision tree method was independent of the number of model graphs while the 
conventional method's performance was linearly dependent on the size of the 
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database. We can observe that for ~ = 1 the decision tree approach is always 
faster than the conventional algorithm. For z9 = 2, the decision tree approach 
is slower than the conventional algorithm when the database is small. But  for 
more than 3 models in the database, the decision tree method becomes superior. 

5 C o n c l u s i o n s  

We have presented a new algorithm for the problem of error-correcting graph 
isomorphism detection based on the decision tree paradigm. The new algorithm 
is an extension of an algorithm for exact graph and subgraph isomorphism de- 
tection that was developed by the authors before [MB95]. Its t ime complexity is 
quadratic in the size of the model graphs and exponential  in the error threshold 
that is to be considered. Very important is the fact that the method is completely  
independent of the number of model graphs that are represented by the decision 
tree. On the other hand, the size of  the decision tree grows exponential ly with 
the size of the model graphs for both new algorithms. 

The results of  the theoretical complexity analysis have been confirmed in a 
number of practical experiments with randomly generated graphs. The  advan- 
tages of the new algorithm in terms of computational  performance were demon- 
strated in these experiments for graphs with up to 16 vertices. 
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